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1

�àññìàòðèâàåòñÿ ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíå-

íèÿ, êîòîðîå íàçûâàþò íåëîêàëüíûì óðàâíåíèåì ýðîçèè. Èçó÷åí ñëó÷àé ìàëîãî îòêëîíåíèÿ äëÿ ïðîñòðàíñòâåí-

íîé ïåðåìåííîé. Ïðîäåìîíñòðèðîâàíà âîçìîæíîñòü áè�óðêàöèé ïðîñòðàíñòâåííî íåîäíîðîäíûõ ðåøåíèé, äëÿ

êîòîðûõ ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû, è èçó÷åí âîïðîñ îá èõ óñòîé÷èâîñòè. �åçóëüòàòû ïîëó÷åíû íà

áàçå ïðèìåíåíèÿ ìåòîäîâ òåîðèè áè�óðêàöèé.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ ìîäåëü ýðîçèè, íîðìàëüíûå �îðìû, óñòîé÷èâîñòü, áè�óðêàöèè, àñèìïòîòèêà.

Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ñ îòêëîíÿþ-

ùèìñÿ àðãóìåíòîì, êîòîðîå ïðåäëîæåíî â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà �îðìè-

ðîâàíèÿ ðàçëè÷íûõ òèïîâ ðåëüå�à íà ïîâåðõíîñòè ïëîñêîé ìèøåíè ïðè åå áîìáàðäèðîâêå ïî-

òîêîì èîíîâ [1�3℄. Ñëåäóåò îòìåòèòü, ÷òî ýòà ìàòåìàòè÷åñêàÿ ìîäåëü â îïðåäåëåííîé ñòåïå-

íè äîïîëíÿåò èçâåñòíóþ ìàòåìàòè÷åñêóþ ìîäåëü Áðåäëè�Õàðïåðà [4℄, òàê êàê ïðè èõ âûâîäå

èñïîëüçóþò îäíó è òó æå êëàññè÷åñêóþ òåîðèþ Ï. Çèãìóíäà [5℄ î âçàèìîäåéñòâèè ïîòîêîâ

çàðÿæåííûõ ÷àñòèö ñ òâåðäûì òåëîì.

Ïðèâåäåì óðàâíåíèå íåëîêàëüíîé ýðîçèè â ïåðåíîðìèðîâàííîì âèäå [1�3℄, õîòÿ óìåñòíî

îáðàòèòü âíèìàíèå íà òî îáñòîÿòåëüñòâî, ÷òî äëÿ ïåðåíîðìèðîâîê âîçìîæíû ðàçëè÷íûå âàðè-

àíòû. Èòàê, äàëåå áóäåì ðàññìàòðèâàòü óðàâíåíèå

ut = auxx − cwx + b(u− w) + b1(u− w)wx + b2(wx)
2 + b3(u− w)(wx)

2 + b4(wx)
3, (0.1)

ãäå u = u(t, x) � íîðìèðîâàííîå îòêëîíåíèå îò ïëîñêîãî �ðîíòà ìèøåíè, w = u(t, x−h), h ∈ R.

Êîý��èöèåíòû a, b, c, b1, b2, b3 õàðàêòåðèçóþò óñëîâèÿ, ïðè êîòîðûõ ïðîèñõîäèò îáðàáîòêà ìè-
øåíè. Îíè çàâèñÿò îò óãëà Θ ìåæäó íàïðàâëÿþùåé ïîòîêà èîíîâ è íîðìàëüþ ê íåäå�îðìè-

ðîâàííîé ïîâåðõíîñòè. Ïðè ýòîì a > 0. Êîý��èöèåíò a = a(J,Θ), è ïðè �èêñèðîâàííîì Θ
äàííàÿ �óíêöèÿ óáûâàåò ïðè âîçðàñòàíèè J . Óðàâíåíèå (0.1) áóäåì ðàññìàòðèâàòü âìåñòå

ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Ñ ó÷åòîì íîðìèðîâîê ìîæíî ñ÷èòàòü, ÷òî ïðè âñåõ

x, t > 0 âûïîëíåíî ðàâåíñòâî
u(t, x+ 2π) = u(t, x). (0.2)

Ñëåäóåò îòìåòèòü, ÷òî êðàåâàÿ çàäà÷à (0.1), (0.2) íàðÿäó ñ ðåøåíèåì u(t, x) äîïóñêàåò ðåøå-
íèå u(t, x) = const. Áîëåå òîãî, îíà èíâàðèàíòíà îòíîñèòåëüíî çàìåíû u(t, x) → u(t, x) + const.
Ïîýòîìó äàëåå áóäåì ðàññìàòðèâàòü ðåøåíèå â îêðåñòíîñòè íóëåâîãî ñîñòîÿíèÿ ðàâíîâå-

ñèÿ (Ñ�). Îêðåñòíîñòü èíûõ ñîñòîÿíèé ðàâíîâåñèÿ u(t, x) = const, â ñèëó âûøåñêàçàííîãî,

ìîæåò áûòü çàìåíåíà íà îêðåñòíîñòü íóëåâîãî ðåøåíèÿ. Ñ �èçè÷åñêîé òî÷êè çðåíèÿ çàìåíà

u(t, x) → u(t, x) + const îçíà÷àåò çàìåíó ñèñòåìû êîîðäèíàò.

Äëÿ èçó÷åíèÿ âîïðîñà, ñâÿçàííîãî ñ îïèñàíèåì ñòðóêòóðû îêðåñòíîñòè íóëåâîãî Ñ�, êðàå-

âóþ çàäà÷ó (0.1), (0.2) ñëåäóåò äîïîëíèòü íà÷àëüíûìè óñëîâèÿìè

u(0, x) = f(x). (0.3)

Áóäåì ñ÷èòàòü, ÷òî f(x) ∈ H2
2 , ãäå ÷åðåç H2

2 îáîçíà÷èì ïðîñòðàíñòâî, ñîñòîÿùåå èç 2π
ïåðèîäè÷åñêèõ �óíêöèé f(x) ∈ L2(0, 2π), ó êîòîðûõ ñóùåñòâóþò îáîáùåííûå ïðîèçâîäíûå

f ′(x), f ′′(x) ∈ L2(0, 2π). Óñòîé÷èâîñòü â íàøåì ñëó÷àå áóäåì ïîíèìàòü â ñìûñëå íîðìû ïðî-

ñòðàíñòâà H2
2 . Íàïîìíèì, ÷òî íîðìà â H

2
2 ââîäèòñÿ ðàâåíñòâîì

1

�àáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà �îññèéñêîé Ôåäåðàöèè (� ÌÊ-5932.2015.1).
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‖f‖H2

2

= ‖f‖L2(0,2π)
+ ‖f ′‖L2(0,2π)

+ ‖f ′′‖L2(0,2π)
,

‖f‖L2(0,2π)
=

√

∫ 2π

0
f2(x)dx.

Íàêîíåö, ïðîñòðàíñòâåííîå îòêëîíåíèå h ìû áóäåì ñ÷èòàòü ìàëûì, òî åñòü h ≪ 1. Áåç
íàðóøåíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî h > 0. Ñëó÷àé h < 0 ìîæåò áûòü ñâåäåí ê ïåðâî-

ìó çàìåíîé x → −x. Ïðè ýòîì, êîíå÷íî, ìåíÿåòñÿ çíàê êîý��èöèåíòà c. Ïîä÷åðêíåì, ÷òî
êîý��èöèåíòû a, b ïîëîæèòåëüíû.

� 1. Óñëîâèÿ óñòîé÷èâîñòè îäíîðîäíûõ ñîñòîÿíèé ðàâíîâåñèé

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè íóëåâîãî Ñ� ðàññìîòðèì âñïîìîãàòåëüíóþ êðàåâóþ çàäà÷ó,

êîòîðàÿ âîçíèêàåò ïîñëå ëèíåàðèçàöèè êðàåâîé çàäà÷è (0.1), (0.2) â îêðåñòíîñòè òðèâèàëüíî-

ãî Ñ�. Â ðåçóëüòàòå ïîëó÷èì ëèíåéíóþ êðàåâóþ çàäà÷ó

ut = A(a)u, u(t, x+ 2π) = u(t, x), (1.1)

ãäå ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð (ËÄÎ)

A(a)v = av′′ − cv′h + b(v − vh), v = v(x), vh = v(x− h). (1.2)

Îáëàñòü îïðåäåëåíèÿ ËÄÎ ñîñòîèò èç äîñòàòî÷íî ãëàäêèõ 2π ïåðèîäè÷åñêèõ �óíêöèé. Íàéäåì
åãî ñîáñòâåííûå çíà÷åíèÿ (ÑÇ). Ïîëîæèì v(x) = vn(x) = exp(inx), ãäå n ∈ Z (ìíîæåñòâó öåëûõ

÷èñåë). Â ðåçóëüòàòå ïîëó÷àåì, ÷òî

λn = τn + iσn, τn = −an2 + b(1− cos(nh))− cn sin(nh), σn = b sin(nh)− cn cos(nh).

ßñíî, ÷òî λ0 = 0 (τ0 = σ0 = 0). Åñëè îêàæåòñÿ, ÷òî äëÿ âñåõ n 6= 0 âûïîëíåíî íåðàâåíñòâî

τn 6 0, òî íóëåâîå ðåøåíèå êðàåâîé çàäà÷è (0.1), (0.2) óñòîé÷èâî (îíî íå ìîæåò áûòü àñèìïòî-

òè÷åñêè óñòîé÷èâûì, äàæå åñëè τn < 0). Äàëåå íàñ áóäóò èíòåðåñîâàòü ÑÇ λn ïðè n 6= 0.
Ïóñòü τk > 0 ïðè íåêîòîðîì k. Òîãäà íóëåâîå CP êðàåâîé çàäà÷è (1.1) íåóñòîé÷èâî. Ïðè

a ≫ 1 âûïîëíåíî íåðàâåíñòâî τn < 0. Åñëè æå a = 0, òî ïîñëåäîâàòåëüíîñòü τn ìåíÿåò çíàê.

Ñëåäîâàòåëüíî, ñóùåñòâóþò òàêèå a, ÷òî âûïîëíåíû äâà óñëîâèÿ:

1) τn 6 0 ïðè âñåõ n; 2) τm = 0 ïðè m 6= 0.

Ïîñëåäíèé ñëó÷àé íàçîâåì êðèòè÷åñêèì, à íàèáîëüøåå èç âîçìîæíûõ a = a
êð

� êðèòè-

÷åñêèì çíà÷åíèåì ïàðàìåòðà a. Ïîòåðÿ óñòîé÷èâîñòè ïðîèñõîäèò ïðè óìåíüøåíèè a è ïîñëå

äîñòèæåíèÿ íåêîòîðîé êðèòè÷åñêîé âåëè÷èíû a
êð

.

Ïóñòü ïðè íåêîòîðûõ m 6= 0 ñïðàâåäëèâî τm = 0. ßñíî, ÷òî τ−m = τm = 0. Ïóñòü äî-

ïîëíèòåëüíî èçâåñòíî, ÷òî ðåàëèçóåòñÿ êðèòè÷åñêèé ñëó÷àé â çàäà÷å îá óñòîé÷èâîñòè. Òîãäà

ðàâåíñòâî τm = 0 ìîæåò áûòü ïåðåïèñàíî â ýêâèâàëåíòíîé �îðìå

a =
b(1− cos(mh)− cm sin(mh))

m2
.

Èç ýòèõ ðàññóæäåíèé âûòåêàåò, ÷òî

a
êð

= max
n 6=0

ψn, ψn =
b(1− cos(nh)− cn sin(nh))

n2
,

åñëè òàêîé ïîëîæèòåëüíûé ìàêñèìóì ñóùåñòâóåò.

Èç �îðìóëû äëÿ ψn âèäíî, ÷òî ψ−n = ψn. Ïîýòîìó ïðè èçó÷åíèè âîïðîñà îá îïðåäåëåíèè aêð
äîñòàòî÷íî îãðàíè÷èòüñÿ ðàçáîðîì òîé ñèòóàöèè, êîãäà n ∈ N (ìíîæåñòâó íàòóðàëüíûõ ÷è-

ñåë). Èòàê, ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ψn, ãäå n ∈ N . Íåòðóäíî çàìåòèòü, ÷òî ïðè âñåõ

íàòóðàëüíûõ n ñïðàâåäëèâî íåðàâåíñòâî

|ψn| 6 (2|b| + |c|n)/n2,
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�èñ. 1

òî åñòü îíà îãðàíè÷åíà. Áîëåå òîãî, lim
n→∞

ψn = 0. Ïîýòîìó ïîñëåäîâàòåëüíîñòü ψn çàâåäîìî

èìååò íàèáîëüøèé è íàèìåíüøèé ýëåìåíòû è a
êð

îïðåäåëÿåòñÿ, åñëè max
n∈N

ψn > 0.

Ìîæíî óêàçàòü íåêîòîðûå ÷àñòíûå ñëó÷àè âûáîðà êîý��èöèåíòîâ b è c, êîãäà max
n∈N

ψn ìîæ-

íî íàéòè äîñòàòî÷íî ïðîñòî è ïðàêòè÷åñêè â ÿâíîì âèäå.

Ñëó÷àé 1. Ïóñòü b = 0, c > 0, òî åñòü

ψn = −c
sin(nh)

n
.

�àññìîòðèì âñïîìîãàòåëüíóþ �óíêöèþ

f1(y) = −
sin y

y
, y ∈ [h,∞).

ßñíî, ÷òî ψn = − ch f1(nh). Íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà äëÿ f1(y) âûïîëíåíû â òî÷êàõ yk,
ãäå f

′

1(yk) = 0. Ïðè ýòîì yk ñëåäóåò èñêàòü êàê ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ

y = tg y.

Ïîñëåäíåå óðàâíåíèå èìååò ñ÷åòíûé íàáîð ïîëîæèòåëüíûõ êîðíåé y1, y2, y3, . . . . Íà ðèñóí-

êå 1 ýòî ïðîèëëþñòðèðîâàíî. Íà íåì îòìå÷åíû íåñêîëüêî ïåðâûõ òî÷åê ïåðåñå÷åíèÿ ãðà�èêîâ

�óíêöèé z = y, z = tg y. Äëÿ ïîëîæèòåëüíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ y = tg y
ñïðàâåäëèâî âêëþ÷åíèå

yk ∈
(π

2
+ π(k − 1),

π

2
+ πk

)

, k = 1, 2, . . . .

Ïðè ýòîì, óðàâíåíèå y = tg y ìîæåò áûòü ðåøåíî ÷èñëåííî. Äëÿ ëîêàëèçàöèè êîðíåé áûë

èñïîëüçîâàí ìåòîä äåëåíèÿ îòðåçêà ïîïîëàì. Îêàçàëîñü, ÷òî

y1 = 4.49, y2 = 7.73.

�åçóëüòàòû ïðèâåäåíû ñ òî÷íîñòüþ äî äâóõ çíàêîâ ïîñëå çàïÿòîé.

Ïóñòü yk � êîðåíü äàííîãî óðàâíåíèÿ. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

|f1(yk)| = | cos yk| = (1 + y2k)
−1/2.

Äåéñòâèòåëüíî,

|f1(yk)| =
∣

∣

sin yk
yk

∣

∣,

íî yk = tg yk. Ïîýòîìó |f1(yk)| = | cos yk|. Ñ äðóãîé ñòîðîíû, sin2 yk + cos2 yk = 1, à sin yk =
= yk cos yk. Îòêóäà âûâîäèì îáñóæäàåìîå çäåñü ðàâåíñòâî. Ñëåäîâàòåëüíî,

lim
n→∞

|f1(yk)| = 0

62



è, êðîìå òîãî, ïîñëåäîâàòåëüíîñòü f1(yk) ìîíîòîííî óáûâàåò ñ ðîñòîì k. Ïîýòîìó �óíêöèÿ f1(y)
èìååò ïðè c > 0 ïîëîæèòåëüíûé ìàêñèìóì â òî÷êå y = y1. Ïîëîæèì òåïåðü m = ⌊y1/n⌋. Èç
ïðåäøåñòâóþùèõ âû÷èñëåíèé âûòåêàåò, ÷òî ïîñëåäîâàòåëüíîñòü ψn äîñòèãàåò ïîëîæèòåëüíîãî

ìàêñèìóìà, åñëè n = m èëè n = m+ 1. Â èíîé �îðìå çàïèøåì

a
êð1

= − ch
sin(mh)

mh

èëè

a
êð2

= − ch
sin((m+ 1)h)

(m+ 1)h
.

Èñòèííîå a
êð

= max{a
êð

1
, a

êð

2
}. Îòìåòèì, ÷òî ïðè a

êð

= a
êð

1
ËÄÎ A1 = A(a

êð

1
) èìååò ÑÇ

λm,−m = ±iσm, σm = −cm cos(mh),

à îñòàëüíûå ÑÇ ËÄÎ A1 ëåæàò â ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè, âûäåëÿåìîé íåðàâåí-

ñòâîì

Reλn 6 −γ < 0 (n 6= m,−m).

Ïðè a
êð

= a
êð

2
ËÄÎ A2 = A(a

êð

2
) èìååò ñëåäóþùèå ÑÇ:

λm+1,−(m+1) = ±iσm+1, σm+1 = −c(m+ 1) cos((m+ 1)h),

à îñòàëüíûå ÑÇ ëåæàò â ëåâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè. Îñîáûé ñëó÷àé ðåàëè-

çóåòñÿ, åñëè a
êð

1
= a

êð

2
= a

êð

. Òîãäà ó ËÄÎ A(a
êð

) íà ìíèìîé îñè ëåæàò äâå ïàðû ÷èñòî

ìíèìûõ ÑÇ:

λm,−m = ±iσm, λm+1,−(m+1) = ±iσm+1.

Òàêîé âàðèàíò ðåàëèçóåòñÿ çà ñ÷åò ñïåöèàëüíîãî âûáîðà h = h∗ (h∗ ≈ 2y1/(2m + 1)). Äàëåå
òàêîé âûáîð h = h∗ íå áóäåì ðàññìàòðèâàòü.

Ñëó÷àé 2. Ïóñòü b = 0, c < 0. Â òàêîì ñëó÷àå ïîâòîðÿþòñÿ âñå ïîñòðîåíèÿ èç ïðåäûäóùåãî

ñëó÷àÿ, íî âìåñòî êîðíÿ y1 ñëåäóåò âûáðàòü ñëåäóþùèé êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
tg y = y, òî åñòü y2.

Ñëó÷àé 3. Ïóñòü c = 0, b > 0. Òîãäà

ψn = b
1− cos(nh)

n2
, n = 1, 2, . . . .

�àññìîòðèì �óíêöèþ

f2(y) =
1− cos y

y2
, ψn = bh2f2(nh).

Ïîíÿòíî, ÷òî íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà ðåàëèçóþòñÿ â òî÷êå ys, ãäå ys � êîðíè óðàâ-

íåíèÿ

f ′2(y) =
y sin y − 2(1− cos y)

y3
= 0.

Ñîîòâåòñòâåííî, êîðíè ïîñëåäíåãî óðàâíåíèÿ ìîæíî íàéòè èç äâóõ ñëåäóþùèõ âñïîìîãàòåëü-

íûõ óðàâíåíèé:

a) sin
y

2
= 0; b) tg

y

2
=
y

2
.

Â ðåçóëüòàòå ïîëó÷àåì äâå ãðóïïû êîðíåé:

a) yk = 2πk, k ∈ N ; b) ys = 2ηs,

ãäå ηs � êîðíè çíàêîìîãî óðàâíåíèÿ η = tg η (ñì. ñëó÷àé 1).

Ñðàçó îòìåòèì, ÷òî êîðíè ãðóïïû a) íå ïîäõîäÿò, òàê êàê f2(yk) = f2(2πk) = 0. �àññìîòðå-
íèå êîðíåé ãðóïïû b) ïðèâîäèò ê ðåçóëüòàòàì, àíàëîãè÷íûì òåì, êîòîðûå áûëè ïîëó÷åíû ïðè

ðàçáîðå ñëó÷àÿ 1, íî ñ òîé ðàçíèöåé, ÷òî ïîäõîäÿùèé êîðåíü y1 ≈ 8.98 âäâîå áîëüøå êîðíÿ,

íàéäåííîãî ïðè àíàëèçå ñëó÷àÿ 1. Â ðåçóëüòàòå äîêàçàíî óòâåðæäåíèå.
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Òå î ð å ì à 1.1. Ïóñòü a > a
êð

, òîãäà ðåøåíèÿ ëèíåéíîé êðàåâîé çàäà÷è (1.1) óñòîé÷è-

âî â ñìûñëå íîðìû �àçîâîãî ïðîñòðàíñòâà ðåøåíèé ýòîé çàäà÷è (H2
2 â íàøåì ñëó÷àå). Ïðè

a < a
êð

ïðîèñõîäèò ïîòåðÿ èõ óñòîé÷èâîñòè.

Ïîä÷åðêíåì åùå ðàç, ÷òî ïðè a = a
êð

â ñèòóàöèè îáùåãî ïîëîæåíèÿ (h 6= h∗) ËÄÎ

A = A(a
êð

) èìååò ïàðó ÷èñòî ìíèìûõ êîðíåé λ = ±iσ, ãäå σ = σm = −cm cos(mh), m ∈ N,
à m � íîìåð ìàêñèìàëüíîãî ýëåìåíòà ïîñëåäîâàòåëüíîñòè ψn. Ñîîòâåòñòâóþùèå ñîáñòâåííûå

�óíêöèè (ÑÔ) ðàâíû exp(±imx).

Ïðåæäå ÷åì ïåðåéäåì ê àíàëèçó íåëèíåéíîé êðàåâîé çàäà÷è (0.1), (0.2), îòìåòèì, ÷òî îíà

âõîäèò â êëàññ àáñòðàêòíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé, ðàññìîòðåííûõ â ðàáîòå [6℄. Åñëè

�óíêöèÿ f(x) ∈ H2
2 , òî ñîãëàñíî ðåçóëüòàòàì ýòîé ðàáîòû ñìåøàííàÿ çàäà÷à (0.1)�(0.3) [6℄

ëîêàëüíî êîððåêòíî ðàçðåøèìà. Ïðîâåðêà áàçèðóåòñÿ íà òîì �àêòå, ÷òî ËÄÎ A(a) ÿâëÿåò-
ñÿ ïðîèçâîäÿùèì îïåðàòîðîì àíàëèòè÷åñêîé ïîëóãðóïïû îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ

(ñì., íàïðèìåð, [7℄).

� 2. Ïîñòðîåíèå íîðìàëüíîé �îðìû

�àññìîòðèì íåëèíåéíóþ êðàåâóþ çàäà÷ó (0.1), (0.2) ïðè a = a
êð

(1 − γε), ãäå γ = ±1,
ε ∈ (0, ε0), òî åñòü ε èãðàåò ðîëü ìàëîãî ïàðàìåòðà. Ïîëîæèì A(ε) = A(a

êð

+ γε). Â ñèòóàöèè

îáùåãî ïîëîæåíèÿ ýòîò ËÄÎ èìååò ïàðó ñëåäóþùèõ ÑÇ:

λ1,2(ε) = τ(ε)± iσ(ε),

îòâå÷àþùèõ ÑÔ exp(±imx), ãäå m ∈ N , è ýòîò ïàðàìåòð áûë âûáðàí â ïðåäûäóùåì ðàçäåëå.

Ïðè ýòîì ïðîñòûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

τ(ε) = γm2ε, σ(ε) = σ = −cm cos(mh).

Ñëåäîâàòåëüíî, τ(0) = 0, à

τ ′0 =
dτ(ε)

dε

∣

∣

∣

∣

ε=0

= γm2 > 0.

Â ðåçóëüòàòå, â ÷åì íåòðóäíî óáåäèòüñÿ (ñì., íàïðèìåð, [8, 9℄), ðåàëèçóþòñÿ âñå óñëîâèÿ, ïðè

êîòîðûõ ïðèìåíèìà øèðîêî èçâåñòíàÿ òåîðåìà Àíäðîíîâà�Õîï�à. Ïîñëåäíåå îçíà÷àåò, ÷òî

â ñèòóàöèè îáùåãî ïîëîæåíèÿ àíàëèç ñòðóêòóðû îêðåñòíîñòè íóëåâîãî Ñ� ìîæåò áûòü ñâå-

äåí ê àíàëèçó íîðìàëüíîé �îðìû (ÍÔ) Ïóàíêàðå�Äþëàêà. Â íàøåì ñëó÷àå åå óêîðî÷åííûé

âàðèàíò èìååò ñëåäóþùèé âèä:

z′ = z{g + (l1 + il2)|z|
2},

ãäå z = z(s), g = a
êð

m2γ, s = εt, l1, l2 ∈ R è ïîäëåæàò îïðåäåëåíèþ â ïðîöåññå ðåàëèçàöèè

àëãîðèòìà ïîñòðîåíèÿ ÍÔ [10�11℄.

Ñëåäóÿ ýòîìó àëãîðèòìó, ðåøåíèå êðàåâîé çàäà÷è (0.1), (0.2) ïðè âûáðàííûõ çíà÷åíèÿõ a
(a = a

êð

(1− γε)) áóäåì èñêàòü â âèäå ñóììû

u(t, x, s, ε) = ϕ(s) + ε1/2u1(t, x, s) + εu2(t, x, s) + ε3/2u3(t, x, s) +O(ε2), (2.1)

w(t, x, s, ε) = u(t, x− h, s, ε),

ãäå s = εt, äîñòàòî÷íî ãëàäêèå �óíêöèè uj(t, x, s) óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì (0.2), à ïî

ïåðåìåííîé t èìåþò ïåðèîä 2π/σm. Íàêîíåö, w(t, x, s, ε) = u(t, x− h, s, ε).

Çàìåòèì, ÷òî â ýòîì ðàçäåëå ìû �àêòè÷åñêè âûáðàëè n = m. Íàïîìíèì, ÷òî âîçìîæåí

ñëó÷àé, êîãäà n = m+ 1 (ñì. � 1). Òîãäà âî âñåõ äàëüíåéøèõ ïîñòðîåíèÿõ ñëåäóåò çàìåíèòü m
íà m+ 1, â òîì ÷èñëå è â îòâåòàõ.

Ïîñëå ïîäñòàíîâêè ñóììû (2.1) â (0.1), ïðèðàâíèâàÿ êîý��èöèåíòû ïðè îäèíàêîâûõ ñòå-

ïåíÿõ ε, ïîëó÷àåì òðè êðàåâûå çàäà÷è:
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∂u1
∂t

= a
êð

∂2u1
∂x2

− c
∂w1

∂x
+ b(u1 − w1),

u1(t, x+ 2π) = u1(t, x),

(2.2)

∂ϕ

∂s
+
∂u2
∂t

= a
êð

∂2u2
∂x2

− c
∂w2

∂x
+ b(u2 −w2) + b1(u1 − w1)

∂w1

∂x
+ b2

(

∂w1

∂x

)2

,

u2(t, x+ 2π) = u2(t, x),

(2.3)

∂u3
∂t

= a
êð

∂2u3
∂x3

− c
∂w3

∂x
+ b(u3 − w3)− a

êð

∂2u1
∂x2

+

+ b1(u1 −w1)
∂w2

∂x
+ b1(u2 − w2)

∂w1

∂x
+

+ 2b2
∂w1

∂x

∂w2

∂x
+ b3(u1 − w1)

(

∂w1

∂x

)2

+ b4

(

∂w1

∂x

)3

,

u3(t, x+ 2π) = u3(t, x).

(2.4)

Ïîëîæèì

u1 = u1(t, s, ε) = z(s) exp(imx+ iσmt) + z(s) exp(−imx− iσmt).

Ó÷èòûâàÿ âûáîð a
êð

, íåòðóäíî çàìåòèòü, ÷òî u1 óäîâëåòâîðÿåò êðàåâîé çàäà÷å (2.2).

Àíàëèç íåîäíîðîäíîé êðàåâîé çàäà÷è (2.3) ïîêàçûâàåò, ÷òî îíà ðàçðåøèìà â êëàññå 2π/σm
ïåðèîäè÷åñêèõ ïî ïåðåìåííîé t �óíêöèé, åñëè âûïîëíåíî ðàâåíñòâî

ϕ′ = m[2b2m+ ib1(k − k)]|z|2,

ãäå k = exp(−imh). Â èíîé �îðìå çàïèñè èìååì, ÷òî

ϕ′ = 2m[b2m+ b1 sin(mh)]|z|
2.

Ïðè ýòîì îêàçàëîñü, ÷òî ïîäõîäÿùåå ðåøåíèå êðàåâîé çàäà÷è (2.3)

u2 = u2(t, s, ε) = ηz2(s) exp(2imx + 2iσmt) + ηz2(s) exp(−2imx− 2iσmt),

η =
ikm(1 − k)b1 − k2m2b2
2iσm + 4m2a

êð

+ 2icmk2
.

Íà ñëåäóþùåì øàãå ïðè ðåàëèçàöèè äàííîãî àëãîðèòìà ïîñòðîåíèÿ ÍÔ ñëåäóåò ðàññìîò-

ðåòü íåîäíîðîäíóþ êðàåâóþ çàäà÷ó (2.4). Èç óñëîâèé åå ðàçðåøèìîñòè ïîëó÷àåì óðàâíåíèå

äëÿ îïðåäåëåíèÿ z = z(s):
z′ = gz + (l1 + il2)z|z|

2,

ãäå, â ÷àñòíîñòè, g = a
êð

m2γ, òî åñòü g > 0 ïðè γ > 0 è, íàïðîòèâ, g < 0 ïðè γ < 0. Äëÿ z
ïîëó÷àåì ñîïðÿæåííîå óðàâíåíèå.

Èòàê, â ðåçóëüòàòå àíàëèçà íåîäíîðîäíûõ êðàåâûõ çàäà÷ (2.3), (2.4) ïîëó÷àåì ñëåäóþùóþ

ñèñòåìó îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé, ÍÔ â îáùåïðèíÿòîé òåðìèíîëîãèè:

ϕ′ = q|z|2,

z′ = gz + (l1 + il2)z|z|
2, z′ = gz + (l1 − il2)z|z|

2.
(2.5)

Ïîä÷åðêíåì, ÷òî ïîñòîÿííûå q, g, l1, l2 ìîãóò áûòü íàéäåíû èç óñëîâèé ðàçðåøèìîñòè â êëàñ-

ñå t ïåðèîäè÷åñêèõ ñ ïåðèîäîì 2π/σm �óíêöèé.

Ç à ì å ÷ à í è å 1. Íàïîìíèì, ÷òî íåîäíîðîäíàÿ êðàåâàÿ çàäà÷à

vt = a
êð

vxx − c(vh)x + b(v − vh) + F (t, x),

v(t, x + 2π) = v(t, x),
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ãäå wh = w(t, x − h), F (t, x) � äîñòàòî÷íî ãëàäêàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ, äëÿ êîòîðîé

F (t, x+ 2π) = F (t, x), F (t+ 2π/σm, x) = F (t, x)

èìååò t ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì 2π/σm, åñëè [11�12℄

∫

2π

0

F (t, x)dx = 0,

∫

2π/σm

0

∫

2π

0

F (t, x) exp(±ix± i(2π/σm)t)dxdt = 0.

Àíàëîãè÷íûå óñëîâèÿ äëÿ v(t, x) âûäåëÿþò îäíî ïîäõîäÿùåå ðåøåíèå.

Â íàøåì ñëó÷àå ïðèìåíåíèå óñëîâèé ðàçðåøèìîñòè ê íåîäíîðîäíîé êðàåâîé çàäà÷å (2.4)

ïîêàçûâàåò, ÷òî

l1 + il2 = b1im(2k2 − k − k)η + 4b2m
2kη + b3m

2(−k2 − k + 2) + 3b4im
3k, k = exp(−imh).

Àíàëèç äîñòàòî÷íî ãðîìîçäêîãî âûðàæåíèÿ äëÿ d ïîêàçàë, ÷òî d ìîæåò ïðèíèìàòü çíà÷åíèå

ëþáîãî çíàêà.

Äëÿ óáåäèòåëüíîñòè ìîæíî ïðèâåñòè ïðèìåð. Ïóñòü b1 = b2 = b3 = 0, b4 6= 0. Òîãäà ïîñëå

óïðîùåíèé ïîëó÷àåì, ÷òî

l1 =
3b4y

3
1 sin y1
h3

, l2 =
3b4y

3
1 cos y1
h3

.

Ïðè ïîëó÷åíèè äàííîãî ïðèáëèæåííîãî ðàâåíñòâà èñïîëüçîâàëîñü îáñòîÿòåëüñòâî, ÷òî mh ≈
y1, è, ñëåäîâàòåëüíî, cosmh ≈ cos y1 = −0.22, sinmh ≈ sin y1 = −0.95 (y1 = 4.49). Âñå ÷èñëåííûå
ðåçóëüòàòû ïðèâåäåíû ñ òî÷íîñòüþ äî äâóõ çíàêîâ ïîñëå çàïÿòîé. Èç ïîñëåäíåé �îðìóëû äëÿ l1
âèäíî, ÷òî îíà ìîæåò ïðèíèìàòü ëþáîé çíàê. Òàê,

l1 ≈ −85.99(b4/h
3) < 0, åñëè b4 > 0, è l1 > 0, åñëè b4 < 0.

Ïîëîæèì

z(s) = ρ(s) exp(iω(s)). (2.6)

Ïîñëå ïîäñòàíîâêè (2.6) â ñèñòåìó (2.5) è âûäåëåíèÿ âåùåñòâåííûx è ìíèìûx ÷àñòåé ïîëó-

÷àåì, ÷òî â íîâûõ ïåðåìåííûõ ñèñòåìà (2.5) ïðèîáðåòàåò âèä

ϕ′ = qρ2, ω′ = l2ρ
2,

ρ′ = gρ+ l1ρ
3.

(2.7)

Ïðè èçó÷åíèè ñèñòåìû (2.7) ãëàâíóþ ðîëü èãðàåò óðàâíåíèå äëÿ àìïëèòóäû ρ. Îíî áóäåò

èìåòü ñëåäóþùåå íåíóëåâîå Ñ�:

ρ =

√

−
g

l1
.

Òàêîå Ñ� ñóùåñòâóåò, êîãäà gl1 < 0. Äàííîå ðåøåíèå óñòîé÷èâî, åñëè l1 < 0, è íåóñòîé÷èâî,
åñëè l1 > 0.

Ë å ì ì à 2.1. Ïðè l1 < 0 ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé (2.7) èìååò óñòîé÷èâîå

ðåøåíèå

ϕ(s) = qρ2s+ ϕ0, ω(s) = l2ρ
2s+ ω0, ρ =

√

−
g

l1
.

Ïåðåíîñÿ ðåçóëüòàòû íà èñõîäíóþ êðàåâóþ çàäà÷ó (0.1), (0.2), ìîæíî ñ�îðìóëèðîâàòü ñëå-

äóþùåå óòâåðæäåíèå (ñì. çàìåíó (2.1)).

Ò å î ð å ì à 2.1. Ñóùåñòâóåò òàêîå ε0 > 0, ÷òî ïðè âñåõ ε ∈ (0, ε0) ðàññìîòðåííàÿ êðàåâàÿ
çàäà÷à (0.1), (0.2) ïðè a = a

êð

(1− εγ) èìååò ðåøåíèå

u(t, x, ε) =

[

−
qg

l1
ε+O(ε)

]

+ v(t, x, ε),

v(t, x, ε) = ε1/2
√

−
g

l1
[exp(imx+ iσ(ε)t) + exp(−imx− iσ(ε)t)] +

+ ε(−
g

l1
) [η exp(2imx+ 2iσ(ε)t) + η exp(−2imx− 2iσ(ε)t)] +O(ε3/2),
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ãäå σ(ε) = σm − εgl2/l1 + o(ε). Äàííîå ðåøåíèå ñóùåñòâóåò, åñëè l1g < 0, è íàñëåäóåò óñòîé-

÷èâîñòü öèêëà èç ëåììû 2.1. �åøåíèÿ, óêàçàííûå â ðàìêàõ òåîðåìû 2.1, íàçûâàþò ïåðèîäè-

÷åñêèìè ðåøåíèÿìè âòîðîãî ðîäà.

Äîêàçàòåëüñòâî àíàëîãè÷íîãî óòâåðæäåíèÿ ìîæíî íàéòè â ðàáîòàõ [10�12℄.

� 3. Çàêëþ÷åíèå

Â ðàáîòå ïîêàçàíî, ÷òî ïðè a < a
êð

, òî åñòü ïðè ïðåâûøåíèè èíòåíñèâíîñòüþ ïîòîêà íåêî-

òîðîãî ïîðîãîâîãî çíà÷åíèÿ J
êð

, âîçíèêàþò ïðîñòðàíñòâåííî íåîäíîðîäíûå ðåøåíèÿ. Îíè îïè-

ñûâàþò íåîäíîðîäíûé âîëíîâîé ðåëüå�, ïîëó÷åííûé â ðåçóëüòàòå ïðîöåññà îáðàáîòêè ïîòîêîì

èîíîâ ïëîñêîé ìèøåíè.

Ïîä÷åðêíåì, ÷òî âûáèðàåìàÿ ìîäà m1 = ⌊−y1/h⌋ èëè m2 = m1 + 1. Èíîãäà m1 = ⌊−y2/h⌋,
m2 = m1 + 1, ãäå y1, y2 � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Îòñþäà ÿñíî, ÷òî m1(m2)
äîñòàòî÷íî âåëèêî, åñëè h ≪ 1 (âïîëíå åñòåñòâåííûé âàðèàíò ñ �èçè÷åñêîé òî÷êè çðåíèÿ).

Ïîýòîìó íåîäíîðîäíûé âîëíîâîé ðåëüå� (ñì. �îðìóëó äëÿ u(t, x, ε) èç òåîðåìû 2.1) èìååò

äîñòàòî÷íî ìàëóþ äëèíó âîëíû, ÷òî âàæíî ñ òî÷êè çðåíèÿ ïðèëîæåíèé â ìèêðîýëåêòðîíèêå

(íàíîýëåêòðîíèêå).

Áîëüøàÿ ÷àñòü ðåçóëüòàòîâ áûëà äîëîæåíà íà êîí�åðåíöèè ¾Òåîðèÿ óïðàâëåíèÿ è ìà-

òåìàòè÷åñêîå ìîäåëèðîâàíèå¿, ïîñâÿùåííîé ïàìÿòè ïðî�åññîðà Í.Â. Àçáåëåâà è ïðî�åññîðà

Å.Ë. Òîíêîâà (Èæåâñê, 2015 ã.).
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Stability and bifurcations of undulate solutions for one functional-differential equation
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A periodic boundary-value problem for one nonlinear functional-differential equation is considered. This equation is

well known as the nonlocal erosion equation. The case of small spatial deviation is studied. The possibility of the

bifurcations for the spatial nonhomogeneous solutions is demonstrated. For these solutions, the asymptotical formulas

are obtained and the stability is studied. All results are obtained with the help of the bifurcation theory.
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