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�àññìàòðèâàåòñÿ çàäà÷à ðàñïðåäåëåíèÿ íåêîòîðîé ñóììû â ðóáëÿõ íà ðóáëåâûé è çàäàííîå ÷èñëî âàëþòíûõ äå-

ïîçèòîâ ñ öåëüþ ïîëó÷åíèÿ ìàêñèìàëüíîãî äîõîäà â ðóáëÿõ â êîíöå ñðîêà õðàíåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî ëèöî,

ïðèíèìàþùåå ðåøåíèå, íå çíàåò êóðñîâ âàëþò â êîíöå ñðîêà õðàíåíèÿ è îðèåíòèðóåòñÿ òîëüêî íà íåêîòîðûå ãðà-

íèöû èõ âîçìîæíûõ èçìåíåíèé. �åøåíèå äàííîé çàäà÷è çàâèñèò îò âûáîðà ïðèíöèïà îïòèìàëüíîñòè. Â ðàáîòå

íàéäåíû ãàðàíòèðîâàííîå ïî èñõîäàì ðåøåíèå, èãðîâîå ðåøåíèå ïî Íýøó. Ïîêàçàíî, ÷òî çàäà÷à î íàõîæäåíèè

ãàðàíòèðîâàííîãî ïî ðèñêàì ðåøåíèÿ ÿâëÿåòñÿ çàäà÷åé ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Äëÿ íåêîòîðûõ ÷àñòíûõ

ñëó÷àåâ àíàëèòè÷åñêè íàéäåíî ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå.
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Ââåäåíèå

Ïðèíÿòèå ðåøåíèé � âèä ÷åëîâå÷åñêîé äåÿòåëüíîñòè, íàïðàâëåííûé íà âûáîð ñïîñîáà äî-

ñòèæåíèÿ ïîñòàâëåííîé öåëè. Ïðè ýòîì äîâîëüíî ÷àñòî ðåøåíèå íåîáõîäèìî ïðèíèìàòü â óñëî-

âèÿõ íåîïðåäåëåííîñòè, òî åñòü ïðè íåäîñòàòêå èí�îðìàöèè. Äëÿ ðåøåíèÿ äàííîãî êëàññà çà-

äà÷ ïðåäëîæåíî äîñòàòî÷íî áîëüøîå ÷èñëî ïîäõîäîâ: êðèòåðèé Âàëüäà, êðèòåðèé �óðâèöà,

êðèòåðèé Ñýâèäæà è ìíîãèå äðóãèå.

Â ðàáîòå (ñì. [1, ñ. 117℄) ðàññìîòðåíà çàäà÷à î ðàñïðåäåëåíèè åäèíè÷íîãî âêëàäà â ðóá-

ëÿõ ïî äâóì äåïîçèòàì (ðóáëåâîìó è âàëþòíîìó) ñ öåëüþ ïîëó÷åíèÿ â êîíöå ñðîêà õðàíåíèÿ

ìàêñèìàëüíîé ñóììû â ðóáëÿõ. Îñîáåííîñòüþ äàííîé çàäà÷è ÿâëÿåòñÿ íàëè÷èå íåîïðåäåëåííî-

ñòè � îòñóòñòâèå èí�îðìàöèè î êóðñå âàëþòû â êîíöå ñðîêà õðàíåíèÿ. Â êà÷åñòâå ïðèíöèïîâ

îïòèìàëüíîñòè ðàññìàòðèâàëèñü ïðèíöèï ãàðàíòèðîâàííîãî ïî èñõîäàì ðåøåíèÿ è êðèòåðèé

Ñýâèäæà. Â ðàáîòàõ [2�4℄ ðàññìàòðèâàëèñü äðóãèå ïîäõîäû ê ðåøåíèþ çàäà÷è î äèâåðñè�èêà-

öèè ðóáëÿ ïî äâóì âêëàäàì. �àáîòû [5,6℄ ïîñâÿùåíû ðåøåíèþ çàäà÷è î äèâåðñè�èêàöèè ðóáëÿ

ïî òðåì âêëàäàì.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î äèâåðñè�èêàöèè ðóáëÿ ïî ðóáëåâîìó è çàäàí-

íîìó ÷èñëó âàëþòíûõ âêëàäîâ. Â êà÷åñòâå ïðèíöèïîâ îïòèìàëüíîñòè èñïîëüçóþòñÿ ïðèíöèï

ãàðàíòèðîâàííîãî ïî èñõîäàì ðåøåíèÿ, ïðèíöèï Ñýâèäæà è èãðîâîå ðåøåíèå ïî Íýøó.

� 1. Ïîñòàíîâêà çàäà÷è

Ëèöî, ïðèíèìàþùåå ðåøåíèå (ËÏ�), èìåÿ ñâîáîäíûå äåíåæíûå ñðåäñòâà â ðóáëÿõ (ïðè-

íèìàåì âåñü îáúåì äåíåæíûõ ñðåäñòâ çà åäèíèöó), õî÷åò ðàñïðåäåëèòü èõ ïî n + 1 äåïîçèòó

(ðóáëåâîìó è n âàëþòíûõ) òàê, ÷òîáû â êîíöå îäíîãî ñðîêà õðàíåíèÿ îáùàÿ ñóììà äåíåæíûõ

ñðåäñòâ â ðóáëÿõ áûëà ¾íàèáîëüøåé¿.

Ïóñòü I = {1, . . . , n} � íîìåðà âàëþò, di � ïðîöåíòíàÿ ñòàâêà ïî i-é âàëþòå, Ki � êóðñ

i-é âàëþòû â ðóáëÿõ â íà÷àëå ñðîêà õðàíåíèÿ, yi � êóðñ i-é âàëþòû â ðóáëÿõ â êîíöå ñðîêà

õðàíåíèÿ, r � ïðîöåíòíàÿ ñòàâêà ïî ðóáëåâîìó âêëàäó, xi � äîëÿ äåíåæíûõ ñðåäñòâ â ðóáëÿõ,

êîòîðóþ ËÏ� ïëàíèðóåò ïîëîæèòü íà äåïîçèò â i-é âàëþòå.

Òîãäà â êîíöå ñðîêà õðàíåíèÿ ËÏ� áóäåò èìåòü ñóììó, ðàâíóþ

H(x, y) = (1 + r)(1− x1 − . . .− xn) +
x1(1 + d1)y1

K1

+ . . .+
xn(1 + dn)yn

Kn

,

ãäå x = (x1, . . . , xn), y = (y1, . . . , yn).

Äëÿ âêëàä÷èêà òðåáóåòñÿ îïðåäåëèòü äîëè x1, . . . , xn, ïðè êîòîðûõ èòîãîâàÿ ñóììà H(x, y)
áóäåò âîçìîæíî áîëüøîé. Ïðè ýòîì ñëåäóåò ó÷èòûâàòü, ÷òî êóðñû âàëþò y1, . . . , yn â êîíöå

ñðîêà õðàíåíèÿ ËÏ� íåèçâåñòíû. Áóäåì ïðåäïîëàãàòü, ÷òî ËÏ� ìîæåò ïðèíèìàòü ðåøåíèå
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íà îñíîâàíèè çíàíèÿ ïðåäåëîâ èçìåíåíèÿ âåëè÷èí yi, òî åñòü ñ÷èòàåì, ÷òî çàäàíû ÷èñëà Ai, Bi

òàêèå, ÷òî yi ∈ [Ai, Bi].
Ïðåäñòàâèì �óíêöèþ H â âèäå

H(x, y) = (1 + r)
[

(1− x1 − . . .− xn) +
x1(1 + d1)y1
(1 + r)K1

+ . . .+
xn(1 + dn)yn
(1 + r)Kn

]

.

Îáîçíà÷èì

ui =
(1 + di)yi
(1 + r)Ki

, ai =
(1 + di)Ai

(1 + r)Ki

, bi =
(1 + di)Bi

(1 + r)Ki

,

Ω = {x = (x1, . . . , xn)
∣

∣ xi > 0, x1 + . . . xn = 1}, U = {u = (u1, . . . , un)
∣

∣ ui ∈ [ai, bi]}.

�àññìîòðèì �óíêöèþ

f(x, u) = (1− x1 − . . .− xn) + x1u1 + . . .+ xnun.

Ïîëó÷èëè, ÷òî öåëüþ ËÏ� ÿâëÿåòñÿ âûáîð òàêîãî íàáîðà x ∈ Ω, äëÿ êîòîðîãî âåëè÷èíà

f(x, u) ïðèíèìàåò ¾íàèáîëüøåå¿ çíà÷åíèå, ïðè ýòîì î âåëè÷èíàõ u1, . . . , un èçâåñòíî òîëüêî,

÷òî ui ∈ [ai, bi].

� 2. �àðàíòèðîâàííîå ïî èñõîäàì ðåøåíèå

Î ï ð å ä å ë å í è å 2.1. Âåêòîð x∗ = (x∗1, . . . , x
∗
n) ∈ Ω íàçûâàåòñÿ ãàðàíòèðîâàííûì ïî èñõî-

äàì ðåøåíèåì, åñëè

min
u∈U

f(x∗, u) = max
x∈Ω

min
u∈U

f(x, u).

Ç à ì å ÷ à í è å 1. �àðàíòèðîâàííîå ïî èñõîäàì ðåøåíèå x∗
èìååò ñëåäóþùèé ñìûñë. Ïóñòü ËÏ�

âûáðàë âàðèàíò x ∈ Ω. Òîãäà â ñàìîé íåáëàãîïðèÿòíîé äëÿ íåãî ñèòóàöèè â êîíöå ñðîêà õðàíåíèÿ

åãî ñóììà áóäåò ðàâíà g(x) = min
u∈U

f(x, u). Ïîýòîìó ËÏ� ìîæåò âûáðàòü òàêîé âåêòîð x∗, ïðè êîòî-

ðîì �óíêöèÿ g äîñòèãàåò ìàêñèìóìà íà ìíîæåñòâå Ω. Ñëåäîâàòåëüíî, min
u∈U

f(x∗, u) � òà ìàêñèìàëüíàÿ

ñóììà, êîòîðóþ ìîæåò ïîëó÷èòü ËÏ� íåçàâèñèìî îò ñëîæèâøåéñÿ ñèòóàöèè.

Â ñèëó ïîñòàíîâêè çàäà÷è ñ÷èòàåì, ÷òî âñå ai > 0. Ïóñòü al = max
i

ai.

Òå î ð å ì à 2.1. Ïóñòü al 6 1. Òîãäà ãàðàíòèðîâàííîå ïî èñõîäàì ðåøåíèå x∗ èìååò âèä

x∗i = 0 äëÿ âñåõ i ∈ I.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê xi > 0 äëÿ âñåõ i ∈ I, òî

g(x) = min
u∈U

f(x, u) = (1− x1 − . . . − xn) + x1a1 + . . .+ xnan = 1 +

n
∑

j=1

(aj − 1)xj .

Èç óñëîâèÿ al 6 1 ñëåäóåò, ÷òî ai − 1 6 0 äëÿ âñåõ i ∈ I. Ïîýòîìó
n
∑

j=1

(aj − 1)xj 6 0 äëÿ âñåõ

x ∈ Ω. Îòñþäà g(x) 6 1 = g(0) äëÿ âñåõ x ∈ Ω. Òåîðåìà äîêàçàíà. �

Ç à ì å ÷ à í è å 2. Èç òåîðåìû 2.1 ñëåäóåò, ÷òî åñëè ai 6 1 äëÿ âñåõ i ∈ I, òî ËÏ� ðåêîìåíäóåòñÿ

âñå ñðåäñòâà ïîëîæèòü íà ðóáëåâûé äåïîçèò.

Òå î ð å ì à 2.2. Ïóñòü al > 1, I∗ = {j
∣

∣ aj = al}. Òîãäà ãàðàíòèðîâàííîå ïî èñõîäàì

ðåøåíèå x∗ èìååò âèä x∗j = 0, åñëè j /∈ I∗, è
∑

j∈I∗
x∗j = 1. Â ÷àñòíîñòè, åñëè I∗ = {l}, òî x∗l = 1

è x∗j = 0 äëÿ âñåõ j 6= l.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî äëÿ âñåõ x ∈ Ω èìååò ìåñòî

g(x) = min
u∈U

f(x, u) = 1 +
n
∑

j=1

(aj − 1)xj 6 1 +
n
∑

j=1

(al − 1)xj = 1 + (al − 1)
n
∑

j=1

xj = 1 + al − 1 = al.
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Îáîçíà÷èì

Ω∗ = {x ∈ Ω
∣

∣ xj = 0, j /∈ I∗,
∑

j∈I∗

xj = 1}.

Ïóñòü x∗ ∈ Ω∗. Òîãäà

g(x∗) = 1 +
∑

j∈I∗

(aj − 1)x∗j = 1 +
∑

j∈I∗

(al − 1)x∗j = al > g(x)

äëÿ âñåõ x ∈ Ω. Ñëåäîâàòåëüíî, x∗ � ãàðàíòèðîâàííîå ïî èñõîäàì ðåøåíèå. Òåîðåìà äîêàçàíà. �

Ç à ì å ÷ à í è å 3. Èç ðåçóëüòàòîâ ïðåäûäóùåé òåîðåìû ñëåäóåò, ÷òî åñëè al > 1, òî ËÏ� ðåêîìåí-

äóåòñÿ âñå ñðåäñòâà (â ïðîèçâîëüíîé ïðîïîðöèè) âëîæèòü íà òå âàëþòíûå äåïîçèòû íîìåðà êîòîðûõ

âõîäÿò â I∗.

� 3. �àðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå

Ââåäåì �óíêöèþ F : Ω× U → R1
âèäà

F (x, u) = max
z∈Ω

f(z, u)− f(x, u).

Î ï ð å ä å ë å í è å 3.1. Âåêòîð x∗ ∈ Ω íàçûâàåòñÿ ãàðàíòèðîâàííûì ïî ðèñêàì ðåøåíèåì

(ðåøåíèåì ïî Ñýâèäæó), åñëè

min
x∈Ω

max
u∈U

F (x, u) = max
u∈U

F (x∗, u).

Ë å ì ì à 3.1. Ïóñòü ui > 0 äëÿ âñåõ i ∈ I. Òîãäà

max
z∈Ω

f(z, u) = max{1, u1, . . . , un}.

Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè ui 6 1 äëÿ âñåõ i ∈ I, òî

z1u1 + . . . znuu 6 z1 + . . .+ zn.

Ïîýòîìó f(z, u) 6 1 äëÿ âñåõ z ∈ Ω, ïðè÷åì f(0, u) = 1.
Ïóñòü ul = max

i
ui > 1. Òîãäà

z1u1 + . . . znuu 6 ul(z1 + . . .+ zn),

è ïîýòîìó äëÿ ëþáîãî z ∈ Ω

f(z, u) 6 1− z1 − . . .− zn + ul(z1 + . . . + zn) = 1 + (ul − 1)(z1 + . . . + zn) 6 1 + ul − 1 = ul.

Êðîìå òîãî, f(z∗, u) = ul, ãäå z
∗ ∈ Ω òàêîé, ÷òî z∗j = 0 äëÿ âñåõ j 6= l è z∗l = 1. Ëåììà äîêàçàíà.

�

Èç äîêàçàííîé ëåììû ñëåäóåò, ÷òî

F (x, u) = max{1, u1, . . . , un} − f(x, u). (3.1)

Ò å î ð å ì à 3.1. Ïóñòü bi 6 1 äëÿ âñåõ i ∈ I. Òîãäà ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå x∗

èìååò âèä x∗i = 0 äëÿ âñåõ i ∈ I.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî max{1, u1, . . . , un} = 1 äëÿ âñåõ

u ∈ U. Ïîýòîìó èç (3.1) ïîëó÷àåì, ÷òî �óíêöèÿ F (x, u) ïðåäñòàâèìà â âèäå

F (x, u) = x1 + . . . + xn − x1u1 − . . . − xnun.

Òîãäà

g(x) = max
u∈U

F (x, u) = x1 + . . .+ xn − x1a1 − . . .− xnan =
n
∑

i=1

xi(1− ai).

Òàê êàê ai 6 bi 6 1 äëÿ âñåõ i ∈ I, òî g(x) > 0 = g(0) äëÿ âñåõ x ∈ Ω. Ñëåäîâàòåëüíî,
ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå x∗ èìååò âèä x∗i = 0 äëÿ âñåõ i ∈ I. Òåîðåìà äîêàçàíà. �

Ç à ì å ÷ à í è å 4. Èç ðåçóëüòàòîâ òåîðåìû 3.1 ñëåäóåò, ÷òî ËÏ� ðåêîìåíäóåòñÿ âñå äåíåæíûå

ñðåäñòâà âëîæèòü íà ðóáëåâûé ñ÷åò.
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Òå î ð å ì à 3.2. Ïóñòü ñóùåñòâóåò l ∈ I òàêîé, ÷òî bj 6 al äëÿ âñåõ j 6= l è bl > 1. Òîãäà
ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå x∗ èìååò âèä

x∗j =

{

0, åñëè j 6= l,

1, åñëè j = l è al > 1,
x∗j =

{

0, åñëè j 6= l,

x∗l , åñëè j = l è al < 1,

ãäå x∗l =
bl−1

bl−al
.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî äëÿ âñåõ u ∈ U

max{1, u1, . . . , un} = max{1, ul}.

Åñëè al > 1, òî

F (x, u) = ul − f(x, u) = −(1− x1 − . . .− xn)−
∑

j 6=l

xjuj + ul(1− xl).

Ïîýòîìó

max
u∈U

F (x, u) = −(1− x1 − . . . − xn)−
∑

j 6=l

xjaj + bl(1− xl) = −1 +
∑

j 6=l

xj(1− aj) + bl + xl(1− bl).

Òàê êàê 1−aj > 0 äëÿ âñåõ j 6= l è 1−bl < 0, òî max
u∈U

F (x, u) > −1+bl+1−bl = 0 äëÿ âñåõ x ∈ Ω.

Åñëè x∗ ∈ Ω òàêîé, ÷òî x∗j = 0 äëÿ âñåõ j 6= l è x∗l = 1, òî max
u∈U

F (x∗, u) = 0. Ñëåäîâàòåëüíî,

x∗ � ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå.

Ïóñòü al < 1. Îáîçíà÷èì a = (a1, . . . , an), x
∗
l =

bl−1

bl−al
. Òîãäà

F (x, u) = max{1, ul} − f(x, u) =

{

1− f(x, u), åñëè ul ∈ [al, 1],

ul − f(x, u), åñëè ul ∈ [1, bl].

Ïîýòîìó

g(x) = max
u∈U

F (x, u) = max{1− f(x, a),−f(x, a) + xlal + bl(1− xl)} =

=

{

−f(x, a) + xlal + bl(1− xl), åñëè x ∈ Ω, xl ∈ [0, x∗l ],

1− f(x, a), åñëè x ∈ Ω, xl ∈ [x∗l , 1].

Äàëåå èìååì

1− f(x, a) = x1(1− a1) + . . .+ xn(1− an) > (1− al)x
∗
l

äëÿ âñåõ x ∈ Ω, xl > x∗l . Àíàëîãè÷íî: äëÿ âñåõ x ∈ Ω, xl 6 x∗l

−f(x, a) + xlal + bl(1− xl) = −1 +
∑

j 6=l

xj(1− aj) + xl(1− al) + xlal + bl(1− xl) >

> −1 + xl + bl(1− xl) = (1− xl)(bl − 1) > (1− x∗l )(bl − 1) = x∗l (1− al).

Ñëåäîâàòåëüíî, g(x) > x∗l (1− al) äëÿ âñåõ x ∈ Ω. Ïóñòü z∗ ∈ Ω òàêîé, ÷òî z∗j = 0 äëÿ âñåõ j 6= l
è z∗l = x∗l . Òîãäà g(z∗) = x∗l (1− al). Çíà÷èò, z

∗
� ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå. Òåîðåìà

äîêàçàíà. �

Ç à ì å ÷ à í è å 5. Èç ðåçóëüòàòîâ òåîðåìû 3.2 ñëåäóåò, ÷òî åñëè al < 1, òî ËÏ� öåëåñîîáðàçíî

ðàñïðåäåëèòü âñå äåíåæíûå ñðåäñòâà ìåæäó ðóáëåâûì è âàëþòíûì ñ íîìåðîì l äåïîçèòàìè â ïðîïîðöèè

(1− x∗
l , x

∗
l ).

Ñ ë å ä ñ ò â è å 3.1. Ïóñòü a1 < b1 6 a2 < b2 6 . . . 6 an−1 < bn−1 6 an < bn, an−1 < 1,
bn > 1. Òîãäà ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå x∗ èìååò âèä

x∗j =

{

0, åñëè j 6= n,

1, åñëè j = n è an > 1,
x∗j =

{

0, åñëè j 6= n,

x∗n, åñëè j = n è an < 1,

ãäå x∗n = bn−1

bn−an
.
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Ñïðàâåäëèâîñòü ñëåäñòâèÿ ñëåäóåò èç òåîðåìû 3.1.

Ò å î ð å ì à 3.3 (ñì. [7, ñ. 40℄). x0 � êðàéíÿÿ òî÷êà ìíîæåñòâà

A = {x ∈ Rn
∣

∣ (pi, x) 6 αi, i = 1, . . . ,m}

òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî I(x0) = {j
∣

∣ (pj, x0) = αj} ñîäåðæèò ïîäìíîæå-

ñòâî I0 ìîùíîñòè n è âåêòîðû {pj , j ∈ I0} ëèíåéíî íåçàâèñèìû.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ. exA � ìíîæåñòâî êðàéíèõ òî÷åê ìíîæåñòâà A,

x∗n−1 =
bn−1 − bn

bn−1 − an−1

, x∗n =
bn − bn−1

bn − an
, xn−1 =

bn−1 − an
bn−1 − an−1 + bn − an

, xn =
bn − an−1

bn−1 − an−1 + bn − an
.

Ë å ì ì à 3.2. Ïóñòü an−1 < an < bn−1 < bn,

A = {x ∈ Rn
∣

∣ xn(bn − an)− xn−1(bn−1 − an−1) > bn − bn−1} ∩Ω.

Òîãäà

exA = {(0, . . . , 0, 1), (0, . . . , 0, xn−1, xn), (0, . . . , 0, x
∗
n)}.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 3.3 ñëåäóåò, ÷òî ëþáàÿ êðàéíÿÿ òî÷êà ìíîæåñòâà A
èìååò íå áîëåå äâóõ ïîëîæèòåëüíûõ êîîðäèíàò. Îòìåòèì, ÷òî 0 /∈ A, êîîðäèíàòû xn−1, xn íå

ìîãóò îäíîâðåìåííî îáðàùàòüñÿ â íóëü. Îòñþäà ïîëó÷àåì òðåáóåìîå. Ëåììà äîêàçàíà. �

Ë å ì ì à 3.3. Ïóñòü an−1 < an < bn−1 < bn,

A = {x ∈ Rn
∣

∣ xn(bn − an)− xn−1(bn−1 − an−1) 6 bn − bn−1} ∩Ω.

Òîãäà

exA = {(0, . . . , 0), (1, 0, . . . , 0), . . . , (0, . . . , 0, 1, 0), (0, . . . , 0, xn−1, xn), (0, . . . , 0, x
∗
n)}.

Äîêàçàòåëüñòâî äàííîé ëåììû ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3.2.

Ë å ì ì à 3.4. Ïóñòü an−1 < an < bn < bn−1,

A = {x ∈ Rn
∣

∣ xn(bn − an)− xn−1(bn−1 − an−1) > bn − bn−1} ∩Ω.

Òîãäà

exA = {(0, . . . , 0), (1, 0, . . . , 0), . . . , (0, . . . , 0, 1, 0, 0), (0, . . . , 0, 1),

(0, . . . , 0, xn−1, xn), (0, . . . , 0, x
∗
n−1, 0)}.

Äîêàçàòåëüñòâî äàííîé ëåììû ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3.2.

Ë å ì ì à 3.5. Ïóñòü an−1 < an < bn < bn−1,

A = {x ∈ Rn
∣

∣ xn(bn − an)− xn−1(bn−1 − an−1) 6 bn − bn−1} ∩Ω.

Òîãäà

exA = {(0, . . . , 0, 1, 0), (0, . . . , 0, xn−1, xn), (0, . . . , 0, x
∗
n−1, 0)}.

Äîêàçàòåëüñòâî äàííîé ëåììû ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3.2.

Ï ð å ä ï î ë î æ å í è å 3.1. Ñïðàâåäëèâû íåðàâåíñòâà bj 6 an−1 äëÿ âñåõ j 6 n− 2 è

an−1 < an < bn, bn−1 > an.

Ïðè âûïîëíåíèè äàííîãî ïðåäïîëîæåíèÿ

F (x, u) = max{1, un−1, un} − f(x, u).
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Òå î ð å ì à 3.4. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 3.1, an−1 > 1, bn > bn−1. Òîãäà ãàðàíòè-
ðîâàííîå ïî ðèñêàì ðåøåíèå x∗ èìååò âèä

x∗j =











0, åñëè j 6 n− 2,

xn−1, åñëè j = n− 1,

xn, åñëè j = n.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òååîðåìû ñëåäóåò, ÷òî F (x, u) = max{un−1, un}−f(x, u).
Îáîçíà÷èì U1 = {u ∈ U

∣

∣ un−1 > un}, U2 = {u ∈ U
∣

∣ un−1 6 un}. Òîãäà

F (x, u) =

{

un−1 − f(x, u), åñëè (x, u) ∈ Ω× U1,

un − f(x, u), åñëè (x, u) ∈ Ω× U2.

Ïîýòîìó

g(x) = max
u∈U

F (x, u) = max{−1 + x1 + . . .+ xn −
∑

j 6=n−1

xjaj + bn−1(1− xn−1),

−1 + x1 + . . .+ xn −
∑

j 6=n

xjaj + bn(1− xn)}.

Íåðàâåíñòâî

−1 + x1 + . . . + xn −
∑

j 6=n−1

xjaj + bn−1(1− xn−1) > −1 + x1 + . . .+ xn −
∑

j 6=n

xjaj + bn(1− xn)

âåðíî òîãäà è òîëüêî òîãäà, êîãäà ñïðàâåäëèâî íåðàâåíñòâî

xn(bn − an)− xn−1(bn−1 − an−1) > bn − bn−1. (3.2)

Òàê êàê bn > bn−1, òî x∗n ∈ (0, 1), x∗n−1 < 0. Ïóñòü Ω1 = {x ∈ Ω äëÿ êîòîðûõ âåðíî (3.2)},

Ω2 = Ω \ Ω1. Ïîëó÷àåì, ÷òî

g(x) =











−1 + x1 + . . . + xn −
∑

j 6=n−1

xjaj + bn−1(1− xn−1), åñëè x ∈ Ω1

−1 + x1 + . . . + xn −
∑

j 6=n

xjaj + bn(1− xn), åñëè x ∈ Ω2.

Òàê êàê �óíêöèÿ g ÿâëÿåòñÿ ëèíåéíîé íà Ω1, òî åå ìèíèìàëüíîå çíà÷åíèå äîñòèãàåòñÿ â êðàéíåé
òî÷êå. Ïîýòîìó, ó÷èòûâàÿ ëåììó 3.2, ïîëó÷àåì

min
x∈Ω1

g(x) = min{bn−1 − an,−anxn + bn−1(1− xn−1), bn−1 − 1 + x∗n(1− an)}.

Òàê êàê

anxn + bn−1xn−1 = an + xn−1(bn−1 − an),

òî

−anxn + bn−1(1− xn−1) = bn−1 − an − xn−1(bn−1 − an) < bn−1 − an.

Êðîìå òîãî,

(

bn−1 − 1 + x∗n(1− an)
)

−
(

bn−1 − an
)

= (x∗n − 1)(1 − an) > 0.

Ïîýòîìó bn−1 − 1 + x∗n(1− an) > bn−1 − an. Ñëåäîâàòåëüíî,

min
x∈Ω1

g(x) = bn−1 − an − xn−1(bn−1 − an).

Àíàëîãè÷íî: èñïîëüçóÿ ëåììó 3.3, ïîëó÷àåì

min
x∈Ω2

g(x) = min{bn − 1, bn − aj(j = 1, . . . , n− 1),−anxn + bn−1(1− xn−1),

bn−1 − 1 + x∗n(1− an)} = min{bn − 1, bn − an−1,−anxn + bn−1(1− xn−1)}.
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Òàê êàê an−1 > 1, òî bn − an−1 > bn − 1 è

−anxn + bn−1(1− xn−1) = bn−1 − an − xn−1(bn−1 − an) < bn−1 − an < bn − an−1,

òî min
x∈Ω2

g(x) = −anxn + bn−1(1 − xn−1). Ñëåäîâàòåëüíî, min
x∈Ω

g(x) = −anxn + bn−1(1 − xn−1).

Òåîðåìà äîêàçàíà. �

Ç à ì å ÷ à í è å 6. Èç ðåçóëüòàòîâ òåîðåìû 3.2 ñëåäóåò, ÷òî ËÏ� öåëåñîîáðàçíî ðàñïðåäåëèòü âñå

äåíåæíûå ñðåäñòâà ìåæäó âàëþòíûìè ñ÷åòàìè ñ íîìåðàìè n− 1, n â ïðîïîðöèè (xn−1, xn).

Òå î ð å ì à 3.5. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 3.1, an−1 > 1, bn < bn−1. Òîãäà ãàðàíòè-
ðîâàííîå ïî ðèñêàì ðåøåíèå x∗ èìååò ñëåäóþùèé âèä:

à) åñëè bn − an−1 < −an + bn−1 + xn−1(bn−1 − an), òî

x∗j =

{

0, åñëè j 6= n− 1,

1, åñëè j = n− 1;

á) åñëè bn − an−1 > −an + bn−1 + xn−1(bn−1 − an), òî

x∗j =











0, åñëè j 6 n− 2,

xn−1, åñëè j = n− 1,

xn, åñëè j = n.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî x∗n < 0, x∗n−1 ∈ (0, 1). Êðîìå òîãî,

g(x) =











−1 + x1 + . . . + xn −
∑

j 6=n−1

xjaj + bn−1(1− xn−1), åñëè x ∈ Ω1,

−1 + x1 + . . . + xn −
∑

j 6=n

xjaj + bn(1− xn), åñëè x ∈ Ω2.

Ïîýòîìó, èñïîëüçóÿ ëåììó 3.4, ïîëó÷àåì

min
x∈Ω1

g(x) = min{bn−1−1, bn−1−aj (j = 1, . . . , n),−1+x∗n−1+bn−1(1−x∗n−1),−xnan+bn−1(1−xn−1)}.

Ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

bn−1 − 1 > bn−1 − an, bn−1 − aj > bn−1 − an äëÿ âñåõ j = 1, . . . , n− 1,

−1 + x∗n−1 + bn−1(1− x∗n−1) = bn−1 − 1 + x∗n−1(1− bn−1) > bn−1 − 1 > bn−1 − an,

−xnan + bn−1(1− xn−1) = bn−1 − an + xn−1(an − bn−1) > bn−1 − an.

Ñëåäîâàòåëüíî, min
x∈Ω1

g(x) = bn−1 − an.

Èñïîëüçóÿ ëåììó 3.5, ïîëó÷àåì

min
x∈Ω2

g(x) = min{bn − an−1,−1 + x∗n−1 + bn−1(1− x∗n−1),−xnan + bn−1(1− xn−1)}.

Ñïðàâåäëèâû íåðàâåíñòâà

−1 + x∗n−1 + bn−1(1− x∗n−1) = (1− x∗n−1)(bn−1 − 1) =
(bn − an−1)(bn−1 − 1)

bn−1 − an−1

> bn − an−1,

−xnan + bn−1(1− xn−1) = −an + bn−1 − xn−1(bn−1 − an) < bn−1 − an.

Ïîýòîìó

min
x∈Ω

g(x) = min{bn − an−1,−an + bn−1 + xn−1(bn−1 − an)}.

Èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò ñïðàâåäëèâîñòü óòâåðæäåíèé òåîðåìû. Òåîðåìà äîêàçàíà. �
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� 4. Çàäà÷à î äèâåðñè�èêàöèè ðóáëÿ � çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ

Â � 2 äàííîé ðàáîòû áûëî ïîêàçàíî, ÷òî �óíêöèÿ F ïðåäñòàâèìà â âèäå

F (x, u) = max{1, u1, . . . , un} − f(x, u).

Ïóñòü

U0 = {u ∈ U
∣

∣ uk 6 1 äëÿ âñåõ k}, Ui = {u ∈ U
∣

∣ ui > 1, ui > uk äëÿ âñåõ k},

I0 = {j ∈ I ∪ {0}
∣

∣ Uj 6= ∅}.

Òîãäà

F (x, u) =

{

uj − f(x, u), (x, u) ∈ Ω× Uj , j ∈ I0 \ {0},

1− f(x, u), (x, u) ∈ Ω× U0.

Ïîýòîìó

max
u∈U

F (x, u) = max{max
u∈Uj

F (x, u), j ∈ I0}.

�àññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó:



























z → min,

z > gj(x) = max
u∈Uj

F (x, u), j ∈ I0,

x1 + . . .+ xn 6 1,

xi > 0, i ∈ I.

(4.1)

Ò å î ð å ì à 4.1. Ïóñòü (x∗, z∗) � ðåøåíèå çàäà÷è. Òîãäà x∗ � ðåøåíèå çàäà÷è î äèâåðñè-

�èêàöèè ðóáëÿ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü

Ω∗ = {(x, z)
∣

∣ (x, z) óäîâëåòâîðÿþò îãðàíè÷åíèÿì çàäà÷è (4.1)}.

Âîçüìåì x ∈ Ω, z = max
j

gj(x). Òîãäà (x, z) ∈ Ω∗. Òàê êàê (x∗, z∗) � ðåøåíèå çàäà÷è,

òî z > z∗. Îòñþäà äëÿ âñÿêîãî x ∈ Ω âûïîëíåíî íåðàâåíñòâî z∗ 6 max
j

gj(x), è ïîýòîìó

z∗ 6 min
x∈Ω

(

max
j

gj(x)
)

. Ñ äðóãîé ñòîðîíû, z∗ > max
j

gj(x
∗) > min

x∈Ω

(

max
j

gj(x)
)

. Ñëåäîâàòåëüíî,

z∗ = min
x∈Ω

(

max
j

gj(x)
)

= min
x∈Ω

max
u∈U

F (x, u) = max
u∈U

F (x∗, u).

Òåîðåìà äîêàçàíà. �

Ç à ì å ÷ à í è å 7. Êàæäàÿ èç �óíêöèé gj ÿâëÿåòñÿ ëèíåéíîé. Ïîýòîìó çàäà÷à (4.1) ÿâëÿåòñÿ

çàäà÷åé ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Ç à ì å ÷ à í è å 8. Ôóíêöèè gj ïðåäñòàâèìû â âèäå

gi(x) = max
u∈Ui

F (x, u) = −1 +
∑

k 6=i

xk(1− ak) + bi(1− xi), i ∈ I, (4.2)

g0(x) = max
u∈U0

F (x, u) =

n
∑

k=1

xk(1− ak). (4.3)

Ïîýòîìó çàäà÷à (4.1) èìååò âèä (åñëè âñå ìíîæåñòâà Uj íå ïóñòû)

z → min,
∑

k 6=i

xk(1− ak)− xibi − z 6 1− bi, i ∈ I,

n
∑

k=1

xk(1 − ak)− z 6 0,

x1 + . . .+ xn 6 1,

xi > 0, i ∈ I.
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Ç à ì å ÷ à í è å 9. Îòìåòèì, ÷òî íåêîòîðûå ìíîæåñòâà Ui ìîãóò áûòü ïóñòûìè. Íàïðèìåð, åñëè

b1 < ai äëÿ âñåõ i > 2 è b1 < 1, òî U1 = ∅.
Ç à ì å ÷ à í è å 10. Ïóñòü a1 < a2 < . . . < an−1 < an < 1 < b1 < b2 < . . . < bn−1 < bn. Òîãäà Ui 6= ∅

äëÿ âñåõ i ∈ I0.

Äåéñòâèòåëüíî, (a1, . . . , ai−1, bi, ai+1, . . . , an) ∈ Ui äëÿ âñåõ i ∈ I è (a1, . . . , an) ∈ U0.

Äëÿ êàæäîãî i ∈ I îïðåäåëèì ìíîæåñòâà Ii = {j
∣

∣

∣
j ∈ I, bj > bi}. Êðîìå òîãî, îïðåäåëèì

x0j =
bj−1

bj−aj
, j ∈ I.

Åñëè Ii 6= ∅, òî ïîëàãàåì

xij =

{

bj−bi
bj−aj

, åñëè j ∈ Ii,

0, åñëè j /∈ Ii.

Åñëè Ii = ∅, òî ïîëàãàåì

xij =

{

bj−1

bj−aj
, åñëè j = i,

0, åñëè j 6= i.

Ïóñòü Xi = (xi1, x
i
2, . . . , x

i
n), i ∈ I0.

Òå î ð å ì à 4.2. Ïóñòü ai < 1, bi > 1 äëÿ âñåõ i ∈ I,
n
∑

k=1

bk−1

bk−ak
6 1 è äëÿ êàæäîãî i ∈ I

òàêîãî, ÷òî Ii 6= ∅, ñïðàâåäëèâû íåðàâåíñòâà

∑

l∈Ii

bl − bi
bl − al

6 1,
∑

l∈Ii

1− al
bl − al

>
bi − 1

bi − ai
.

Òîãäà ãàðàíòèðîâàííûì ïî ðèñêàì ðåøåíèåì çàäà÷è î äèâåðñè�èêàöèè ðóáëÿ áóäåò Xs =
= (xs1, . . . , x

s
n), s ∈ I0, òàêîé, ÷òî gs(X

s) = min
l∈I0

gl(X
l).

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî Ui 6= ∅ äëÿ âñåõ i ∈ I ∪ {0}.
Ïîýòîìó I0 = I ∪ {0}. Ôóíêöèè gi(x) = max

u∈Ui

F (x, u) ïðåäñòàâèìû â âèäå (4.2), (4.3). Îïðåäåëèì

ìíîæåñòâà Ωi(i ∈ I0) âèäà

Ωi = {x ∈ Ω
∣

∣ gi(x) > gj(x) äëÿ âñåõ j ∈ I0 \ {i}}.

Èç (4.2), (4.3) ñëåäóåò, ÷òî x ∈ Ωi, i ∈ I òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû íåðàâåíñòâà

(ai − bi)xi + (bj − aj)xj > bj − bi, j ∈ I \ {i},

(ai − bi)xi > 1− bi.

Êðîìå òîãî, x ∈ Ω0 òîãäà è òîëüêî òîãäà, êîãäà äëÿ âñåõ i ∈ I âûïîëíåíû íåðàâåíñòâà

(bi − ai)xi > bi − 1.

Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî

g(x) = max
u∈U

F (x, u) =























g0(x), åñëè x ∈ Ω0,

g1(x), åñëè x ∈ Ω1,

. . . . . . . . . . . . . . . . . . ,

gn(x), åñëè x ∈ Ωn.
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Ïóñòü i ∈ I. �àññìîòðèì çàäà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ

gi(x) = (1− bi)xi +
∑

k 6=i

(1− ak)xk → min,

(ai − bi)xi + (bj − aj)xj > bj − bi, j ∈ I \ {i},

(ai − bi)xi > 1− bi,

−x1 − x2 − · · · − xn > −1,

x1 > 0, . . . , xn > 0.

Çàäà÷åé, äâîéñòâåííîé ê äàííîé çàäà÷å, áóäåò çàäà÷à

Gi(y) =
∑

k 6=i

(bk − bi)yk + yi(1− bi)− yn+1 → max,

(bj − aj)yj − yn+1 6 1− aj, j ∈ I \ {i},

(ai − bi)(y1 + y2 + · · · + yn)− yn+1 6 1− bi,

y1 > 0, . . . , yn+1 > 0.

Ïðåäïîëîæèì, ÷òî Ii 6= ∅. Îïðåäåëèì yin+1 = 0,

yij =

{

1−aj
bj−aj

, åñëè j ∈ Ii,

0, åñëè j /∈ Ii.

Òîãäà Xi
óäîâëåòâîðÿåò îãðàíè÷åíèÿì ïðÿìîé çàäà÷è, à Y i = (yi1, . . . , y

i
n, y

i
n+1)� îãðàíè÷åíèÿì

äâîéñòâåííîé çàäà÷è, ïðè÷åì

gi(X
i) =

∑

k∈Ii

(1− ak)(bk − bi)

bk − ak
= Gi(Y

i).

Ñëåäîâàòåëüíî, â ñèëó òåîðåìû äâîéñòâåííîñòè Xi
ÿâëÿåòñÿ ðåøåíèåì ïðÿìîé çàäà÷è ëèíåé-

íîãî ïðîãðàììèðîâàíèÿ.

Ïðåäïîëîæåèì òåïåðü, ÷òî Ii = ∅. Îïðåäåëèì yin+1 = 0,

yij =

{

bi−1

bi−ai
, åñëè j = i,

0, åñëè j 6= i.

Òîãäà Xi
óäîâëåòâîðÿåò îãðàíè÷åíèÿì ïðÿìîé çàäà÷è, à Y i = (yi1, . . . , y

i
n, y

i
n+1)� îãðàíè÷åíèÿì

äâîéñòâåííîé çàäà÷è, ïðè÷åì gi(X
i) = Gi(Y

i).ÏîýòîìóXi
� ðåøåíèå ïðÿìîé çàäà÷è ëèíåéíîãî

ïðîãðàììèðîâàíèÿ.

�àññìîòðèì äàëåå çàäà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ âèäà

g0(x) =

n
∑

k=1

(1− ak)xk → min,

(bj − aj)xj > bj − 1, j ∈ I,

−x1 − x2 − . . .− xn > −1,

x1 > 0, . . . , xn > 0.

Äâîéñòâåííîé äëÿ äàííîé çàäà÷è áóäåò çàäà÷à

G0(Y ) =
n
∑

k=1

(bk − 1)yk − yn+1,

(bj − aj)yj − yn+1 6 1− aj, j ∈ I,

y1 > 0, . . . , yn+1 > 0.
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Îïðåäåëèì y0j =
1−aj
bj−aj

, j ∈ I, y0n+1 = 0, Y 0 = (y01 , . . . , y
0
n+1). Òîãäà X

0
óäîâëåòâîðÿåò îãðàíè÷åíè-

ÿì ïðÿìîé çàäà÷è, à Y 0
� îãðàíè÷åíèÿì äâîéñòâåííîé çàäà÷è è, êðîìå òîãî, g0(X

0) = G0(Y
0).

Ïîýòîìó X0
� ðåøåíèå ïðÿìîé çàäà÷è. Äàëåå èìååì

min
x∈Ω

g(x) = min
i∈I0

min
x∈Ωi

gi(x) = min
i∈I0

gi(X
i) = gs(X

s).

Ñëåäîâàòåëüíî, Xs
� ãàðàíòèðîâàííîå ïî ðèñêàì ðåøåíèå. Òåîðåìà äîêàçàíà. �

� 5. Èãðîâîå ðåøåíèå ïî Íýøó

Î ï ð å ä å ë å í è å 5.1. Âåêòîð x∗ ∈ Ω íàçûâàåòñÿ èãðîâûì ðåøåíèåì ïî Íýøó, åñëè ñóùå-

ñòâóåò u∗ ∈ U òàêîé, ÷òî äëÿ âñåõ x ∈ Ω, u ∈ U ñïðàâåäëèâû íåðàâåíñòâà

f(x, u∗) 6 f(x∗, u∗) 6 f(x∗, u). (5.1)

Ç à ì å ÷ à í è å 11. Åñëè ðàññìîòðåòü àíòàãîíèñòè÷åñêóþ èãðó

(

Ω, U, f
)

, â êîòîðîé îäíèì èç èãðîêîâ

ÿâëÿåòñÿ ËÏ�, à äðóãèì � ¾ïðèðîäà¿ è f � �óíêöèÿ âûèãðûøà ËÏ�, òî x∗ ∈ Ω ÿâëÿåòñÿ èãðîâûì

ðåøåíèåì ïî Íýøó, åñëè ñóùåñòâóåò u∗ ∈ U òàêîé, ÷òî ïàðà (x∗, u∗) îáðàçóåò ñèòóàöèþ ðàâíîâåñèÿ ïî

Íýøó â èãðå

(

Ω, U, f
)

.

Ë å ì ì à 5.1. Ïóñòü Ai(i ∈ I) � âåùåñòâåííûå ÷èñëà, h(x) =
n
∑

k=1

Akxk, Al = max
i∈I

Ai. Òîãäà

max
x∈Ω

h(x) =

{

0, åñëè Al 6 0,

Al, åñëè Al > 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè Al 6 0, òî h(x) 6 0 äëÿ âñåõ x ∈ Ω è h(0) = 0.
Ïóñòü Al > 0 è I1 = {j

∣

∣ Aj > 0}. Òîãäà äëÿ âñåõ x ∈ Ω

h(x) 6
∑

j∈I1

Ajxj 6
∑

j∈I1

Alxj 6 Al.

Åñëè x∗ ∈ Ω òàêîé, ÷òî x∗i = 0 äëÿ âñåõ i 6= l, x∗l = 1, òî h(x∗) = Al. Ëåììà äîêàçàíà. �

Òå î ð å ì à 5.1. Ïóñòü ai 6 1 äëÿ âñåõ i ∈ I. Òîãäà èãðîâîå ðàâíîâåñèå ïî Íýøó x∗ èìååò

âèä x∗i = 0 äëÿ âñåõ i ∈ I.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ìíîæåñòâà Ω, U êîìïàêòû, �óíêöèÿ f íåïðåðûâíà, òî â ñè-

ëó çàìå÷àíèÿ è òåîðåìû (ñì. [8, ñ. 216℄) èãðîâîå ðàâíîâåñèå ñóùåñòâóåò òîãäà è òîëüêî òîãäà,

êîãäà

max
x∈Ω

min
u∈U

f(x, u) = min
u∈U

max
x∈Ω

f(x, u).

Èç òåîðåìû 2.1 èìååì max
x∈Ω

min
u∈U

f(x, u) = 1, ïðè÷åì âíåøíèé ìàêñèìóì äîñòèãàåòñÿ íà íóëåâîì

âåêòîðå. Âû÷èñëèì min
u∈U

max
x∈Ω

f(x, u). Ôóíêöèÿ f ïðåäñòàâèìà â âèäå f(x, u) = 1 +
∑

i

xi(ui − 1).

Ïóñòü u∗ = max
i

(ui − 1). Òîãäà â ñèëó ëåììû 5.1 èìååì

g(u) = max
x∈Ω

f(x, u) =

{

1, åñëè u∗ 6 0,

1 + u∗, åñëè u∗ > 0.

Òàê êàê ai 6 1 äëÿ âñåõ i, òî a∗ = max
i

(ai − 1) 6 0, è ïîýòîìó g(a) = 1, ãäå a = (a1, . . . , an).

Ïîýòîìó min
u∈U

max
x∈Ω

f(x, u) = 1. Òåîðåìà äîêàçàíà. �

Òå î ð å ì à 5.2. Ïóñòü al = max
i

ai > 1, I∗ = {j
∣

∣ aj = al}. Òîãäà èãðîâîå ïî Íýøó ðåøå-

íèå x∗ èìååò âèä x∗j = 0, åñëè j /∈ I∗, è
∑

j∈I∗
x∗j = 1. Â ÷àñòíîñòè, åñëè I∗ = {l}, òî x∗l = 1

è x∗j = 0 äëÿ âñåõ j 6= l.

133



Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 2.2 ïîëó÷àåì, ÷òî max
x∈Ω

min
u∈U

f(x, u) = al, ïðè÷åì âíåøíèé

ìàêñèìóì äîñòèãàåòñÿ íà x∗. Âû÷èñëèì min
u∈U

max
x∈Ω

f(x, u). Èìååì f(x, u) = 1+
∑

i∈I

(ui−1)xi. Â ñèëó

ëåììû 5.1 ïîëó÷àåì

g(u) = max
x∈Ω

f(x, u) =

{

1, åñëè u∗ 6 0,

u∗ + 1, åñëè u∗ > 0,

ãäå u∗ = max
i

(ui − 1). Òàê êàê max
i

ai > 1, òî äëÿ ëþáîãî u ∈ U âûïîëíåíî u∗ > 0. Ïîýòîìó

g(u) = max
i

(ui − 1) + 1 > max
i

(ai − 1) + 1 = al − 1 + 1 = al

è g(a) = al, ãäå a = (a1, . . . , an). Ñëåäîâàòåëüíî, min
u∈U

max
x∈Ω

f(x, u) = al. Òåîðåìà äîêàçàíà. �
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The problem of alloating a ertain amount in rubles to a ruble deposit and to a given number of foreign urreny

deposits is onsidered in order to obtain the maximum inome in rubles at the end of the storage period. It is assumed

that the person making the deision does not know the exhange rates at the end of the storage period and is guided

only by ertain limits of their possible hanges.The solution of this problem depends on the hoie of the priniple of

134



optimality. A solution guaranteed by the outomes and the Nash game solution are found. It is shown that the problem

of �nding a risk-guaranteed solution is a linear programming task. For some speial ases, a risk-based solution is

analytially found.

REFERENCES

1. Zhukovskii V.I., Kudryavtsev K.N. Uravnoveshivanie kon�iktov i prilozheniya (Equilibrating on�its

and appliations), Mosow: Lenand, 2012, 304 p.

2. Belskikh J.A., Zhukovskiy V.I., Smirnova L.V. Method of guaranteed distribution of available funds in

two deposits, Taurida Journal of Computer Siene Theory of Mathematis, 2016, no. 4, pp. 59�67 (in

Russian).

3. Vysokos M.I., Zhukovskii V.I., Kirihenko M.M., Samsonov S.P. A new approah to multiriteria problems

under unertainty, Vestn. Udmurt. Univ. Mat. Mekh. Komp'yut. Nauki, 2017, vol. 27, issue 1, pp. 3�16

(in Russian). DOI: 10.20537/vm170101

4. Zhukovskiy V.I., Vysokos M.I. Guaranteed in outomes and risks solution for single-riterion problem,

Sienti� Notes of Taurida National V. I. Vernadsky University. Series: Physis and Mathematis

Sienes, 2014, vol. 27, no. 1, pp. 198�210 (in Russian).

5. Zhukovskiy V. I., Akhrameev P.K. Guaranteed on risk solution in problem of sum distribution in to thee

deposits (in ruble, dollars and euros), Sienti� Notes of Taurida National V. I. Vernadsky University.

Series: Physis and Mathematis Siene, 2014, vol. 27, no. 1, pp. 177-197 (in Russian).

6. Zhukovskii V.I., Soldatova N.G. On the problem of diversi�ation of ontribution on the three deposits,

Vestn. Udmurt. Univ. Mat. Mekh. Komp'yut. Nauki, 2013, issue 4, pp. 55�61 (in Russian).

DOI: 10.20537/vm130406

7. Pshenihny B.N. Vypuklyi analiz i ekstremal'nye zadahi (Convex analysis and extremal problems),

Mosow: Nauka, 1959, 550 p.

8. Vorob'ev N.N. Osnovy teorii igr. Beskoalitsionnye igry (Fundamentals of game theory. Unooperative

games), Mosow: Nauka, 1984, 496 p.

Reeived 05.05.2018

Petrov Nikolai Nikandrovih, Dotor of Physis and Mathematis, Professor, Department of Di�erential

Equations, Udmurt State University, ul. Universitetskaya, 1, Izhevsk, 426034, Russia.

E-mail: kma3�list.ru

Petrova Nadezhda Veniaminovna, Master student, Udmurt State University, ul. Universitetskaya, 1, Izhevsk,

426034, Russia.

E-mail: nadezhda-ok�mail.ru

135


