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RANDOM PERTURBATIONS

In this paper, a distributed Brusselator model with diffusion is investigated. It is well known that this model undergoes

both Andronov–Hopf and Turing bifurcations. It is shown that in the parametric zone of diffusion instability the model

generates a variety of stable spatially nonhomogeneous structures (patterns). This system exhibits a phenomenon

of the multistability with the diversity of stable spatial structures. At the same time, each pattern has its unique

parametric range, on which it may be observed. The focus is on analysis of stochastic phenomena of pattern formation

and transitions induced by small random perturbations. Stochastic effects are studied by the spatial modality analysis.

It is shown that the structures possess different degrees of stochastic sensitivity.
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Introduction

The study of self-organization [1, 2] is a challenging task for modern science. One of the many

mechanisms is spatial pattern formation caused by diffusion instability, first modeled and studied by Alan

Turing in 1952 [3]. Various patterns were discovered in biology, chemistry, physics and other fields of

science. With proper mathematical methods, assisted by computer modeling, pattern formation dynamics

can be studied and predicted.

A necessary part of the modeling process is the simulation of random perturbations. In fact, these

seemingly small interferences are present in every system. Here, the most fundamental example is the

Brownian motion in any kind of substance. These perturbations are chaotic and unpredictable, yet often

they are the cause for stability and order. Therefore, the study of stochastic phenomena in dynamical

systems is crucial for understanding self-organization processes in nature.

The analysis of pattern formation mechanisms attracts researchers from diverse fields of natural science

(see [4–8]).

This work is devoted to studying the various phenomena connected with the pattern formation in the

distributed Brusselator model with diffusion [9]. Section 1 introduces deterministic pattern formation in

the parametric zone of Turing instability. It is shown that the system under consideration is multistable: for

the same parameter values various different patterns can be generated, while the form depends on initial

conditions. Additionally, most patterns appear in their specific parametric zones. We perform a modality

analysis of the transient behavior in the pattern formation.

Section 2 is devoted to noise-induced phenomena in the model with random perturbations. First, the

phenomenon of the stochastic pattern generation is considered. It is shown that the perturbed model is

able to generate temporarily stable structures similar to the patterns formed in the instability zone. Next,

pattern transformations under the influence of small noise are investigated by modality analysis. These

transformations show sensitivity difference of pattern types.

§ 1. Diffusion instability and patterns

The stochastic distributed Brusselator model defined by the system of two diffusion equations is con-

sidered:
∂u

∂t
= a− (b+ 1)u+ u2v +Du

∂2u

∂x2
+ γξ,

∂v

∂t
= bu− u2v +Dv

∂2v

∂x2
+ γη.

(1.1)
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Here, u(t, x), v(t, x) are concentrations of the reagents, parameters a and b are positive, Du and Dv

are diffusion coefficients, ξ(t, x) and η(t, x) are two independent random processes, and γ is the noise

intensity coefficient. The scalar spatial variable x belongs to the [0, L] interval. The system has the

following zero-flux boundary conditions:

∂u

∂x
(t, 0) =

∂u

∂x
(t, L) =

∂v

∂x
(t, 0) =

∂v

∂x
(t, L) = 0. (1.2)

The state of a distributed system, in which the values of system variables are uniform through space

and equal to the equilibrium values of the corresponding nondistributed system is called a homogeneous

equilibrium state. The instability of homogeneous equilibrium in the diffusion system is called Turing

instability or diffusion instability. Loss of stability is called Turing bifurcation.

Stable spatially nonhomogeneous states are formed in the parametric zone of Turing instability. In this

paper we fix a = 3, Dv = 10, and L = 40. The Andronov–Hopf boundary is bAH = 10 and the Turing

boundary is bT =
(

1 +
√
0.9Du

)2
. These borders are shown in Fig. 1.
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Fig 1. Bifurcation diagram of Brusselator (1.1) with a = 3, Dv = 10, γ = 0.

R e m a r k 1.1. Note that bifurcation boundaries can be found analytically. For these evaluations it is

assumed that the random perturbations are excluded (γ = 0).
For numerical modeling of solutions uj,i = u(tj , xi), vj,i = v(tj , xi) of the system 1.1, we used the

following explicit scheme 1.3 with the temporal step τ and the spatial step h:











uj+1,i = uj,i + τfj,i + τDu
uj,i−1 − 2uj,i + uj,i+1

h2
+ γξj,i,

vj+1,i = vj,i + τgj,i + τDv
vj,i−1 − 2vj,i + vj,i+1

h2
+ γηj,i,

(1.3)

where

fj,i = f(uj,i, vj,i), gj,i = g(uj,i, vj,i), tj = jτ, xi = ih,

f(u, v) = a− (b+ 1)u+ u2v, g(u, v) = bu− u2v,

τ = 10−4, h = 0.2.

Here, ξj,i and ηj,i are uncorrelated Gaussian noises with intensity γ and parameters Eξj,i = Eηj,i = 0,
Eξj,iξk,l = Eηj,iηk,l = δj,iδk,l.

Let b = 9, γ = 0, in this case the Turing bifurcation value is D∗

u = 4.(4). The influence of noise

is excluded, making the model entirely deterministic. Initial conditions are generated using the following

discrete scheme:

u0,i = ū+ ε cos

(

2πxiλ

L

)

, v0,i = v̄ + ε cos

(

2πxiλ

L

)

. (1.4)
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By adjusting parameters ε and λ, various spatial deviations from the homogeneous equilibrium state

ū, v̄ can be produced. These periodic forms satisfy the zero-flux boundary conditions (1.2) if λ is an integer

or a half-integer and can be used as the initial state in numerical simulations. Changing these conditions

yields various stable patterns for fixed values of Du (see Fig. 2).
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Fig 2. Examples of spatial patterns: Du = 2 (left), Du = 4 (right)

The patterns appear as wave-like structures of varying periodicity and tendency on the left edge of the

system space. To distinguish them we use the number of peaks (integer or half-integer) and direction (up

or down).

Changing the diffusion coefficient affects the shape of the patterns. In the examples shown in Fig. 3,

the 4-peak patterns (left) are generated for Du = 2.5 (solid), Du = 3.3 (dashed) and Du = 4.0 (dotted),

and the 4.5-peak patterns (right) are generated for Du = 2.0 (solid), Du = 3.0 (dashed) and Du = 4.0
(dotted).
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Fig 3. Variations of 4-peak and 4.5-peak patterns for different Du values

As the coefficient Du decreases, the wave extrema retreat from the equilibrium value ū = 3. As it gets

closer to the bifurcation point D∗

u = 4.(4), the extrema become closer to ū and converge at D∗

u.

Furthermore, each pattern can be generated in a certain corresponding span of Du. Such parametric

zones, in which the said pattern is preserved by the system, are called structural stability intervals. For

some structures these intervals are wide, while for others they can be rather narrow. Outside its interval,

the pattern dissipates with time, and a more stable heterogeneous state is observed. Figure 4 displays

stability intervals for 4-peak and 4.5-peak patterns. These two types of patterns have the longest structural

stability intervals.

The next step is to investigate temporal dynamics. The following color diagrams display the process

that takes place: the horizontal axis is the temporal axis, while the vertical one is the spatial axis. The

value of u at the given point of space and moment of time is presented by color. Formula (1.4) is used for

generating initial conditions, while the scheme (1.3) is used for process modeling of dynamics (see Fig. 5).

Below the color diagram, we show snapshots of the system state taken at different moments of time.
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Fig 4. Extrema of patterns in corresponding stability intervals.
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Fig 5. Pattern formation dynamics for Du = 2, λ = 3, ε = 2

This figure shows the most common pattern formation process. Note that the transition from the initial

values to a stable pattern occurs relatively fast in one stage. This, however, is not always the case due to the

multistability and coexistence of several patterns. Transient structures may appear during the multi-stage

formation process as it is shown in Fig. 6.

The 8-peak and 7-peak patterns can be generated for lower Du values, however, for Du = 2 these

patterns can only appear as transient and are replaced by other, more stable patterns.

Note that such a visualization does not provide sufficient information about less prominent coexisting
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Fig 6. Pattern formation dynamics for Du = 2, λ = 8, ε = 2

patterns. For further study, the spatial modality analysis is applied. In this analysis, we have used the

functions Ck(t):

Ck(tj) = C
j
k =

Lh
∑

i=0

huj,i cos

(

2πkxi
L

)

, (1.5)

Lh =
L

h
, xi = ih, h = 0.2.

These functions provide more precise quantitative information on the transient spatial modality of the

currently formed patterns. Here, the parameter k corresponds to the quantity of peaks in the pattern. Its

values can be integers or half-integers due to the boundary conditions (1.2). The structure with the highest

absolute value of Ck will be called dominant. Figure 7 shows results of the spatial modality analysis for

the transient process shown in Fig. 6.

At the start of the simulation, the 8-peak pattern is the most prominent, while other kinds of structures

appear slowly. Afterwards, the initial pattern is no longer dominant, as the absolute value of C7 becomes

greater than C8 and the 7-peak pattern is now observed. Finally, at the end of the simulation, C7 loses its

dominance with respect to C6, which corresponds to the 6-peak pattern seen at the end of Fig. 6. Functions

Ck representing the transient patterns will gradually approach zero, while those of the stable structures will

remain at fixed values.
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Fig 7. Spatial modality analysis of pattern formation for Du = 2, λ = 8, ε = 2
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§ 2. Stochastic pattern formation

The main focus of this part is studying various stochastic phenomena in the system due to small random

perturbations. Adding noise to the model makes it more similar to real processes from nature. The goal

is to make predictions for the behavior of such systems. The two noise-induced phenomena viewed in

this section are the pattern formation in the Turing stability zone and the transitions between coexisting

patterns.

Let us assume a = 3, b = 9, Dv = 10, Du = 4.46 > D∗

u = 4.(4). For this set of parameters,

the deterministic system exhibits the stable homogeneous equilibrium. This equilibrium is used as an

initial condition. The system is in the parametric zone of Turing stability, where the pattern generation

is impossible if γ = 0. Adding small random perturbations causes the emergence of states similar to the

patterns observed in the previous section. These structures are by no means stable due to the stochastic

nature of the model. Simulation results are shown in Fig. 8.
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Fig 8. Noise-induced pattern formation a = 3, b = 9, Dv = 10, Du = 4.46, γ = 0.001: temporal

dynamics (left) and state snapshot at t = 13 (right)

Despite being in the stability zone, the system with random perturbations is able to generate spatial

patterns. Moreover, the system shows multistability: in Fig. 8 two patterns with 4- and 4.5 peaks are

prominent. Two matters require investigation: whether or not these are the only possible patterns and

which patterns are seen more often than others. For further study, the spatial modality analysis is used.

Using the method from the previous section (see formula (1.5)) yields the results displayed in Fig. 9. Here,

the dynamics of the coefficients Ck(t) is shown for different k.

C
k
(t
)

t
0 5 10 15 20 25

−12

−8

−4

0

4

k = 3.5k = 4k = 4.5k = 5k = 5.5

Fig 9. Spatial modality analysis of pattern formation for a = 3, b = 9, Dv = 10, Du = 4.46,

γ = 0.001
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These results correlate with the dynamics from Figure 8, but unlike in the deterministic case these

curves are difficult to perceive: all modes need to be analyzed, while some of them fluctuate widely. Under

these circumstances, another characteristics of the modality are necessary. To estimate the comparative

contribution of the spatial mode with k peaks in the time interval [0, T ], we will use the power of kth mode

Wk as follows:

Wk =
τ

2T

Tτ
∑

j=1

(

C2
k(tj+1) + C2

k(tj)

)

,

Tτ =
T

τ
, tj = jτ, τ = 10−4.

A calculation of this value provides information on the presence of the mixture of various patterns.

A high value of Wk corresponds to the higher weight of k-peak mode with the prolonged period of

dominance. Table 1 shows the most notable powers for the simulation described in Fig. 8, where T = 25.

Table 1. Mode powers for Du = 4.46, γ = 0.001

k 3 3.5 4 4.5 5 5.5 6

Wk 0.0344 0.0782 0.2973 0.0948 0.0568 0.0181 0.0079

It can be seen that the 4-peak pattern was the most prominent during the simulation. This is also

reflected by the mode powers: W4 has the greatest value. Using this approach, it is possible to perform a

quantitative statistical analysis of the noise-induced pattern formation. Based on these results it is possible

to predict (to a certain degree) which pattern will be observed more often than others. In Table 2, mean

values gathered from 20 samples are shown. The stochastic nature of the process implies that each time the

result is different. However, one can point out the apparent dominance of 3.5-, 4- and 4.5-peak patterns.

Table 2. Mean values of powers for Du = 4.46, γ = 0.001

k 3 3.5 4 4.5 5 5.5 6

Wk 0.0419 0.1197 0.2118 0.1216 0.0393 0.0221 0.0087

We can summarize that the deterministic model under consideration is multistable and various transient

patterns are observed. Due to these factors, the small perturbations can affect the formation dynamics. As a

result, the stochastic system generates a different pattern from the one observed in the deterministic model.

Besides the effect on formation dynamics, even weak noise can cause some of the patterns to become

unstable and dissipate, while others remain stable. This observation implies difference in the stochastic

sensitivity of different coexisting patterns.

Figure 10 shows transition from a stable 7-peak pattern that is generated and preserved by the deter-

ministic model. Applying low intensity noise causes it to dissipate, forming a transient 6-peak pattern,

which dissipates as well. At the end of this simulation a relatively stable 5-peak pattern is generated.

This process can be investigated by mode analysis. Figure 11 shows the slow decay of the 7th mode,

the temporary emergence of the 6th and the establishment of the 5th mode.

While not yielding much new information that allows prediction of transition dynamics, this technique

shows these processes from a new perspective. Furthermore, it can be used for an in-depth study of pattern

sensitivity by analyzing fluctuations of corresponding mode and their correlation with noise intensity.
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Fig 10. Pattern transitions for a = 3, b = 9, Dv = 10, Du = 2, γ = 0.004
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Fig 11. Modality analysis of pattern transitions a = 3, b = 9, Dv = 10, Du = 2, γ = 0.004

Conclusion

This paper has examined the distributed stochastic Brusselator model with diffusion. Under certain

conditions the system meets Turing instability requirements and generates spatially nonhomogeneous stable

states. Investigation of its behavior in the Turing instability zone without random perturbations shows that

the system is multistable and the number of coexisting patterns may be high. Such structures may have

different forms, depending on the diffusion flow difference of the reaction components. While some

patterns appear to be stable, others can be observed only as transient structures.

To study processes concerning pattern formation dynamics, the mode analysis method has been in-

troduced. It is shown that the data received from this method correlates with the data obtained from

deterministic cases. Mode functions and powers provide additional information necessary for the statistical

analysis of stochastic phenomena, the major example being particular pattern dominance.

Finally, the effects of random perturbations have been shown. Small intensity noise causes pattern

formation in the Turing stability zone, where deterministic formation is impossible. Furthermore, the

multistability persists even in this zone, as the coexisting patterns tend to replace each other. In the stability

zone stochastic transitions of coexisting patterns are observed. Under the effect of random perturbations

some structures dissipate, though they appeared to be stable in the deterministic case, while less sensitive

structures form instead. This implies difference in the stochastic sensitivity of these structures. The said

stochastic phenomena are studied by using direct modeling with the assistance of mode analysis.
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В работе исследуется распределенная модель брюсселятора с диффузией. Известно, что в этой модели про-

являются бифуркации Андронова–Хопфа и Тьюринга. Показано, что в параметрической зоне диффузионной

неустойчивости модель генерирует множество устойчивых пространственно неоднородных структур (паттер-

нов). Эта система демонстрирует феномен мультистабильности с разнообразием устойчивых пространствен-

ных структур. В то же время каждый паттерн имеет свой уникальный параметрический диапазон, в котором

он может наблюдаться. Акцент сделан на анализе стохастических явлений формирования паттерна и перехо-

дов, вызванных малыми случайными возмущениями. Стохастические эффекты изучаются с помощью анализа

пространственной модальности. Показано, что структуры обладают различной степенью стохастической чув-

ствительности.
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