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Î ÑÎÁÑÒÂÅÍÍÛÕ ÔÓÍÊÖÈßÕ È ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈßÕ ÎÄÍÎÉ

ÊÂÀÇÈÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎÉ Ê�ÀÅÂÎÉ ÇÀÄÀ×È ÂÒÎ�Î�Î ÏÎ�ßÄÊÀ

Â ñòàòüå ðàññìàòðèâàåòñÿ ïðåäñòàâëåíèå ñîáñòâåííûõ �óíêöèé îäíîé êâàçèäè��åðåíöèàëüíîé êðàåâîé çàäà÷è

âòîðîãî ïîðÿäêà â âèäå ñóìì ñòåïåííûõ ðÿäîâ. Ïîëó÷åíû îöåíêè äëÿ èõ êîý��èöèåíòîâ.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå �óíêöèè, ñîáñòâåííûå çíà÷åíèÿ, ñòåïåííûå ðÿäû, îöåíêè äëÿ êîý��èöèåíòîâ,

êâàçèäè��åðåíöèàëüíîå óðàâíåíèå, êðàåâàÿ çàäà÷à, ñóììà ðÿäà.

� 1. Î ïðåäñòàâëåíèè ñîáñòâåííûõ �óíêöèé êâàçèäè��åðåíöèàëüíîé êðàå-

âîé çàäà÷è âòîðîãî ïîðÿäêà â âèäå ñóìì ñòåïåííûõ ðÿäîâ è îá îöåíêàõ

äëÿ èõ êîý��èöèåíòîâ

Ïóñòü I ⊆ R � îòêðûòûé èíòåðâàë, P = (pik)
2
0 � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà, pik : I → R,

òàêàÿ, ÷òî p00(·) è p22(·) èçìåðèìû, ïî÷òè âñþäó êîíå÷íû è ïî÷òè âñþäó îòëè÷íû îò íóëÿ,

à

1

p11(·)
,

p10(·)
p11(·)

,
p20(·)
p22(·)

,
p21(·)
p22(·)

ëîêàëüíî ñóììèðóåìû â I.

Îïðåäåëèì êâàçèïðîèçâîäíûå

0
Px,

1
Px,

2
Px �óíêöèè x : I → R ðàâåíñòâàìè

0
Px

.
= p00x,

1
Px

.
= p11

d( 0
Px)

dt
+ p10(

0
Px),

2
Px

.
= p22

d( 1
Px)

dt
+ p21(

1
Px) + p20(

0
Px).

Ëèíåéíûì îäíîðîäíûì êâàçèäè��åðåíöèàëüíûì íàçûâàåòñÿ óðàâíåíèå [1℄

( 2
Px)(t) = 0, t ∈ I. (1.1)

Åãî ðåøåíèåì íàçûâàåòñÿ âñÿêàÿ �óíêöèÿ x : I → R, èìåþùàÿ ëîêàëüíî àáñîëþòíî íåïðå-

ðûâíûå êâàçèïðîèçâîäíûå äî ïåðâîãî ïîðÿäêà âêëþ÷èòåëüíî è óäîâëåòâîðÿþùàÿ (1.1) ïî÷òè

âñþäó â I. Óðàâíåíèå (1.1) îáëàäàåò �îðìàëüíî ñîïðÿæåííûì â ñìûñëå Ëàãðàíæà óðàâíåíè-

åì [1℄

( 2
Ry)(t) = 0 (R = (rνk)

2
0 � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà), t ∈ I, (1.2)

rνk =
(−1)ν+kpn−k,n−νpn−ν,n−ν

pn−k,n−k

(k ∈ 0:ν, ν ∈ 0:2).

Óðàâíåíèå (1.1) íàçûâàåòñÿ íåîñöèëëÿöèîííûì íà ïðîìåæóòêå J ⊂ I (çäåñü J = [a, b],
−∞ < a < b < +∞), åñëè íóëåâàÿ êâàçèïðîèçâîäíàÿ ëþáîãî åãî íåòðèâèàëüíîãî ðåøåíèÿ

èìååò íà J íå áîëåå îäíîãî íóëÿ [1℄.

�àññìîòðèì êðàåâóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ

( 2
Px)(t) = −λ ( 0

Px)(t) (t ∈ J), (1.3)

0
Px(a) =

0
Px(b) = 0. (1.4)

�åøåíèå u(t, λ) óðàâíåíèÿ (1.3), óäîâëåòâîðÿþùåå ïåðâîìó óñëîâèþ èç óñëîâèé (1.4), ïðåä-

ñòàâèìî â âèäå ðÿäà [2℄

u(t, λ) = x0(t)− λx1(t) + λ2x2(t)− λ3x3(t) + . . . . (1.5)

Ïîñëåäîâàòåëüíîñòü ðåøåíèé {xk}∞0 ïîñòðîèì ñëåäóþùèì îáðàçîì: x0(·) � ðåøåíèå çàäà÷è

( 2
Px)(t) = 0 (t ∈ J),

0
Px(a) = 0, 1

Px(a) = 1;
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xk(·) íàõîäÿòñÿ ðåêóððåíòíî êàê ðåøåíèÿ çàäà÷:

( 2
Pxk)(t) = ( 0

Pxk−1)(t) (t ∈ J),

0
Pxk(a) = 0, 1

Pxk(a) = 0 (k = 1, 2, . . .).

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.3), (1.4) ïðåäñòàâëÿþò ñîáîé êîðíè óðàâíåíèÿ Φ(λ) = 0,
ãäå Φ(·) � ñóììà ðÿäà (1.5) ïðè t = b.

u(t, λ∗) =
∞
∑

k=0

(−1)k(λ∗)kxk(t) (t ∈ J)

åñòü ñîáñòâåííàÿ �óíêöèÿ çàäà÷è (1.3), (1.4), îòâå÷àþùàÿ ñîáñòâåííîìó çíà÷åíèþ λ∗.
Ïóñòü óðàâíåíèå (1.1) íåîñöèëëÿöèîííî íà J è C(t, s) (C∗(t, s)) � �óíêöèÿ Êîøè óðàâíå-

íèÿ (1.1)((1.2)),

M1
.
= max

t∈[a,b]
0
PC(t, a), M2

.
= max

(s,t)∈[a,b]×[a,b]

∣

∣

1
RC

∗(s, t)
∣

∣

è M
.
= max{M1,M2}, �óíêöèÿ

ξ(t)
.
= min{p11(t), p22(t)}

ïðè êàæäîì çíà÷åíèè àðãóìåíòà t èç J . Áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ

1

ξ(t)
ñóììèðóåìà

íà J , è ïóñòü ψ(t)
.
=

∫ t

a

1

ξ(s)
ds (t ∈ J).

Ñ÷èòàåì òàêæå, ÷òî p21(t) > 0 (t ∈ J).

Òå î ð å ì à 1.1. Ñïðàâåäëèâû îöåíêè

0 6 0
Pxk(t) 6

Mk+1ψ2k(t)

(2k)!
(t ∈ J, k = 0, 1, . . .). (1.6)

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì ýòó òåîðåìó ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.

Ïðè k = 0 îöåíêà (1.6) âåðíà. Äåéñòâèòåëüíî, 0
Px0(t) = 0

PC(t, a), ñëåäîâàòåëüíî,

0
Px0(t) 6M1 6M.

Ïóñòü îöåíêà (1.6) èìååò ìåñòî äëÿ íåêîòîðîãî k∈ N. Ïîêàæåì åå ñïðàâåäëèâîñòü äëÿ k + 1:

0
Pxk+1(t) =

∫ t

a

0
PC(t, s) 0

Pxk(s)

p22(s)
ds 6

Mk+1

(2k)!

∫ t

a

0
PC(t, s)ψ2k(s)

p22(s)
ds 6

6
Mk+1

(2k)!

∫ t

a

0
PC(t, s)ψ2k(s)

ξ(s)
ds =

(

çàìåòèì (ñì. [1℄), ÷òî

0
PC(t, s) = − 0

RC
∗(s, t)

)

=

= −M
k+1

(2k)!

∫ t

a

0
RC

∗(s, t)ψ2k(s) dψ(s) =

= − Mk+1

(2k + 1)!

∫ t

a

0
RC

∗(s, t) dψ2k+1(s) =
Mk+1

(2k + 1)!

∫ t

a

ψ2k+1(s)
(

0
RC

∗(s, t)
)

′

s
ds =

=
Mk+1

(2k + 1)!

∫ t

a

p11(s)
(

0
RC

∗(s, t)
) ′

s

p11(s)
ψ2k+1(s) ds =

=
Mk+1

(2k + 1)!

∫ t

a

p11(s)
(

0
RC

∗(s, t)
) ′

s
− p21(s)p11(s)

p22(s)
0
RC

∗(s, t) +
p21(s)p11(s)

p22(s)
0
RC

∗(s, t)

p11(s)
ψ2k+1(s) ds =
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=
(

çàìåòèì (ñì. [1℄), ÷òî

1
RC

∗(s, t) = p11(s)
(

0
RC

∗(s, t)
)

′

s
− p21(s)p11(s)

p22(s)
0
RC

∗(s, t)
)

=

=
Mk+1

(2k + 1)!

∫ t

a

1
RC

∗(s, t)− p21(s)p11(s)

p22(s)
0
PC(t, s)

p11(s)
ψ2k+1(s) ds 6

6
Mk+1

(2k + 1)!

∫ t

a

1
RC

∗(s, t)

p11(s)
ψ2k+1(s) ds 6

Mk+1

(2k + 1)!

∫ t

a

∣

∣

1
RC

∗(s, t)
∣

∣

ξ(s)
ψ2k+1(s) ds 6

6
Mk+1M1

(2k + 1)!

∫ t

a

ψ2k+1(s) dψ(s) 6
Mk+2

(2k + 2)!
ψ2k+2(t) =

M (k+1)+1ψ2(k+1)(t)

(2(k + 1))!
.

Òàêèì îáðàçîì,

0
Pxk+1(t) 6

M (k+1)+1ψ2(k+1)(t)

(2(k + 1))!
.

Ïî èíäóêöèè îöåíêè (1.6) èìåþò ìåñòî äëÿ âñåõ k∈ N. Òåîðåìà äîêàçàíà. �

Ñ ë å ä ñ ò â è å 1.1. Åñëè p11(t) = p22(t) ≡ 1 íà J èëè 1 6 p11(t) ïðè âñåõ t èç J è p22(t) ≡ 1
íà J (1 6 p22(t) ïðè âñåõ t èç J è p11(t) ≡ 1 íà J), òî îöåíêè (1.6) âûãëÿäÿò òàê:

0 6 0
Pxk(t) 6

Mk+1(t− a)2k

(2k)!
(t ∈ J, k = 0, 1, . . .).

Ââåäåì â ðàññìîòðåíèå �óíêöèè ϕk(t) : J → R ñ ïîìîùüþ ñëåäóþùèõ ðàâåíñòâ:

ϕk(t)
Mk+1ψ2k(t)

(2k)!
= 0

Pxk(t),

ãäå k = 0, 1, . . . (0 6 ϕk(t) 6 1).

Ïóñòü

v(t, λ)
.
= ϕ0(b)M +

∞
∑

k=1

(−1)kλkϕk(b)M
k+1ψ2k(t)

(2k)!
(t ∈ J). (1.7)

Ò å î ð å ì à 1.2. Ôóíêöèÿ v(t, λ) óäîâëåòâîðÿåò óðàâíåíèþ

λ
(

v(t, λ)
)′′

√
λ
= ψ2(t)

(

ξ(t)
(

ξ(t)
(

v(t, λ)
)′

t

)′

t

)

(1.8)

è óñëîâèÿì

v(b, λ) = 0
Pu(b, λ),

(

ξ(t)
(

v(t, λ)
)′

t

)

∣

∣

∣

∣

t=a

= 0,

v(t, λ)
∣

∣

λ=0
= 0

PC(b, a),
(

(
√
λ v(t, λ)

)′

√
λ

)

∣

∣

∣

∣

λ=0

= 0
PC(b, a).

(1.9)

Ä î ê à ç à ò å ë ü ñ ò â î. Â òîì, ÷òî �óíêöèÿ v(t, λ) óäîâëåòâîðÿåò óðàâíåíèþ (1.8), óáå-

äèìñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé ïðàâîé ÷àñòè �îðìóëû (1.7) â ëåâóþ è ïðàâóþ ÷àñòè

óðàâíåíèÿ (1.8):

λ
(

v(t, λ)
)′′

√
λ
=

= −λϕ1(b)M
2ψ2(t) +

λ2ϕ2(b)M
3ψ4(t)

2!
− λ3ϕ3(b)M

4ψ6(t)

4!
+ . . . ,

ψ2(t)

(

ξ(t)
(

ξ(t)
(

v(t, λ)
)′

t

)′

t

)

=
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= −λϕ1(b)M
2ψ2(t) +

λ2ϕ2(b)M
3ψ4(t)

2!
− λ3ϕ3(b)M

4ψ6(t)

4!
+ . . . .

Ïîëó÷èëè îäíî è òî æå âûðàæåíèå.

Ïîäñòàâëÿåì ïðàâóþ ÷àñòü �îðìóëû (1.7) â ëåâûå ÷àñòè êàæäîãî óñëîâèÿ èç ÷åòûðåõ óñëî-

âèé (1.9):

v(b, λ) = ϕ0(b)M − λϕ1(b)M
2ψ2(b)

2!
+
λ2ϕ2(b)M

3ψ4(b)

4!
− λ3ϕ3(b)M

4ψ6(b)

6!
+ . . . =

= p00(b)

(

x0(b)− λx1(b) + λ2x2(b)− λ3x3(b) + . . .

)

= 0
Pu(b, λ),

(

ξ(t)
(

v(t, λ)
)′

t

)

∣

∣

∣

∣

t=a

=

(

−λϕ1(b)M
2ψ1(t)

1!
+
λ2ϕ2(b)M

3ψ3(t)

3!
− λ3ϕ3(b)M

4ψ5(t)

5!
+ . . .

)
∣

∣

∣

∣

t=a

=

= −λϕ1(b)M
2ψ1(a)

1!
+
λ2ϕ2(b)M

3ψ3(a)

3!
− λ3ϕ3(b)M

4ψ5(a)

5!
+ . . . = (ψ(a) = 0) = 0,

v(t, λ)

∣

∣

∣

∣

λ=0

=

(

ϕ0(b)M − λϕ1(b)M
2ψ2(t)

2!
+
λ2ϕ2(b)M

3ψ4(t)

4!
− λ3ϕ3(b)M

4ψ6(t)

6!
+ . . .

)
∣

∣

∣

∣

λ=0

=

= 0
PC(b, a),

(

(
√
λ v(t, λ)

)′

√
λ

)

∣

∣

∣

∣

λ=0

=

=

(

(

ϕ0(b)M
√
λ− (

√
λ)3ϕ1(b)M

2ψ2(t)

2!
+

(
√
λ)5ϕ2(b)M

3ψ4(t)

4!
− . . .

)′

√
λ

)

∣

∣

∣

∣

λ=0

=

= ϕ0(b)M + 0 = 0
PC(b, a).

Óáåæäàåìñÿ, ÷òî �óíêöèÿ v(t, λ) óäîâëåòâîðÿåò óñëîâèÿì (1.9). Òåîðåìà äîêàçàíà. �

Óðàâíåíèå (1.8) íàçîâåì êâàçèäè��åðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ.

Òî, ÷òî ðåøåíèå çàäà÷è (1.8), (1.9) � �óíêöèÿ v(t, λ) � óäîâëåòâîðÿåò ïåðâîìó óñëîâèþ èç

óñëîâèé (1.9), îçíà÷àåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1.3), (1.4) ìîãóò áûòü íàéäåíû êàê

êîðíè óðàâíåíèÿ

v(b, λ) = 0. (1.10)

Ïîýòîìó îïðåäåëåííûé èíòåðåñ ïðåäñòàâëÿþò âîïðîñû îá èññëåäîâàíèè ñâîéñòâ è îá àï-

ïðîêñèìàöèè êîðíåé óðàâíåíèÿ (1.10) â òåõ ñëó÷àÿõ, êîãäà êîðíè íå ìîãóò áûòü íàéäåíû òî÷íî.

� 2. Î ïîñòðîåíèè îäíîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà

Íèæå ïðåäëàãàåòñÿ íåêîòîðûé ïîäõîä ê ðåøåíèþ ïîñòàâëåííûõ âîðîñîâ, êîòîðûé, âîçìîæ-

íî, íå ëèøåí íåäîñòàòêîâ è, êîíå÷íî æå, íå ÿâëÿåòñÿ åäèíñòâåííûì.

Âíà÷àëå îáðàòèì âíèìàíèå ÷èòàòåëÿ íà òî, ÷òî èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Ó ò â å ð æ ä å í è å 2.1. Ôóíêöèÿ v(t, λ) óäîâëåòâîðÿåò ñëåäóþùèì íà÷àëüíûì óñëîâèÿì:

(

(

v(t, λ)
)(k)√

λ

)

∣

∣

∣

∣

λ=0

=







0, åñëè k = 2m− 1,

(−1)(
k

2
)ϕk

2

(b)M
k

2
+1ψk(t), åñëè k = 2m, ãäå m = 1, 2, . . . .

(2.1)
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü m = 1, 2, . . . . Íàéäåì
(

v(t, λ)
)(2m−1)√

λ
è

(

v(t, λ)
)(2m)√

λ
ñîîòâåò-

ñòâåííî:

(

v(t, λ)
)(2m−1)√

λ
= (−1)m

√
λϕm(b)Mm+1ψ2m(t)+

+

∞
∑

j=0

(−1)m+1+j(
√
λ)3+2jϕm+1+j(b)M

m+2+jψ2m+2+2j(t)

(3 + 2j)!
,

(2.2)

(

v(t, λ)
)(2m)√

λ
= (−1)mϕm(b)Mm+1ψ2m(t)+

+

∞
∑

j=0

(−1)m+1+j(
√
λ)2+2jϕm+1+j(b)M

m+2+jψ2m+2+2j(t)

(2 + 2j)!
.

(2.3)

Ïîäñòàâëÿÿ â ïðàâûå ÷àñòè �îðìóë (2.2) è (2.3) λ = 0, óáåæäàåìñÿ â ñïðàâåäëèâîñòè ðàâåí-

ñòâà (2.1). Óòâåðæäåíèå äîêàçàíî. �

Ïîñòðîèì íåêîòîðóþ �óíêöèþ, êîòîðàÿ óäîâëåòâîðÿëà áû óðàâíåíèþ (1.8), à òàêæå âòîðî-

ìó, òðåòüåìó è ÷åòâåðòîìó óñëîâèÿì èç óñëîâèé (1.9) è íåñêîëüêèì ïåðâûì óñëîâèÿì âèäà (2.1).

Ñ ýòîé öåëüþ ñíà÷àëà îïðåäåëèì ñëåäóþùóþ âñïîìîãàòåëüíóþ �óíêöèþ:

Qn(t, λ)
.
= 0

PC(b, a) +

n
∑

k=1

(

dk(cos(k
√
λψ(t)) − 1) + ck sin(k

√
λψ(t))

)

, (2.4)

ãäå ïàðàìåòðû dk∈ R è ck∈ R.

Ëåãêî âèäåòü, ÷òî �óíêöèÿ Qn(t, λ) óäîâëåòâîðÿåò óðàâíåíèþ (1.8). Äåéñòâèòåëüíî, ïîä-

ñòàëÿÿ â ëåâóþ è â ïðàâóþ ÷àñòè óðàâíåíèÿ (1.8) ïðàâóþ ÷àñòü �îðìóëû (2.4), ïîëó÷àåì

ñîîòâåòñòâåííî ñëåäóþùèå ðàâåíñòâà:

λ(Qn(t, λ))
′′√
λ
= −λψ2(t)

n
∑

k=1

(

dk k
2 cos(k

√
λψ(t)) + ck k

2 sin(k
√
λψ(t))

)

,

ψ2(t)

(

ξ(t)
(

ξ(t)
(

Qn(t, λ)
)′

t

)′

t

)

= −λψ2(t)
n
∑

k=1

(

dk k
2 cos(k

√
λψ(t)) + ck k

2 sin(k
√
λψ(t))

)

.

Ïîëó÷èëè îäíî è òî æå âûðàæåíèå.

Î÷åâèäíî, ÷òî �óíêöèÿ Qn(t, λ) óäîâëåòâîðÿåò òðåòüåìó è ÷åòâåðòîìó óñëîâèÿì èç óñëî-

âèé (1.9).

Ó ò â å ð æ ä å í è å 2.2. Âûïîëíåíèÿ �óíêöèåé Qn(t, λ) ïåðâûõ 2n (n∈ N) óñëîâèé âèäà (2.1)

è îäíîâðåìåííî âûïîëíåíèÿ âòîðîãî óñëîâèÿ èç óñëîâèé (1.9) ìîæíî äîáèòüñÿ çà ñ÷åò âûáîðà

ïàðàìåòðîâ dk è ck.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü m = 1, 2, . . . , n. Íàéäåì
(

Qn(t, λ)
)(2m−1)√

λ
è

(

Qn(t, λ)
)(2m)√

λ
ñîîòâåòñòâåííî:

(

Qn(t, λ)
)(2m−1)√

λ
=

= ψ2m−1(t)

n
∑

k=1

(

(−1)mdk k
2m−1 sin(k

√
λψ(t)) + (−1)m−1ck k

2m−1 cos(k
√
λψ(t))

)

,

(2.5)

(

Qn(t, λ)
)(2m)√

λ
= (−1)mψ2m(t)

n
∑

k=1

(

dk k
2m cos(k

√
λψ(t)) + ck k

2m sin(k
√
λψ(t))

)

. (2.6)
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Ïîäñòàâëÿÿ ïðàâûå ÷àñòè �îðìóë (2.5) è (2.6) â íà÷àëüíûå óñëîâèÿ (2.1), ïîëó÷àåì, ÷òî

äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå ðàâåíñòâà:

ψ2m−1(t)
n
∑

k=1

(

(−1)mdk k
2m−1 sin(k

√
0ψ(t)) + (−1)m−1ck k

2m−1 cos(k
√
0ψ(t))

)

= 0,

(−1)mψ2m(t)
n
∑

k=1

(

dk k
2m cos(k

√
0ψ(t)) + ck k

2m sin(k
√
0ψ(t))

)

= (−1)mϕm(b)Mm+1ψ2m(t).

Ñëåäîâàòåëüíî, äîëæíû âûïîëíÿòüñÿ äâà ñëåäóþùèõ ðàâåíñòâà:

n
∑

k=1

ck k
2m−1 = 0 è

n
∑

k=1

dk k
2m = ϕm(b)Mm+1.

Îòñþäà ïîëó÷àåì äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëíèÿ ïàðà-

ìåòðîâ ck è dk:























c1 + 2c2 + 3c3 + . . . + ncn = 0,
c1 + 23c2 + 33c3 + . . . + n3cn = 0,

· · ·
c1 + 22n−3c2 + 32n−3c3 + . . . + n2n−3cn = 0,
c1 + 22n−1c2 + 32n−1c3 + . . . + n2n−1cn = 0

(2.7)

è























d1 + 22d2 + 32d3 + . . . + n2dn = ϕ1(b)M
2,

d1 + 24d2 + 34d3 + . . . + n4dn = ϕ2(b)M
3,

· · ·
d1 + 22n−2d2 + 32n−2d3 + . . . + n2n−2dn = ϕn−1(b)M

n,

d1 + 22nd2 + 32nd3 + . . . + n2ndn = ϕn(b)M
n+1.

(2.8)

Ñèñòåìû (2.7) è (2.8) îäíîçíà÷íî ðàçðåøèìû. �åøåíèÿ ñèñòåìû (2.7) åñòü c∗1 = . . . = c∗n = 0.
�åøåíèÿ ñèñòåìû (2.8) îáîçíà÷èì ÷åðåç d∗1, d∗2, d∗3, . . . , d

∗
n.

Ïðîâåðèì âûïîëíåíèå �óíêöèåé Qn(t, λ) âòîðîãî óñëîâèÿ èç óñëîâèé (1.9) ïðè íàéäåííûõ

çíà÷åíèÿõ c∗k è d∗k ïàðàìåòðîâ ck è dk:

ξ(t)
(

Qn(t, λ)
′

t

)

∣

∣

∣

∣

t=a

= ξ(a)

(

1

ξ(t)

n
∑

k=1

d∗k(− sin(k
√
λψ(t)))

)

∣

∣

∣

∣

t=a

=

=

n
∑

k=1

d∗k(− sin(k
√
λψ(a))) =

n
∑

k=1

d∗k(− sin(k
√
λ 0)) = 0.

Âòîðîå óñëîâèå èç óñëîâèé (1.9) âûïîëíåíî. Óòâåðæäåíèå äîêàçàíî. �

Îïðåäåëèì ñëåäóþùóþ �óíêöèþ:

Pn(t, λ)
.
= 0

PC(b, a) +
n
∑

k=1

(

d∗k cos(k
√
λψ(t))− 1

)

= 0
PC(b, a) +

n
∑

k=1

d∗k cos(k
√
λψ(t)) − n. (2.9)

Ôóíêöèÿ Pn(t, λ) óäîâëåòâîðÿåò óðàâíåíèþ (1.8), à òàêæå âòîðîìó, òðåòüåìó è ÷åòâåðòîìó

óñëîâèÿì èç óñëîâèé (1.9) è ïåðâûì 2n (n∈ N) óñëîâèÿì âèäà (2.1).

Ôóíêöèÿ Pn(b, λ) ïðåäñòàâëÿåò ñîáîé òðèãîíîìåòðè÷åñêèé ïîëèíîì îòíîñèòåëüíî ïåðåìåí-

íîé λ. Çàìåòèì, ÷òî íóëè òðèãîíîìåòðè÷åñêîãî ïîëèíîìà ìîãóò áûòü âûðàæåíû ÷åðåç íóëè

íåêîòîðîãî êâàçèïîëèíîìà (îòíîñèòåëüíî òàêèõ çàäà÷ è èõ ðåøåíèé ñì., íàïðèìåð, [3℄).

Âûäâèíåì ñëåäóþùóþ ãèïîòåçó.

� è ï î ò å ç à 2.1. Ôóíêöèÿ v(t, λ) (ñì. (1.7)) ìîæåò áûòü ñêîëü óãîäíî òî÷íî àïïðîêñè-

ìèðîâàíà �óíêöèåé Pn(t, λ), à êîðíè óðàâíåíèÿ (1.10) ìîãóò áûòü ñêîëü óãîäíî òî÷íî ïðè-

áëèæåíû íóëÿìè òðèãîíîìåòðè÷åñêîãî ïîëèíîìà Pn(b, λ) ïðè áîëüøèõ çíà÷åíèÿõ n∈ N.
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Íà ýòîé ãèïîòåçå çàêîí÷èì ðàññìîòðåíèå ïðåäëàãàåìîãî ïîäõîäà ê ðåøåíèþ âîïðîñà îá

àïïðîêñèìàöèè êîðíåé óðàâíåíèÿ (1.10).

Â çàêëþ÷åíèå îòìåòèì, ÷òî èçó÷åíèå íóëåé òðèãîíîìåòðè÷åñêîãî ïîëèíîìà Pn(b, λ) íåîá-
õîäèìî äëÿ èññëåäîâàíèÿ àñèìïòîòèêè ñïåêòðà êðàåâîé çàäà÷è (1.3), (1.4).
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