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Îïðåäåëåíî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî êîíå÷íîìåðíûõ ïðîñòðàíñòâ, ñîñòîÿùèõ èç ñïåöèàëüíûõ òðåõìåð-

íûõ ñïëàéíîâ ëàãðàíæåâà òèïà (ïàðàìåòð N ñâÿçàí ñ ðàçìåðíîñòüþ ïðîñòðàíñòâà ñïëàéíîâ). �åøåíèå êðàåâîé

çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà, çàäàííîãî â òðåõìåðíîì ïàðàëëåëåïèïåäå, äîïóñêàåò ïðåäñòàâëåíèå â âèäå ñóì-

ìû ÷åòûðåõ ñëàãàåìûõ: �óíêöèè, ëèíåéíîé ïî êàæäîé èç òðåõ ïåðåìåííûõ, è ðåøåíèé òðåõ ÷àñòíûõ êðàåâûõ

çàäà÷, ïîðîæäåííûõ èñõîäíûì óðàâíåíèåì. Â ñâîþ î÷åðåäü, ýòè çàäà÷è ïîðîæäàþò òðè çàäà÷è ìèíèìèçàöèè

�óíêöèîíàëîâ íåâÿçîê, çàäàííûõ â óêàçàííûõ ïðîñòðàíñòâàõ ñïëàéíîâ. Ïîäîáíàÿ äåêîìïîçèöèÿ ïîçâîëÿåò èñ-

ñëåäîâàòü ëèøü îäíó èç òðåõ çàäà÷ îïòèìèçàöèè (äâå äðóãèå íîñÿò ñèììåòðè÷íûé õàðàêòåð). Ïîëó÷åíà ñèñòåìà

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî êîý��èöèåíòîâ îïòèìàëüíîãî ñïëàéíà, äàþùåãî íàèìåíü-

øóþ íåâÿçêó. Ïîêàçàíî, ÷òî ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå. ×èñëåííîå ðåøåíèå ñèñòåìû ñâîäèòñÿ ê ðå-

àëèçàöèè ìåòîäà ïðîãîíêè (èìååò ìåñòî óñòîé÷èâîñòü äàííîãî ìåòîäà). ×èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò,

÷òî ñ ðîñòîì N ìèíèìóì �óíêöèîíàëà íåâÿçîê ñòðåìèòñÿ ê íóëþ.
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Ââåäåíèå

�àáîòà ïðîäîëæàåò èññëåäîâàíèÿ [1�5℄, ïîñâÿùåííûå ÷èñëåííîìó ðåøåíèþ ïðîñòåéøèõ äâó-

ìåðíûõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè. Â [3℄ èññëåäîâàíî óðàâíåíèå òåïëîïðîâîäíîñòè, â [4℄ �

âîëíîâîå óðàâíåíèå, â [5℄ � óðàâíåíèå ïåðåíîñà. Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñòàöèîíàðíîå

òðåõìåðíîå óðàâíåíèå � óðàâíåíèå Ëàïëàñà.

Óðàâíåíèå ∆u =̇ u x1x1
+u x2x2

+u x3x3
= 0, çàäàííîå â òðåõìåðíîì ïàðàëëåëåïèïåäå, çàìåíîé

ïåðåìåííûõ ïðèâîäèòñÿ ê âèäó c
1
u x1x1

+c
2
u x2x2

+c
3
u x3x3

= 0 (â òåðìèíàõ íîâûõ ïåðåìåííûõ èç
êóáà Π=̇ [0, 1]3). Äàëåå ñ÷èòàåì, ÷òî ÷èñëà c

1
, c

2
, c

3
� ïîëîæèòåëüíûå, à íåïðåðûâíûå �óíêöèè

η
ℓκ
: [0, 1]2 → R, (ℓ, κ) ∈ {1, 2, 3} × {0, 1}, òàêîâû, ÷òî

η
20
(x1, 0) = η

30
(x1, 0), η

20
(x1, 1) = η

31
(x1, 0), η

21
(x1, 0) = η

30
(x1, 1), η

21
(x1, 1) = η

31
(x1, 1),

η
10
(x2, 0) = η

30
(0, x2), η

10
(x2, 1) = η

31
(0, x2), η

11
(x2, 0) = η

30
(1, x2), η

11
(x2, 1) = η

31
(1, x2),

η
10
(0, x3) = η

20
(0, x3), η

10
(1, x3) = η

21
(0, x3), η

11
(0, x3) = η

20
(1, x3), η

11
(1, x3) = η

21
(1, x3).

�åøåíèå u = u(x1, x2, x3), (x1, x2, x3) ∈ Π, çàäà÷è

c
1
u x1x1

+ c
2
u x2x2

+ c
3
u x3x3

= 0,

u
∣
∣
x1=0

= η
10
(x2, x3), u

∣
∣
x2=0

= η
20
(x1, x3), u

∣
∣
x3=0

= η
30
(x1, x2),

u
∣
∣
x1=1

= η
11
(x2, x3), u

∣
∣
x2=1

= η
21
(x1, x3), u

∣
∣
x3=1

= η
31
(x1, x2),

ïðåäñòàâèìî â âèäå u = ε+ u1 + u2 + u3, ãäå

ε = ε(x1, x2, x3) =̇ η
10
(0, 0) ( 1−x1 ) ( 1−x2 ) ( 1−x3 ) + η

10
(0, 1) ( 1−x1 ) ( 1−x2 )x3 +

+ η
10
(1, 0) ( 1−x1 )x2 ( 1−x3 ) + η

10
(1, 1) ( 1−x1 )x2 x3 + η

11
(0, 0)x1 ( 1−x2 ) ( 1−x3 ) +

+ η
11
(0, 1)x1 ( 1−x2 )x3 + η

11
(1, 0)x1 x2 ( 1−x3 ) + η

11
(1, 1)x1 x2 x3

� òðèëèíåéíàÿ �óíêöèÿ, à �óíêöèè uℓ = uℓ(x1, x2, x3), ℓ = 1, 2, 3, � ýòî ðåøåíèÿ çàäà÷

c
1
u x1x1

+ c
2
u x2x2

+ c
3
u x3x3

= 0, (1)
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u
∣
∣
x1=0

= 0, u
∣
∣
x2=0

= 1
2

[
η
20
(x1, x3)− ε(x1, 0, x3)

]
, u

∣
∣
x3=0

= 1
2

[
η
30
(x1, x2)− ε(x1, x2, 0)

]
,

u
∣
∣
x1=1

= 0, u
∣
∣
x2=1

= 1
2

[
η
21
(x1, x3)− ε(x1, 1, x3)

]
, u

∣
∣
x3=1

= 1
2

[
η
31
(x1, x2)− ε(x1, x2, 1)

]
,

c
1
u x1x1

+ c
2
u x2x2

+ c
3
u x3x3

= 0, (2)

u
∣
∣
x1=0

= 1
2

[
η
10
(x2, x3)− ε(0, x2, x3)

]
, u

∣
∣
x2=0

= 0, u
∣
∣
x3=0

= 1
2

[
η
30
(x1, x2)− ε(x1, x2, 0)

]
,

u
∣
∣
x1=1

= 1
2

[
η
11
(x2, x3)− ε(1, x2, x3)

]
, u

∣
∣
x2=1

= 0, u
∣
∣
x3=1

= 1
2

[
η
31
(x1, x2)− ε(x1, x2, 1)

]
,

c
1
u x1x1

+ c
2
u x2x2

+ c
3
u x3x3

= 0, (3)

u
∣
∣
x1=0

= 1
2

[
η
10
(x2, x3)− ε(0, x2, x3)

]
, u

∣
∣
x2=0

= 1
2

[
η
20
(x1, x3)− ε(x1, 0, x3)

]
, u

∣
∣
x3=0

= 0,

u
∣
∣
x1=1

= 1
2

[
η
11
(x2, x3)− ε(1, x2, x3)

]
, u

∣
∣
x2=1

= 1
2

[
η
21
(x1, x3)− ε(x1, 1, x3)

]
, u

∣
∣
x3=1

= 0,

ñîîòâåòñòâåííî. Â ðàáîòå îáñóæäàåòñÿ ñïåöèàëüíàÿ çàäà÷à îïòèìèçàöèè, ïîðîæäåííàÿ çàäà-

÷åé (1), à àíàëîãè÷íûå çàäà÷è, ïîðîæäåííûå çàäà÷àìè (2) è (3), íîñÿò ñèììåòðè÷íûé õàðàêòåð.

Çàäà÷ó (1) çàïèøåì â íîâûõ îáîçíà÷åíèÿõ:

a u tt + b
0
u ξ0ξ0 + b

1
u ξ1ξ1 = 0, (4)

u
∣
∣
t=0

= 0, u
∣
∣
ξ0=0

= ̺
00
(t, ξ1), u

∣
∣
ξ1=0

= ̺
10
(t, ξ0),

u
∣
∣
t=1

= 0, u
∣
∣
ξ0=1

= ̺
01
(t, ξ1), u

∣
∣
ξ1=1

= ̺
11
(t, ξ0),

ãäå t =̇x1, ξ0 =̇x2, ξ1 =̇x3, a =̇ c
1
, b

0
=̇ c

2
, b

1
=̇ c

3
,

̺
00
(t, ξ1) =̇

1
2

[
η
20
(t, ξ1)− ε(t, 0, ξ1)

]
, ̺

10
(t, ξ0) =̇

1
2

[
η
30
(t, ξ0)− ε(t, ξ0, 0)

]
,

̺
01
(t, ξ1) =̇

1
2

[
η
21
(t, ξ1)− ε(t, 1, ξ1)

]
, ̺

11
(t, ξ0) =̇

1
2

[
η
31
(t, ξ0)− ε(t, ξ0, 1)

]
.

Çàäà÷à (4) ïîðîæäàåò çàäà÷ó ïîèñêà îïòèìàëüíîãî ñïëàéíà çàäà÷è

J(u) =̇
∥
∥ autt + b

0
uξ0ξ0 + b

1
uξ1ξ1

∥
∥ 2

L2(Π)
→ min, u ∈ S

N
(Π). (5)

×åðåç S
N
(Π) îáîçíà÷åíî ïðîñòðàíñòâî, ñîñòîÿùåå èç äîïóñòèìûõ ñïëàéíîâ (ñì. § 1), çàâèñÿùèõ

îò êîý��èöèåíòîâ ui11, u
i
12, u

i
21, u

i
22, i = 1, . . . , 3N−1 (ãäå N � ýòî ïàðàìåòð, îòâå÷àþùèé çà

êîëè÷åñòâî óçëîâ ðàçíîñòíîé ñõåìû), è îïðåäåëåííûõ â êóáå Π. Ïóñòü, äàëåå,

n =̇N−1, τ =̇ 1
3N , h =̇ 1

3 , θ
0
=̇ 9 a−1b

0
τ2, θ

1
=̇ 9 a−1b

1
τ2, (6)

à òî÷êè (τi, hj , hr) ∈ Π òàêîâû, ÷òî τi =̇ iτ, i = 0, 1, . . . , 3N, hs =̇ sh, s = 0, 1, 2, 3. Ïîëàãàåì
ïàðàìåòð N òàêèì, ÷òî

θ
0
+ θ

1
< 5

7 ⇐⇒ N2 > 7
5 a−1( b

0
+ b

1
). (7)

� 1. Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî ñïëàéíà

Ìàññèâ

(
uijr

)
, i = 0, 1, . . . , 3N, j, r = 0, 1, 2, 3, íàçûâàåòñÿ äîïóñòèìûì äëÿ çàäà÷è (5),

ïîðîæäåííîé óðàâíåíèåì (4), åñëè

1) u0jr = 0, u3Njr = 0 äëÿ âñåõ j, r = 0, 1, 2, 3;

2) ui0r = ̺
00
(τi, hr), u

i
3r = ̺

01
(τi, hr) äëÿ âñåõ i = 1, . . . , 3N − 1, r = 0, 1, 2, 3;

3) uij0 = ̺
10
(τi, hj), u

i
j3 = ̺

11
(τi, hj) äëÿ âñåõ i = 1, . . . , 3N − 1, j = 0, 1, 2, 3.

Îäíîìåðíûå èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà

ωκ(ζ) =̇
∏

α=0,1,2,3: α6=κ

ζ − α

κ− α
, ζ ∈ R, κ = 0, 1, 2, 3, (1.1)
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(òàêèå, ÷òî ωκ(µ) = δκµ äëÿ âñåõ κ, µ = 0, 1, 2, 3, ãäå δκµ � ñèìâîë Êðîíåêåðà), è äîïóñòèìûé

ìàññèâ

(
uijr

)
, i = 0, 1, . . . , 3N, j, r = 0, 1, 2, 3, ïîðîæäàþò ñåìåéñòâî ïîëèíîìîâ

Qk(s, σ
0
, σ

1
) =̇

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr ωi(s)ωj(σ0

)ωr(σ1
), s, σ

0
, σ

1
∈ R, k = 1, . . . , N. (1.2)

Ïóñòü, äàëåå, òî÷êè (t, ξ
0
, ξ

1
) ∈ Π òàêîâû, ÷òî τ3k−3 6 t 6 τ3k, 0 6 ξ

0
6 1, 0 6 ξ

1
6 1,

s =̇ t
τ
− 3k + 3, σ

0
=̇

ξ
0

h
= 3 ξ

0
, σ

1
=̇

ξ
1

h
= 3 ξ

1
,

P k(t, ξ
0
, ξ

1
) =̇

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr ωi

(
t
τ
− 3k + 3

)
ωj(3 ξ0)ωr(3 ξ1) = Qk(s, σ

0
, σ

1
).

(1.3)

Î÷åâèäíî, äëÿ âñåõ k = 1, . . . , N è ℓ, µ, ν = 0, 1, 2, 3 èìååò ìåñòî öåïî÷êà ðàâåíñòâ

Qk(ℓ, µ, ν) =

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr ωi(ℓ)ωj(µ)ωr(ν) =

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr δiℓ δjµ δrν = u3k−3+ℓ

µν ,

ñëåäîâàòåëüíî,

P k(τ3k−3+i, hj , hr) = P k
(
(3k −3 +i) τ, jh, rh

)
= Qk(i, j, r) = u3k−3+i

jr (1.4)

äëÿ âñåõ k = 1, . . . , N è i, j, r = 0, 1, 2, 3, òî åñòü ïîëèíîì P k(· , · , ·) ÿâëÿåòñÿ òðåõìåðíûì

èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì Ëàãðàíæà, îïðåäåëåííûì â 64 óçëàõ ïàðàëëåëåïèïåäà

Πk =̇
{
(t, ξ

0
, ξ

1
) ∈ Π: τ3k−3 6 t 6 τ3k, 0 6 ξ

0
6 1, 0 6 ξ

1
6 1

}

(î÷åâèäíî,

N⋃

k=1

Πk = Π). Â ñèëó (1.4) äëÿ âñåõ k = 1, . . . , n è j, r = 0, 1, 2, 3 ñïðàâåäëèâû

ðàâåíñòâà P k(τ3k, hj , hr) = u3kjr = P k+1(τ3k, hj , hr). Ñëåäîâàòåëüíî, ïðè êàæäîì k = 1, . . . , n

çíà÷åíèÿ áèêóáè÷åñêèõ ïîëèíîìîâ P k(τ3k, ξ0 , ξ1), P
k+1(τ3k, ξ0 , ξ1), (ξ0 , ξ1) ∈ [0, 1]2, ñîâïàäàþò

â 16 òî÷êàõ

(
ïðè (ξ

0
, ξ

1
) = (hj , hr) = (j/3, r/3), j, r = 0, 1, 2, 3

)
, ïîýòîìó

P k(τ3k, ξ0 , ξ1) = P k+1(τ3k, ξ0 , ξ1)

äëÿ âñåõ (ξ
0
, ξ

1
) ∈ [0, 1]2. Çíà÷èò, èìååò ìåñòî íåïðåðûâíàÿ ñòûêîâêà ïîëèíîìîâ P k

è P k+1

íà ïëîñêîñòè t = τ3k è, òàêèì îáðàçîì, îïðåäåëåíà íåïðåðûâíàÿ �óíêöèÿ u : Π → R òàêàÿ,

÷òî u(t, ξ
0
, ξ

1
) = P k(t, ξ

0
, ξ

1
) ïðè (t, ξ

0
, ξ

1
) ∈ Πk. Äðóãèìè ñëîâàìè, âñÿêèé äîïóñòèìûé ìàññèâ

(
uijr

)
, i = 0, 1, . . . , 3N, j, r = 0, 1, 2, 3, ïîðîæäàåò ñïëàéí u : Π → R, êîòîðûé ìû íàçûâàåì àï-

ïðîêñèìèðóþùèì. �àçíîîáðàçèå òàêèõ ñïëàéíîâ îïðåäåëÿåòñÿ ëèøü íàáîðàìè ÷èñåë ui11, u
i
12,

ui21, u
i
22, i = 1, . . . , 3N−1. Ýòî îçíà÷àåò, ÷òî àïïðîêñèìèðóþùèå ñïëàéíû îáðàçóþò êîíå÷íî-

ìåðíîå ïðîñòðàíñòâî (ðàçìåðíîñòè 12N−4). Îáîçíà÷èì åãî êàê S(Π) = S
N
(Π).

Îïðåäåëèì îïåðàòîð D : S(Π) → L2(Π), çàäàííûé ñëåäóþùèì îáðàçîì. Ñïëàéí u ∈ S(Π)
èìååò âñå ÷àñòíûå ïðîèçâîäíûå âî âñåõ òî÷êàõ ìíîæåñòâà Π, çà èñêëþ÷åíèåì òî÷åê ìíîæåñòâà

M =̇Π ∩
{
(t, ξ

0
, ξ

1
) : t = τ3k

}n

k=1
ìåðû íóëü. Ïóñòü (Du)(t, ξ

0
, ξ

1
) =̇ 0 âî âñåõ òî÷êàõ ìíî-

æåñòâà M, à â îñòàëüíûõ òî÷êàõ ïàðàëëåëåïèïåäà Π ïîëàãàåì (Du)(t, ξ
0
, ξ

1
) =̇ autt + b

0
uξ0ξ0+

+b
1
uξ1ξ1 . Òîãäà îïðåäåëåíà çàäà÷à îïòèìèçàöèè âèäà (5):

J =̇ J(u) =̇
∥
∥Du

∥
∥ 2

L2(Π)
=

∥
∥ autt + b

0
uξ0ξ0 + b

1
uξ1ξ1

∥
∥ 2

L2(Π)
→ min, u ∈ S

N
(Π), (1.5)

ðåøåíèå êîòîðîé ñâîäèòñÿ â êîíå÷íîì ñ÷åòå ê ïîèñêó ÷èñåë ui11, u
i
12, u

i
21, u

i
22, i = 1, . . . , 3N−1,

ðåàëèçóþùèõ ìèíèìóì J
N
=̇ min J(·) �óíêöèîíàëà (1.5).
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Äëÿ �óíêöèîíàëà (1.5) ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

J =

∫

Π

[
autt + b

0
uξ0ξ0 + b

1
uξ1ξ1

]2
dt dξ

0
dξ

1
=

=

N∑

k=1

∫

Πk

[
aP k

tt + b
0
P k
ξ0ξ0

+ b
1
P k
ξ1ξ1

]2
dt dξ

0
dξ

1
=

N∑

k=1

∫

Πk

f2k (t, ξ0 , ξ1) dt dξ0dξ1
︸ ︷︷ ︸

Jk

=

N∑

k=1

Jk,
(1.6)

ãäå

fk(t, ξ0 , ξ1) =̇ aP k
tt(t, ξ0 , ξ1) + b

0
P k
ξ0ξ0

(t, ξ
0
, ξ

1
) + b

1
P k
ξ1ξ1

(t, ξ
0
, ξ

1
).

Â ñèëó îïðåäåëåíèé (1.2), (1.3) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

fk(t, ξ0 , ξ1) = a ∂2Qk(s, σ
0
, σ

1
)/∂ t2 + b

0
∂2Qk(s, σ

0
, σ

1
)/∂ ξ2

0
+ b

1
∂2Qk(s, σ

0
, σ

1
)/∂ ξ2

1
=

=
a

τ2

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr ω′′

i (s)ωj(σ0
)ωr(σ1

) +

+
b0
h2

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr ωi(s)ω

′′
j (σ0

)ωr(σ1
) +

b1
h2

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr ωi(s)ωj(σ0

)ω′′
r (σ1

).

Äàëåå èñïîëüçóåì 64 ïîëèíîìà (îïðåäåëåíèå ÷èñåë θ
0
è θ

1
ñì. â (6))

Ω i
jr =̇ Ω i

jr(s, σ0
, σ

1
) =̇ω′′

i (s)ωj(σ0
)ωr(σ1

) + θ
0
ωi(s)ω

′′
j (σ0

)ωr(σ1
) + θ

1
ωi(s)ωj(σ0

)ω′′
r (σ1

), (1.7)

îïðåäåëåííûå äëÿ âñåõ i, j, r = 0, 1, 2, 3. Òîãäà èìååò ìåñòî �îðìóëà

fk(t, ξ0 , ξ1) =
a

τ2

3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr Ω i

jr. (1.8)

� 2. Êîíå÷íûå ðàçíîñòè àïïðîêñèìèðóþùèõ ñïëàéíîâ

Äëÿ êàæäîãî i = 0, 1, . . . , 3N îïðåäåëèì ìàòðèöó

U i =̇








ui00 ui01 ui02 ui03
ui10 ui11 ui12 ui13
ui20 ui21 ui22 ui23
ui30 ui31 ui32 ui33








(2.1)

(
i-å ñå÷åíèå äîïóñòèìîãî ìàññèâà

(
uijr

)
, ñîñòîÿùåå èç 16 ýëåìåíòîâ

)
è êîíå÷íûå ðàçíîñòè

xi00 =̇U i ◦







1 −1 −1 1
−1 1 1 −1
−1 1 1 −1
1 −1 −1 1






, xi01 =̇U i ◦







1 −1 −1 1
−3 3 3 −3
3 −3 −3 3

−1 1 1 −1






,

xi10 =̇U i ◦







1 −3 3 −1
−1 3 −3 1
−1 3 −3 1
1 −3 3 −1






, xi01 =̇U i ◦







1 −3 3 −1
−3 9 −9 3
3 −9 9 −3

−1 3 −3 1






.

(2.2)

Çäåñü è äàëåå ÷åðåç êîìïàêòíóþ çàïèñü U i ◦M ìû îáîçíà÷àåì ëèíåéíûå �îðìû

U i ◦M =̇
3∑

j=0

3∑

r=0

uijrMjr,

55



îïðåäåëåííûå äëÿ ïðîèçâîëüíûõ ìàòðèö M =
(
Mjr

)
, j, r = 0, 1, 2, 3. Ëåãêî ïðîâåðèòü, ÷òî

9xi00 + 3xi01 + 3xi10 + xi11 = 36ui11 + U i ◦M11, 9xi00 + 3xi01 − 3xi10 − xi11 = 36ui12 + U i ◦M12,

9xi00 − 3xi01 + 3xi10 − xi11 = 36ui21 + U i ◦M21, 9xi00 − 3xi01 − 3xi10 + xi11 = 36ui22 + U i ◦M22,

(2.3)

ãäå

M11 =̇







16 −24 0 8
−24 0 0 −12

0 0 0 0
8 −12 0 4






, M12 =̇







8 0 −24 16
−12 0 0 −24

0 0 0 0
4 0 −12 8






,

M21 =̇







8 −12 0 4
0 0 0 0

−24 0 0 −12
16 −24 0 8






, M22 =̇







4 0 −12 8
0 0 0 0

−12 0 0 −24
8 0 −24 16






.

Ôîðìóëà (1.8) äîïóñêàåò ïðåäñòàâëåíèå

a−1τ2fk(t, ξ0 , ξ1) =

3∑

i=0

[

U3k−3+i ◦ Ω i + u3k−3+i
11 Ω i

11 + u3k−3+i
12 Ω i

12 + u3k−3+i
21 Ω i

21 + u3k−3+i
22 Ω i

22

]

,

â êîòîðîì ëèíåéíàÿ �îðìà U3k−3+i ◦Ω i
ïîðîæäåíà ìàòðèöåé

Ω i =̇








Ω i
00 Ω i

01 Ω i
02 Ω i

03

Ω i
10 0 0 Ω i

13

Ω i
20 0 0 Ω i

23

Ω i
30 Ω i

31 Ω i
32 Ω i

33







.

Ñëåäîâàòåëüíî, â ñèëó �îðìóë (2.3) èìååò ìåñòî ðàâåíñòâî

36 a−1τ2fk(t, ξ0 , ξ1) =
3∑

i=0

[

36 U3k−3+i ◦ Ω i +

+ 9x3k−3+i
00 Ω i

11 + 3x3k−3+i
01 Ω i

11 + 3x3k−3+i
10 Ω i

11 + x3k−3+i
11 Ω i

11 − U3k−3+i ◦M11 Ω i
11 +

+ 9x3k−3+i
00 Ω i

12 + 3x3k−3+i
01 Ω i

12 − 3x3k−3+i
10 Ω i

12 − x3k−3+i
11 Ω i

12 − U3k−3+i ◦M12 Ω i
12 +

+ 9x3k−3+i
00 Ω i

21 − 3x3k−3+i
01 Ω i

21 + 3x3k−3+i
10 Ω i

21 − x3k−3+i
11 Ω i

21 − U3k−3+i ◦M21 Ω i
21 +

+ 9x3k−3+i
00 Ω i

22 − 3x3k−3+i
01 Ω i

22 − 3x3k−3+i
10 Ω i

22 + x3k−3+i
11 Ω i

22 − U3k−3+i ◦M22 Ω i
22

]

.

Ïðîöåäóðà ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ ïðèâîäèò ê �îðìóëå

36 a−1τ2fk(t, ξ0 , ξ1) =

3∑

i=0

U3k−3+i ◦M i +

3∑

i=0

Lk
i , (2.4)

â êîòîðîé èñïîëüçóþòñÿ ìàòðèöû

M i =̇ 36Ω i −M11 Ω i
11 −M12 Ω i

12 −M21 Ω i
21 −M22 Ω i

22 (2.5)

è êîíå÷íûå ðàçíîñòè (ñîäåðæàùèå 16 ýëåìåíòîâ ìàòðèöû U3k−3+i
, ñì. îïðåäåëåíèÿ (2.1), (2.2))

Lk
i =̇ 9x3k−3+i

00 εi00 + 3x3k−3+i
01 εi01 + 3x3k−3+i

10 εi10 + x3k−3+i
11 εi11, (2.6)

òî åñòü ëèíåéíûå �îðìû ñ �óíêöèîíàëüíûìè êîý��èöèåíòàìè (ñì. îïðåäåëåíèÿ (1.7))

εi00 =̇Ω i
11 +Ω i

12 +Ω i
21 +Ω i

22, εi01 =̇ Ω i
11 +Ω i

12 − Ω i
21 − Ω i

22,

εi10 =̇Ω i
11 − Ω i

12 +Ω i
21 − Ω i

22, εi11 =̇ Ω i
11 − Ω i

12 − Ω i
21 +Ω i

22.

Äëÿ âñåõ k = 1, . . . , N è µ, ν = 0, 1 îïðåäåëèì êîíå÷íûå ðàçíîñòè

Xk
µν =̇x3k−3

µν − x3k−2
µν − x3k−1

µν + x3kµν , Y k
µν =̇x3k−3

µν − 3x3k−2
µν + 3x3k−1

µν − x3kµν (2.7)

(
êàæäàÿ èç íèõ ñîäåðæèò 64 ýëåìåíòà äîïóñòèìîãî ìàññèâà

(
uijr

)
, ñì. îïðåäåëåíèÿ (2.2)

)
.
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� 3. Âàðèàòèâíûå êîìïîíåíòû �óíêöèîíàëà íåâÿçîê

Â ñîîòâåòñòâèè ñ îïðåäåëåíèÿìè (2.7) è (2.6) ñïðàâåäëèâû ðàâåíñòâà

6x3k−2
µν = 4x3k−3

µν − 3Xk
µν − Y k

µν + 2x3kµν , 6x3k−1
µν = 2x3k−3

µν − 3Xk
µν + Y k

µν + 4x3kµν , (3.1)

6Lk
1 = 9

[
4x3k−3

00 − 3Xk
00 − Y k

00 + 2x3k00
]
ε100 + 3

[
4x3k−3

01 − 3Xk
01 − Y k

01 + 2x3k01
]
ε101+

+3
[
4x3k−3

10 − 3Xk
10 − Y k

10 + 2x3k10
]
ε110 +

[
4x3k−3

11 − 3Xk
11 − Y k

11 + 2x3k11
]
ε111,

6Lk
2 = 9

[
2x3k−3

00 − 3Xk
00 + Y k

00 + 4x3k00
]
ε200 + 3

[
2x3k−3

01 − 3Xk
01 + Y k

01 + 4x3k01
]
ε201+

+3
[
2x3k−3

10 − 3Xk
10 + Y k

10 + 4x3k10
]
ε210 +

[
2x3k−3

11 − 3Xk
11 + Y k

11 + 4x3k11
]
ε211.

Ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ îïðåäåëåíèåì (2.6) èìååì

6
3∑

i=0

Lk
i = 54x3k−3

00 ε000 + 18x3k−3
01 ε001 + 18x3k−3

10 ε010 + 6x3k−3
11 ε011+

+
[
36x3k−3

00 − 27Xk
00 − 9Y k

00 + 18x3k00
]
ε100 +

[
12x3k−3

01 − 9Xk
01 − 3Y k

01 + 6x3k01
]
ε101+

+
[
12x3k−3

10 − 9Xk
10 − 3Y k

10 + 6x3k10
]
ε110 +

[
4x3k−3

11 − 3Xk
11 − Y k

11 + 2x3k11
]
ε111+

+
[
18x3k−3

00 − 27Xk
00 + 9Y k

00 + 36x3k00
]
ε200 +

[
6x3k−3

01 − 9Xk
01 + 3Y k

01 + 12x3k01
]
ε201+

+
[
6x3k−3

10 − 9Xk
10 + 3Y k

10 + 12x3k10
]
ε210 +

[
2x3k−3

11 − 3Xk
11 + Y k

11 + 4x3k11
]
ε211+

+54x3k00 ε
3
00 + 18x3k01 ε

3
01 + 18x3k10 ε

3
10 + 6x3k11 ε

3
11.

Ïðîöåäóðà ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ ïðèâîäèò ê ðàâåíñòâó

6

3∑

i=0

Lk
i = 18x3k−3

00

(
3 ε000 + 2 ε100 + ε200

)
+ 6x3k−3

01

(
3 ε001 + 2 ε101 + ε201

)
+

+6x3k−3
10

(
3 ε010 + 2 ε110 + ε210

)
+ 2x3k−3

11

(
3 ε011 + 2 ε111 + ε211

)
− 27Xk

00

(
ε100 + ε200

)
−

−9Y k
00

(
ε100 − ε200

)
− 9Xk

01

(
ε101 + ε201

)
− 3Y k

01

(
ε101 − ε201

)
− 9Xk

10

(
ε110 + ε210

)
−

−3Y k
10

(
ε110 − ε210

)
− 3Xk

11

(
ε111 + ε211

)
− Y k

11

(
ε111 − ε211

)
+ 18x3k00

(
ε100 + 2 ε200 + 3 ε300

)
+

+6x3k01
(
ε101 + 2 ε201 + 3 ε301

)
+ 6x3k10

(
ε110 + 2 ε210 + 3 ε310

)
+ 2x3k11

(
ε111 + 2 ε211 + 3 ε311

)
. (3.2)

Ïðåîáðàçóåì �óíêöèè εiµν = εiµν(s, σ0
, σ

1
). Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì (1.7) äëÿ �óíêöèé

Ω i
jr = Ω i

jr(s, σ0
, σ

1
) ñïðàâåäëèâû �îðìóëû

εi00 = Ω i
11 +Ω i

12 +Ω i
21 +Ω i

22 = ω′′
i (s)

[
ω1(σ0

) + ω2(σ0
)
] [
ω1(σ1

) + ω2(σ1
)
]
+

+ θ
0
ωi(s)

[
ω′′
1 (σ0

) + ω′′
2(σ0

)
] [
ω1(σ1

) + ω2(σ1
)
]
+ θ

1
ωi(s)

[
ω1(σ0

) + ω2(σ0
)
] [
ω′′
1(σ1

) + ω′′
2(σ1

)
]
,

εi01 = Ω i
11 +Ω i

12 − Ω i
21 − Ω i

22 = ω′′
i (s)

[
ω1(σ0

)− ω2(σ0
)
] [
ω1(σ1

) + ω2(σ1
)
]
+

+ θ
0
ωi(s)

[
ω′′
1 (σ0

)− ω′′
2(σ0

)
] [
ω1(σ1

) + ω2(σ1
)
]
+ θ

1
ωi(s)

[
ω1(σ0

)− ω2(σ0
)
] [
ω′′
1(σ1

) + ω′′
2(σ1

)
]
,

εi10 = Ω i
11 − Ω i

12 +Ω i
21 − Ω i

22 = ω′′
i (s)

[
ω1(σ0

) + ω2(σ0
)
] [
ω1(σ1

)− ω2(σ1
)
]
+

+ θ
0
ωi(s)

[
ω′′
1 (σ0

) + ω′′
2(σ0

)
] [
ω1(σ1

)− ω2(σ1
)
]
+ θ

1
ωi(s)

[
ω1(σ0

) + ω2(σ0
)
] [
ω′′
1(σ1

)− ω′′
2(σ1

)
]
,

εi11 = Ω i
11 − Ω i

12 − Ω i
21 +Ω i

22 = ω′′
i (s)

[
ω1(σ0

)− ω2(σ0
)
] [
ω1(σ1

)− ω2(σ1
)
]
+

+ θ
0
ωi(s)

[
ω′′
1 (σ0

)− ω′′
2(σ0

)
] [
ω1(σ1

)− ω2(σ1
)
]
+ θ

1
ωi(s)

[
ω1(σ0

)− ω2(σ0
)
] [
ω′′
1(σ1

)− ω′′
2(σ1

)
]
.
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Äëÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ Ëàãðàíæà ñïðàâåäëèâû òîæäåñòâà

ω1(ζ) + ω2(ζ) =
1
2 ζ ( 3−ζ ), ω′′

1(ζ) + ω′′
2(ζ) = −1,

ω1(ζ)− ω2(ζ) = −1
2 ζ ( 3−ζ ) ( 2 ζ−3 ), ω′′

1(ζ)− ω′′
2(ζ) = 3 ( 2 ζ−3 )

(3.3)

(òîæäåñòâà, ñâÿçàííûå ñ êóáè÷åñêèìè ìíîãî÷ëåíàìè (1.1), ëåãêî ïðîâåðÿåìû), ïîýòîìó

εi00 =
1
4 ω

′′
i (s)σ0

( 3−σ
0
)σ

1
( 3−σ

1
)− 1

2 θ0 ωi(s)σ1
( 3−σ

1
)− 1

2 θ1 ωi(s)σ0
( 3−σ

0
) =

= 81
64 ω

′′
i (s) ( 1 −β

2
0
) ( 1−β2

1
)− 9

8 ωi(s)
[
θ
0
( 1 −β2

1
) + θ

1
( 1−β2

0
)
]
= 81

64 ω
′′
i (s)R − 9

8 ωi(s)S.

Çäåñü è äàëåå ìû èñïîëüçóåì íîâûå ïåðåìåííûå:

α =̇ 2
3 s− 1, β

0
=̇ 2

3 σ0
− 1, β

1
=̇ 2

3 σ1
− 1 (3.4)

(
îáðàòíîå ïðåîáðàçîâàíèå èìååò âèä s = 3

2 ( 1 + α ), σ
0
= 3

2 ( 1 +β0
), σ

1
= 3

2 ( 1 +β1
)
)
. Êðîìå òî-

ãî, îïðåäåëåíû ÷åòíûå ìíîãî÷ëåíû

P =̇ 3 θ
0
( 1−β2

1
) + θ

1
( 1 −β2

0
), Q =̇ θ

0
( 1−β2

1
) + 3 θ

1
( 1−β2

0
),

S =̇ 1
4 (P +Q), U =̇ 3S, R =̇ ( 1 −β2

0
) ( 1 −β2

1
).

(3.5)

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì ðàâåíñòâà

εi01 = −1
4 ω

′′
i (s)σ0

( 3−σ
0
) ( 2σ

0
−3 )σ

1
( 3 −σ

1
) +

+ 3
2 θ0 ωi(s) ( 2σ0

−3 )σ
1
( 3−σ

1
) + 1

2 θ1 ωi(s)σ0
( 3−σ

0
) ( 2σ

0
−3 ) =

= −243
64 ω′′

i (s)β0
( 1−β2

0
) ( 1 −β2

1
) + 27

8 ωi(s)β0

[
3 θ

0
( 1−β2

1
) + θ

1
( 1−β2

0
)
]
=

= −243
64 ω′′

i (s)β0
R+ 27

8 ωi(s)β0
P.

εi10 = −1
4 ω

′′
i (s)σ0

( 3−σ
0
)σ

1
( 3−σ

1
) ( 2σ

1
−3 ) +

+ 1
2 θ0 ωi(s)σ1

( 3−σ
1
) ( 2σ

1
−3 ) + 3

2 θ1 ωi(s)σ0
( 3−σ

0
) ( 2σ

1
−3 ) =

= −243
64 ω′′

i (s)β1
( 1−β2

0
) ( 1 −β2

1
) + 27

8 ωi(s)β1

[
θ
0
( 1−β2

1
) + 3 θ

1
( 1−β2

0
)
]
=

= −243
64 ω′′

i (s)β1
R+ 27

8 ωi(s)β1
Q.

εi11 =
1
4 ω

′′
i (s)σ0

( 3−σ
0
) ( 2σ

0
−3 )σ

1
( 3−σ

1
) ( 2σ

1
−3 )−

− 3
2 θ0 ωi(s) ( 2σ0

−3 )σ
1
( 3−σ

1
) ( 2σ

1
−3 )− 3

2 θ1 ωi(s)σ0
( 3−σ

0
)( 2σ

0
−3 ) ( 2σ

1
−3 ) =

= 729
64 ω′′

i (s)β0
β

1
( 1 −β2

0
) ( 1 −β2

1
)− 243

8 ωi(s)β0
β

1

[
θ
0
( 1−β2

1
) + θ

1
( 1−β2

0
)
]
=

= 729
64 ω′′

i (s)β0
β

1
R− 81

8 ωi(s)β0
β

1
U.

Äàëåå âû÷èñëèì íåîáõîäèìûå ëèíåéíûå êîìáèíàöèè �óíêöèé εiµν = εiµν(s, σ0
, σ

1
). Òàê êàê

3ω0(s) + 2ω1(s) + ω2(s) = 3− s = 3
2 ( 1−α ), 3ω′′

0 (s) + 2ω′′
1 (s) + ω′′

2(s) = 0,

ω1(s) + 2ω2(s) + 3ω3(s) = s = 3
2 ( 1+α ), ω′′

1(s) + 2ω′′
2 (s) + 3ω′′

3 (s) = 0
(3.6)

(äàííûå òîæäåñòâà ñëåäóþò íåïîñðåäñòâåííî èç îïðåäåëåíèé (1.1) è (3.4)), òî

3 ε000 + 2 ε100 + ε200 = −27
16 ( 1−α )S, 3 ε001 + 2 ε101 + ε201 =

81
16 ( 1−α )β

0
P,
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3 ε010 + 2 ε110 + ε210 =
81
16 ( 1−α )β

1
Q, 3 ε011 + 2 ε111 + ε211 = −243

16 ( 1−α )β
0
β

1
U,

ε100 + 2 ε200 + 3 ε300 = −27
16 ( 1+α )S, ε101 + 2 ε201 + 3 ε301 = 81

16 ( 1+α )β
0
P,

ε110 + 2 ε210 + 3 ε310 = 81
16 ( 1+α )β

1
Q, ε111 + 2 ε211 + 3 ε311 = −243

16 ( 1+α )β
0
β

1
U.

Â ñèëó �îðìóë (3.3) è (3.4) ñïðàâåäëèâû ðàâåíñòâà

ω1(s) + ω2(s) =
9
8 ( 1−α

2), ω′′
1(s) + ω′′

2(s) = −1,

ω1(s)− ω2(s) = −27
8 α ( 1−α2), ω′′

1 (s)− ω′′
2(s) = 9α,

ïîýòîìó

ε100 + ε200 = −81
64 R− 81

64 ( 1−α
2)S, ε101 + ε201 =

243
64 β0

R+ 243
64 ( 1−α2)β

0
P,

ε110 + ε210 =
243
64 β1

R+ 243
64 ( 1−α2)β

1
Q, ε111 + ε211 = −729

64 β0
β

1
R− 729

64 ( 1−α2)β
0
β

1
U,

ε100 − ε200 =
729
64 αR+ 243

64 α ( 1−α2)S, ε101 − ε201 = −2187
64 αβ

0
R− 729

64 α ( 1−α2)β
0
P,

ε110 − ε210 = −2187
64 αβ

1
R− 729

64 α ( 1−α2)β
1
Q, ε111 − ε211 =

6561
64 αβ

0
β

1
R+ 2187

64 α ( 1−α2)β
0
β

1
U.

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ â �îðìóëó (3.2), ïîëó÷àåì ðàâåíñòâî

16
81

3∑

i=0

Lk
i =

= −x3k−3
00 ( 1−α )S + x3k−3

01 ( 1−α ) β
0
P + x3k−3

10 ( 1−α ) β
1
Q− x3k−3

11 ( 1−α ) β
0
β

1
U +

+ 9
8 X

k
00

[
R+ (1−α2)S

]
− 9

8 Y
k
00

[
3αR+ α ( 1−α2)S

]
−

− 9
8 X

k
01

[
β

0
R+ (1−α2)β

0
P
]
+ 9

8 Y
k
01

[
3αβ

0
R+ α ( 1−α2)β

0
P
]
−

− 9
8 X

k
10

[
β

1
R+ (1−α2)β

1
Q
]
+ 9

8 Y
k
10

[
3αβ

1
R+ α ( 1−α2)β

1
Q
]
+

+ 9
8 X

k
11

[
β

0
β

1
R+ (1−α2)β

0
β

1
U
]
− 9

8 Y
k
11

[
3αβ

0
β

1
R+ α ( 1−α2)β

0
β

1
U
]
−

− x3k00 ( 1+α )S + x3k01 ( 1+α ) β
0
P + x3k10 ( 1+α ) β

1
Q− x3k11 ( 1+α ) β

0
β

1
U.

Ñëåäîâàòåëüíî, èìååò ìåñòî ïðåäñòàâëåíèå

16
81

3∑

i=0

Lk
i = gk0 + α gk1 + β

0
gk2 + αβ

0
gk3 + β

1
gk4 + αβ

1
gk5 + β

0
β

1
gk6 + αβ

0
β

1
gk7 , (3.7)

ãäå ÷åòíûå ïîëèíîìû gkℓ = gkℓ (α, β0
, β

1
), ℓ = 0, 1, . . . , 7, îïðåäåëåíû ñëåäóþùèì îáðàçîì:

gk0 =̇−
[
x3k−3
00 + x3k00

]
S + 9

8 X
k
00

[
R+ (1−α2)S

]
, gk1 =̇

[
x3k−3
00 − x3k00

]
S − 9

8 Y
k
00

[
3R+ (1−α2)S

]
,

gk2 =̇
[
x3k−3
01 + x3k01

]
P − 9

8 X
k
01

[
R+ (1−α2)P

]
, gk3 =̇−

[
x3k−3
01 − x3k01

]
P + 9

8 Y
k
01

[
3R+ (1−α2)P

]
,

gk4 =̇
[
x3k−3
10 + x3k10

]
Q− 9

8 X
k
10

[
R+ (1−α2)Q

]
, gk5 =̇−

[
x3k−3
10 − x3k10

]
Q+ 9

8 Y
k
10

[
3R+ (1−α2)Q

]
,

gk6 =̇−
[
x3k−3
11 + x3k11

]
U + 9

8 X
k
11

[
R+ (1−α2)U

]
, gk7 =̇

[
x3k−3
11 − x3k11

]
U − 9

8 Y
k
11

[
3R+ (1−α2)U

]
.

(3.8)
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� 4. Ñòàöèîíàðíûå êîìïîíåíòû �óíêöèîíàëà íåâÿçîê

Ìû ïðåîáðàçîâàëè âàðèàòèâíîå ñëàãàåìîå

3∑

i=0
Lk
i �îðìóëû (2.4) ê âèäó, óäîáíîìó äëÿ èíòå-

ãðèðîâàíèÿ. Äàëåå ïðåîáðàçóåì ñòàöèîíàðíóþ ÷àñòü

3∑

i=0
U3k−3+i◦M i

(
ñòàöèîíàðíîñòü îçíà÷àåò,

÷òî ñþäà âõîäÿò ëèøü ãðàíè÷íûå, íåèçìåíÿåìûå, ýëåìåíòû äîïóñòèìîãî ìàññèâà

(
uijr

))
. Àíà-

ëèç �îðìóëû (2.5) ïîðîæäàåò äëÿ 16-òè ýëåìåíòîâ ìàòðèöû M i =
(
M i

jr

)
ðàâåíñòâà

M i
00 = 36Ω i

00 − 16Ω i
11 − 8Ω i

12 − 8Ω i
21 − 4Ω i

22, M i
01 = 36Ω i

01 + 24Ω i
11 + 12Ω i

21,

M i
02 = 36Ω i

02 + 24Ω i
12 + 12Ω i

22, M i
03 = 36Ω i

03 − 8Ω i
11 − 16Ω i

12 − 4Ω i
21 − 8Ω i

22,

M i
10 = 36Ω i

10 + 24Ω i
11 + 12Ω i

12, M i
11 =M i

12 = 0, M i
13 = 12Ω i

11 + 24Ω i
12 + 36Ω i

13,

M i
20 = 36Ω i

20 + 24Ω i
21 + 12Ω i

22, M i
21 =M i

22 = 0, M i
23 = 12Ω i

21 + 24Ω i
22 + 36Ω i

23,

M i
30 = 36Ω i

30 − 8Ω i
11 − 4Ω i

12 − 16Ω i
21 − 8Ω i

22, M i
31 = 12Ω i

11 + 24Ω i
21 + 36Ω i

31,

M i
32 = 12Ω i

12 + 24Ω i
22 + 36Ω i

32, M i
33 = 36Ω i

33 − 4Ω i
11 − 8Ω i

12 − 8Ω i
21 − 16Ω i

22.

Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì (1.7) �óíêöèé Ω i
jr è òîæäåñòâàìè (3.6) ñïðàâåäëèâî

36Ω i
0r + 24Ω i

1r + 12Ω i
2r = 12ω′′

i (s) ( 3−σ0
)ωr(σ1

) + 12 θ
1
ωi(s) ( 3−σ0

)ω′′
r (σ1

) =

= 18ω′′
i (s) ( 1−β0

)ωr

(
3
2 ( 1+β1

)
)
+ 18 θ

1
ωi(s) ( 1−β0

)ω′′
r

(
3
2 ( 1+β1

)
)
,

36Ω i
j0 + 24Ω i

j1 + 12Ω i
j2 = 12ω′′

i (s)ωj(σ0
) ( 3 −σ

1
) + 12 θ

0
ωi(s)ω

′′
j (σ0

) ( 3−σ
1
) =

= 18ω′′
i (s)ωj

(
3
2 ( 1+β0

)
)
( 1−β

1
) + 18 θ

0
ωi(s)ω

′′
j

(
3
2 ( 1+β0

)
)
( 1−β

1
),

12Ω i
1r + 24Ω i

2r + 36Ω i
3r = 12ω′′

i (s)σ0
ωr(σ1

) + 12 θ
1
ωi(s)σ0

ω′′
r (σ1

) =

= 18ω′′
i (s) ( 1+β0

)ωr

(
3
2 ( 1+β1

)
)
+ 18 θ

1
ωi(s) ( 1+β0

)ω′′
r

(
3
2 ( 1+β1

)
)
,

12Ω i
j1 + 24Ω i

j2 + 36Ω i
j3 = 12ω′′

i (s)ωj(σ0
)σ

1
+ 12 θ

0
ωi(s)ω

′′
j (σ0

)σ
1
=

= 18ω′′
i (s)ωj

(
3
2 ( 1+β0

)
)
( 1+β

1
) + 18 θ

0
ωi(s)ω

′′
j

(
3
2 ( 1+β0

)
)
( 1+β

1
).

Ñëåäîâàòåëüíî, äëÿ âñåõ (j, r) ∈
[
{0, 3} × {1, 2}

]
∪
[
{1, 2} × {0, 3}

]
èìååò ìåñòî ðàâåíñòâî

M i
jr = ajr ω

′′
i (s) + bjr ωi(s), (4.1)

ãäå �èãóðèðóþò ñëåäóþùèå ïîëèíîìû:

a01 =̇
81
8 ( 1−β

0
) ( 1−3β

1
) ( 1−β2

1
), b01 =̇ − 9 θ

1
( 1−β

0
) ( 1−9β

1
),

a02 =̇
81
8 ( 1−β

0
) ( 1+3β

1
) ( 1−β2

1
), b02 =̇ − 9 θ

1
( 1−β

0
) ( 1+9β

1
),

a31 =̇
81
8 ( 1+β

0
) ( 1−3β

1
) ( 1−β2

1
), b31 =̇ − 9 θ

1
( 1+β

0
) ( 1−9β

1
),

a32 =̇
81
8 ( 1+β

0
) ( 1+3β

1
) ( 1−β2

1
), b32 =̇ − 9 θ

1
( 1+β

0
) ( 1+9β

1
),

a10 =̇
81
8 ( 1−3β

0
) ( 1−β

1
) ( 1−β2

0
), b10 =̇ − 9 θ

0
( 1−9β

0
) ( 1−β

1
),

a20 =̇
81
8 ( 1+3β

0
) ( 1−β

1
) ( 1−β2

0
), b20 =̇ − 9 θ

0
( 1+9β

0
) ( 1−β

1
),

a13 =̇
81
8 ( 1−3β

0
) ( 1+β

1
) ( 1−β2

0
), b13 =̇ − 9 θ

0
( 1−9β

0
) ( 1+β

1
),

a23 =̇
81
8 ( 1+3β

0
) ( 1+β

1
) ( 1−β2

0
), b23 =̇ − 9 θ

0
( 1+9β

0
) ( 1+β

1
).

(4.2)
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Òàê êàê M i
jr = 0 äëÿ âñåõ (j, r) ∈ {1, 2}2, òî ìîæíî ñ÷èòàòü, ÷òî �îðìóëà (4.1) âåðíà è äëÿ

ýòèõ èíäåêñîâ (ïîëàãàåì ïî îïðåäåëåíèþ a11 = a12 = a21 = a22 = 0, b11 = b12 = b21 = b22 = 0).
Îñòàëîñü ïðåîáðàçîâàòü ê âèäó (4.1) ¾óãëîâûå¿ ýëåìåíòû M i

jr, (j, r) ∈ {0, 3}2. Â ïîñòðîåíèÿõ

èñïîëüçóþòñÿ ÷åòíûé ìíîãî÷ëåí T =̇ 10
9 − β2

0
− β2

1
è ïîëèíîìû

ω21(ζ) =̇ 2ω1(ζ) + ω2(ζ) =
1
2 ζ ( 3−ζ )

2, ω12(ζ) =̇ω1(ζ) + 2ω2(ζ) =
1
2 ζ

2 ( 3−ζ ),

ïîðîæäåííûå ìíîãî÷ëåíàìè Ëàãðàíæà (1.1), òàêèå, ÷òî

ω21

(
3
2 ( 1+λ )

)
= 27

16 ( 1−λ ) ( 1−λ
2), ω′′

21

(
3
2 ( 1+λ )

)
= −3

2 ( 1−3λ ),

ω12

(
3
2 ( 1+λ )

)
= 27

16 ( 1+λ ) ( 1−λ
2), ω′′

12

(
3
2 ( 1+λ )

)
= −3

2 ( 1+3λ ).

Â ñîîòâåòñòâèè ñ ýòèìè îïðåäåëåíèÿìè è îïðåäåëåíèåì (1.7) ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

M i
00 = 36Ω i

00 − 16Ω i
11 − 8Ω i

12 − 8Ω i
21 − 4Ω i

22 =

= 36ω′′
i (s)ω0

(σ
0
)ω

0
(σ

1
) + 36 θ

0
ωi(s)ω

′′
0
(σ

0
)ω

0
(σ

1
) + 36 θ

1
ωi(s)ω0

(σ
0
)ω′′

0
(σ

1
)−

− 4ω′′
i (s)ω21(σ0

)ω21(σ1
)− 4 θ

0
ωi(s)ω

′′
21(σ0

)ω21(σ1
)− 4 θ

1
ωi(s)ω21(σ0

)ω′′
21(σ1

) =

= 9
64 ω

′′
i (s) ( 1−β0

) ( 1−9β2
0
) ( 1−β

1
) ( 1−9β2

1
)− 9

8 θ0 ωi(s) ( 1−3β
0
) ( 1−β

1
) ( 1−9β2

1
)−

− 9
8 θ1ωi(s) ( 1−β0

) ( 1−9β2
0
) ( 1−3β

1
)− 729

64 ω
′′
i (s) ( 1−β0

) ( 1−β2
0
) ( 1−β

1
) ( 1−β2

1
) +

+ 81
8 θ0 ωi(s) ( 1−3β

0
) ( 1−β

1
) ( 1−β2

1
) + 81

8 θ1ωi(s) ( 1−β0
) ( 1−β2

0
) ( 1−3β

1
) =

= −81
8 ω

′′
i (s) ( 1−β0

) ( 1−β
1
)T + 9 θ

0
ωi(s) ( 1−3β

0
) ( 1−β

1
) + 9 θ

1
ωi(s) ( 1−β0

) ( 1−3β
1
).

Ñëåäîâàòåëüíî, èìååò ìåñòî �îðìóëà M i
00 = a00 ω

′′
i (s) + b00 ωi(s) âèäà (4.1), â êîòîðîé

a00 =̇− 81
8 ( 1−β

0
) ( 1−β

1
)
(

10
9 − β2

0
− β2

1

)
, b00 =̇ 9 θ

0
( 1−3β

0
) ( 1−β

1
) + 9 θ

1
( 1−β

0
) ( 1−3β

1
).

(4.3)

Ôîðìóëà âèäà (4.1) âåðíà è äëÿ èíäåêñîâ (j, r) ∈
{
(0, 3), (3, 0), (3, 3)

}
. Çäåñü ñïðàâåäëèâû àíà-

ëîãè÷íûå âûêëàäêè, â ðåçóëüòàòå êîòîðûõ ïîëó÷àåì �îðìóëû

a03 =̇− 81
8 ( 1−β

0
) ( 1+β

1
)
(

10
9 − β2

0
− β2

1

)
, b03 =̇ 9 θ

0
( 1−3β

0
) ( 1+β

1
) + 9 θ

1
( 1−β

0
) ( 1+3β

1
),

a30 =̇− 81
8 ( 1+β

0
) ( 1−β

1
)
(

10
9 − β2

0
− β2

1

)
, b30 =̇ 9 θ

0
( 1+3β

0
) ( 1−β

1
) + 9 θ

1
( 1+β

0
) ( 1−3β

1
),

a33 =̇− 81
8 ( 1+β

0
) ( 1+β

1
)
(

10
9 − β2

0
− β2

1

)
, b33 =̇ 9 θ

0
( 1+3β

0
) ( 1+β

1
) + 9 θ

1
( 1+β

0
) ( 1+3β

1
).

(4.4)

� 5. �åãóëÿðíîå ïðåäñòàâëåíèå �óíêöèîíàëà íåâÿçîê

Ìû ïîêàçàëè, ÷òî äëÿ âñåõ ìíîãî÷ëåíîâ M i
jr, (j, r) ∈

{
0, 1, 2, 3

}2
èìååò ìåñòî ïðåäñòàâëå-

íèå (4.1). Îïðåäåëèì, äàëåå, äâóìåðíîå ìíîæåñòâî èíäåêñîâ I =̇
{
0, 1, 2, 3

}2
\
{
1, 2

}2
è åãî ïîä-

ìíîæåñòâà K =̇
{
0, 3

}2
, K0 =̇

{
1, 2

}
×
{
0, 3

}
, K1 =̇

{
0, 3

}
×
{
1, 2

}
. Ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

3∑

i=0

U3k−3+i ◦M i =
3∑

i=0

3∑

j=0

3∑

r=0

u3k−3+i
jr M i

jr =
3∑

j=0

3∑

r=0

[ 3∑

i=0

u3k−3+i
jr M i

jr

]

=

=

3∑

j=0

3∑

r=0

ajr

{ 3∑

i=0

u3k−3+i
jr ω′′

i (s)

}

+

3∑

j=0

3∑

r=0

bjr

{ 3∑

i=0

u3k−3+i
jr ωi(s)

}

=
∑

(j,r)∈I

[

ajr ϕ
k
jr + bjr ψ

k
jr

]

.
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Îáîçíà÷èëè ñóììû, ñòîÿùèå â �èãóðíûõ ñêîáêàõ, ÷åðåç ϕk
jr è ψk

jr ñîîòâåòñòâåííî. Äëÿ âñåõ

(j, r) ∈ I îïðåäåëèì ãðàíè÷íûå êîíå÷íûå ðàçíîñòè

zkjr =̇u3k−3
jr − u3k−2

jr − u3k−1
jr + u3kjr , wk

jr =̇u3k−3
jr − 3u3k−2

jr + 3u3k−1
jr − u3kjr ,

pkjr =̇u3k−3
jr − 9u3k−2

jr − 9u3k−1
jr + u3kjr , qkjr =̇u

3k−3
jr − 27u3k−2

jr + 27u3k−1
jr − u3kjr .

(5.1)

Òîãäà â ñîîòâåòñòâèè ñ îïðåäåëåíèåì (1.1) ìíîãî÷ëåíîâ ωi(s) = ωi

(
3
2 ( 1+α )

)
ñïðàâåäëèâî

ϕk
jr =

1
2

[
u3k−3
jr − u3k−2

jr − u3k−1
jr + u3kjr

]
− 3

2 α
[
u3k−3
jr − 3u3k−2

jr + 3u3k−1
jr − u3kjr

]
= 1

2 z
k
jr −

3
2 αw

k
jr,

ψk
jr = − 1

16

[
u3k−3
jr − 9u3k−2

jr − 9u3k−1
jr + u3kjr

]
+ 1

16 α
[
u3k−3
jr − 27u3k−2

jr + 27u3k−1
jr − u3kjr

]
+

+ 9
16 α

2
[
u3k−3
jr − u3k−2

jr − u3k−1
jr + u3kjr

]
− 9

16 α
3
[
u3k−3
jr − 3u3k−2

jr + 3u3k−1
jr − u3kjr

]
=

= − 1
16 p

k
jr +

1
16 α q

k
jr +

9
16 α

2zkjr −
9
16 α

3 wk
jr.

Ñëåäîâàòåëüíî, èìååò ìåñòî ðàâåíñòâî

16
3∑

i=0

U3k−3+i ◦M i = 16
∑

(j,r)∈I

[

ajr ϕ
k
jr + bjr ψ

k
jr

]

= 8
∑

(j,r)∈I

ajr z
k
jr − 24α

∑

(j,r)∈I

ajr w
k
jr −

−
∑

(j,r)∈I

bjr p
k
jr + α

∑

(j,r)∈I

bjr q
k
jr + 9α2

∑

(j,r)∈I

bjr z
k
jr − 9α3

∑

(j,r)∈I

bjr w
k
jr.

(5.2)

Äëÿ ïîëèíîìîâ ajr, bjr, îïðåäåëåííûõ �îðìóëàìè (4.2)�(4.4), ñïðàâåäëèâû ïðåäñòàâëåíèÿ

ajr =
81
8

[
a00jr + β

0
a01jr + β

1
a10jr + β

0
β

1
a11jr

]
Λjr, bjr = 9

[
b00jr + β

0
b01jr + β

1
b10jr + β

0
β

1
b11jr

]
,

ãäå ÷èñëà aµν
jr , b

µν
jr è ÷åòíûå ïîëèíîìû Λjr ñâåäåíû â åäèíóþ òàáëèöó.

Òàáëèöà 1

(j, r) a00jr a01jr a10jr a11jr Λjr b00jr b01jr b10jr b11jr

(0, 0) −1 1 1 −1 θ
0
+ θ

1
−3 θ

0
− θ

1
−θ

0
− 3 θ

1
3 θ

0
+ 3 θ

1

K (0, 3) −1 1 −1 1 θ
0
+ θ

1
−3 θ

0
− θ

1
θ
0
+ 3 θ

1
−3 θ

0
− 3 θ

1

(3, 0) −1 −1 1 1 10
9 − β2

0
− β2

1
θ
0
+ θ

1
3 θ

0
+ θ

1
−θ

0
− 3 θ

1
−3 θ

0
− 3 θ

1

(3, 3) −1 −1 −1 −1 θ
0
+ θ

1
3 θ

0
+ θ

1
θ
0
+ 3 θ

1
3 θ

0
+ 3 θ

1

(1, 0) 1 −3 −1 3 −θ
0

9 θ
0

θ
0

−9 θ
0

K0 (1, 3) 1 −3 1 −3 −θ
0

9 θ
0

−θ
0

9 θ
0

(2, 0) 1 3 −1 −3 1− β2
0

−θ
0

−9 θ
0

θ
0

9 θ
0

(2, 3) 1 3 1 3 −θ
0

−9 θ
0

−θ
0

−9 θ
0

(0, 1) 1 −1 −3 3 −θ
1

θ
1

9 θ
1

−9 θ
1

K1 (0, 2) 1 −1 3 −3 −θ
1

θ
1

−9 θ
1

9 θ
1

(3, 1) 1 1 −3 −3 1− β2
1

−θ
1

−θ
1

9 θ
1

9 θ
1

(3, 2) 1 1 3 3 −θ
1

−θ
1

−9 θ
1

−9 θ
1

Ïðåîáðàçóåì øåñòü ñóìì èç �îðìóëû (5.2). Èìååò ìåñòî ðàâåíñòâî

1
9

∑

(j,r)∈I

bjr p
k
jr =

∑

(j,r)∈I

b00jr p
k
jr + β

0

∑

(j,r)∈I

b01jr p
k
jr + β

1

∑

(j,r)∈I

b10jr p
k
jr + β

0
β

1

∑

(j,r)∈I

b11jr p
k
jr =
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=
〈
b00, pk

〉
I + β

0

〈
b01, pk

〉
I + β

1

〈
b10, pk

〉
I + β

0
β

1

〈
b11, pk

〉
I . (5.3)

(
Çäåñü è äàëåå äëÿ ëèíåéíûõ �îðì âèäà

∑

(j,r)∈I

b00jr p
k
jr èñïîëüçóåì îáîçíà÷åíèå

〈
b00, pk

〉
I .
)
Àíà-

ëîãè÷íûì îáðàçîì ïîëó÷àåì åùå òðè ðàâåíñòâà, ñîäåðæàùèå ÷èñëà bµνjr :

1
9

∑

(j,r)∈I

bjr q
k
jr =

〈
b00, qk

〉
I + β

0

〈
b01, qk

〉
I + β

1

〈
b10, qk

〉
I + β

0
β

1

〈
b11, qk

〉
I ,

1
9

∑

(j,r)∈I

bjr z
k
jr =

〈
b00, zk

〉
I + β

0

〈
b01, zk

〉
I + β

1

〈
b10, zk

〉
I + β

0
β

1

〈
b11, zk

〉
I ,

1
9

∑

(j,r)∈I

bjr w
k
jr =

〈
b00, wk

〉
I + β

0

〈
b01, wk

〉
I + β

1

〈
b10, wk

〉
I + β

0
β

1

〈
b11, wk

〉
I . (5.4)

Ñïðàâåäëèâû äâå öåïî÷êè ðàâåíñòâ, ñîäåðæàùèå êîíñòàíòû aµν
jr :

8
81

∑

(j,r)∈I

ajr z
k
jr =

=
∑

(j,r)∈I

a00jr Λjr z
k
jr + β

0

∑

(j,r)∈I

a01jr Λjr z
k
jr + β

1

∑

(j,r)∈I

a10jr Λjr z
k
jr + β

0
β

1

∑

(j,r)∈I

a11jr Λjr z
k
jr =

=
(

10
9 − β2

0
− β2

1

) 〈
a00, zk

〉
K + (1−β2

0
)
〈
a00, zk

〉
K0 + (1−β2

1
)
〈
a00, zk

〉
K1 +

+ β
0

(
10
9 − β2

0
− β2

1

) 〈
a01, zk

〉
K + β

0
( 1−β2

0
)
〈
a01, zk

〉
K0 + β

0
( 1−β2

1
)
〈
a01, zk

〉
K1 +

+ β
1

(
10
9 − β2

0
− β2

1

) 〈
a10, zk

〉
K + β

1
( 1−β2

0
)
〈
a10, zk

〉
K0 + β

1
( 1−β2

1
)
〈
a10, zk

〉
K1 +

+ β
0
β

1

(
10
9 − β2

0
− β2

1

) 〈
a11, zk

〉
K + β

0
β

1
( 1−β2

0
)
〈
a11, zk

〉
K0 + β

0
β

1
( 1−β2

1
)
〈
a11, zk

〉
K1,

8
81

∑

(j,r)∈I

ajr w
k
jr =

=
∑

(j,r)∈I

a00jr Λjr w
k
jr + β

0

∑

(j,r)∈I

a01jr Λjr w
k
jr + β

1

∑

(j,r)∈I

a10jr Λjr w
k
jr + β

0
β

1

∑

(j,r)∈I

a11jr Λjr w
k
jr =

=
(

10
9 − β2

0
− β2

1

) 〈
a00, wk

〉
K + (1−β2

0
)
〈
a00, wk

〉
K0 + (1−β2

1
)
〈
a00, wk

〉
K1 +

+ β
0

(
10
9 − β2

0
− β2

1

) 〈
a01, wk

〉
K + β

0
( 1−β2

0
)
〈
a01, wk

〉
K0 + β

0
( 1−β2

1
)
〈
a01, wk

〉
K1 +

+ β
1

(
10
9 − β2

0
− β2

1

) 〈
a10, wk

〉
K + β

1
( 1−β2

0
)
〈
a10, wk

〉
K0 + β

1
( 1−β2

1
)
〈
a10, wk

〉
K1 +

+ β
0
β

1

(
10
9 − β2

0
− β2

1

) 〈
a11, wk

〉
K + β

0
β

1
( 1−β2

0
)
〈
a11, wk

〉
K0 + β

0
β

1
( 1−β2

1
)
〈
a11, wk

〉
K1.

Ïóñòü, äàëåå, I0 =̇ K ∪K0 = {0, 1, 2, 3}×{0, 3}, I1 =̇K ∪K1 = {0, 3}×{0, 1, 2, 3}. Â ñîîòâåòñòâèè

ñ òîæäåñòâîì

10
9 − β2

0
− β2

1
= −8

9 + (1−β2
0
) + ( 1−β2

1
) ñïðàâåäëèâà ïåðåãðóïïèðîâêà ñëàãàåìûõ:

8
81

∑

(j,r)∈I

ajr z
k
jr = −8

9

〈
a00, zk

〉
K + (1−β2

0
)
〈
a00, zk

〉
I0 + (1−β2

1
)
〈
a00, zk

〉
I1 −

− 8
9 β0

〈
a01, zk

〉
K + β

0
( 1−β2

0
)
〈
a01, zk

〉
I0 + β

0
( 1−β2

1
)
〈
a01, zk

〉
I1 −

− 8
9 β1

〈
a10, zk

〉
K + β

1
( 1−β2

0
)
〈
a10, zk

〉
I0 + β

1
( 1−β2

1
)
〈
a10, zk

〉
I1 −

− 8
9 β0

β
1

〈
a11, zk

〉
K + β

0
β

1
( 1−β2

0
)
〈
a11, zk

〉
I0 + β

0
β

1
( 1−β2

1
)
〈
a11, zk

〉
I1,

63



8
81

∑

(j,r)∈I

ajr w
k
jr = −8

9

〈
a00, wk

〉
K + (1−β2

0
)
〈
a00, wk

〉
I0 + (1−β2

1
)
〈
a00, wk

〉
I1 −

− 8
9 β0

〈
a01, wk

〉
K + β

0
( 1−β2

0
)
〈
a01, wk

〉
I0 + β

0
( 1−β2

1
)
〈
a01, wk

〉
I1 −

− 8
9 β1

〈
a10, wk

〉
K + β

1
( 1−β2

0
)
〈
a10, wk

〉
I0 + β

1
( 1−β2

1
)
〈
a10, wk

〉
I1 −

− 8
9 β0

β
1

〈
a11, wk

〉
K + β

0
β

1
( 1−β2

0
)
〈
a11, wk

〉
I0 + β

0
β

1
( 1−β2

1
)
〈
a11, wk

〉
I1.
(5.5)

Â ñèëó (5.3)�(5.5) �îðìóëà (5.2) ïîëó÷àåò ïðåäñòàâëåíèå, àíàëîãè÷íîå �îðìóëå (3.7):

16
81

3∑

i=0

U3k−3+i ◦M i = hk0 + αhk1 + β
0
hk2 + αβ

0
hk3 + β

1
hk4 + αβ

1
hk5 + β

0
β

1
hk6 + αβ

0
β

1
hk7 , (5.6)

ãäå ÷åòíûå ïîëèíîìû hkℓ = hkℓ (α, β0
, β

1
), ℓ = 0, 1, . . . , 7, îïðåäåëåíû ñëåäóþùèì îáðàçîì:

hk0 =̇− 1
9

〈
b00, pk

〉
I − 8

9

〈
a00, zk

〉
K + (1−β2

0
)
〈
a00, zk

〉
I0 + (1−β2

1
)
〈
a00, zk

〉
I1 + α2

〈
b00, zk

〉
I ,

hk1 =̇
1
9

〈
b00, qk

〉
I + 8

3

〈
a00, wk

〉
K − 3 ( 1−β2

0
)
〈
a00, wk

〉
I0 − 3 ( 1−β2

1
)
〈
a00, wk

〉
I1 − α2

〈
b00, wk

〉
I ,

hk2 =̇− 1
9

〈
b01, pk

〉
I − 8

9

〈
a01, zk

〉
K + (1−β2

0
)
〈
a01, zk

〉
I0 + (1−β2

1
)
〈
a01, zk

〉
I1 + α2

〈
b01, zk

〉
I ,

hk3 =̇
1
9

〈
b01, qk

〉
I + 8

3

〈
a01, wk

〉
K − 3 ( 1−β2

0
)
〈
a01, wk

〉
I0 − 3 ( 1−β2

1
)
〈
a01, wk

〉
I1 − α2

〈
b01, wk

〉
I ,

hk4 =̇− 1
9

〈
b10, pk

〉
I − 8

9

〈
a10, zk

〉
K + (1−β2

0
)
〈
a10, zk

〉
I0 + (1−β2

1
)
〈
a10, zk

〉
I1 + α2

〈
b10, zk

〉
I ,

hk5 =̇
1
9

〈
b10, qk

〉
I + 8

3

〈
a10, wk

〉
K − 3 ( 1−β2

0
)
〈
a10, wk

〉
I0 − 3 ( 1−β2

1
)
〈
a10, wk

〉
I1 − α2

〈
b10, wk

〉
I ,

hk6 =̇− 1
9

〈
b11, pk

〉
I − 8

9

〈
a11, zk

〉
K + (1−β2

0
)
〈
a11, zk

〉
I0 + (1−β2

1
)
〈
a11, zk

〉
I1 + α2

〈
b11, zk

〉
I ,

hk7 =̇
1
9

〈
b11, qk

〉
I + 8

3

〈
a11, wk

〉
K − 3 ( 1−β2

0
)
〈
a11, wk

〉
I0 − 3 ( 1−β2

1
)
〈
a11, wk

〉
I1 − α2

〈
b11, wk

〉
I .

(5.7)

Â ñèëó (3.7) è (5.6) �îðìóëà (2.4) ïðèíèìàåò âèä fk(t, ξ0 , ξ1) =
9
64 a τ

−2Fk(α, β0
, β

1
), ãäå

Fk(α, β0
, β

1
) =̇ fk0 + αfk1 + β

0
fk2 + αβ

0
fk3 + β

1
fk4 + αβ

1
fk5 + β

0
β

1
fk6 + αβ

0
β

1
fk7 ,

à ÷åòíûå ïîëèíîìû

fkℓ =̇ gkℓ + hkℓ , ℓ = 0, 1, . . . , 7, (5.8)

îïðåäåëåíû, â ñâîþ î÷åðåäü, ÷åðåç ìíîãî÷ëåíû (3.8) è (5.7). Ñîãëàñíî (1.3), (3.4) ñïðàâåäëèâî

α = 2t
3τ − 2k+1, β

0
= 2 ξ

0
−1, β

1
= 2 ξ

1
−1 (êàê ñëåäñòâèå, dt = 3

2 τ dα, dξ0 = 1
2 dβ0

, dξ
1
= 1

2 dβ1
).

Ñëåäîâàòåëüíî, äëÿ ñëàãàåìûõ Jk
�óíêöèîíàëà (1.6) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

Jk =

∫

Πk

f2k (t, ξ0 , ξ1) dt dξ0dξ1 = 3 4 2−12 a2 τ−4

∫ 3k τ

(3k−3) τ

∫ 1

0

∫ 1

0
F 2
k (α, β0

, β
1
) dt dξ

0
dξ

1
=

= 3 5 2−15 a2 τ−3

∫ 1

−1

∫ 1

−1

∫ 1

−1
F 2
k (α, β0

, β
1
) dα dβ

0
dβ

1
,

ïðè÷åì â ñèëó ÷åòíîñòè âñåõ ïîëèíîìîâ fkℓ = fkℓ (α, β0
, β

1
) ñïðàâåäëèâî ïðåäñòàâëåíèå

3−5 2 15 a−2 τ3 Jk =

∫

M

[ (
fk0

)2
+ α2

(
fk1

)2
+ β2

0

(
fk2

)2
+ α2β2

0

(
fk3

)2
+

+ β2
1

(
fk4

)2
+ α2β2

1

(
fk5

)2
+ β2

0
β2

1

(
fk6

)2
+ α2β2

0
β2

1

(
fk7

)2
]

dµ. (5.9)
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Çäåñü è äàëåå äëÿ èíòåãðàëîâ, îïðåäåëåííûõ â êóáå M =̇ [−1, 1]3, ïðèìåíÿåì îáîçíà÷åíèÿ

∫

M

F dµ =̇

∫

M

F (α, β
0
, β

1
) dµ =̇

∫ 1

−1

∫ 1

−1

∫ 1

−1
F (α, β

0
, β

1
) dα dβ

0
dβ

1
.

Èòàê, ìû ïðåäñòàâèëè �óíêöèîíàë (1.5) â âèäå ñóììû èç N ñëàãàåìûõ (ñì. (1.6)), ïðè÷åì

êàæäîå ñëàãàåìîå Jk
ñàìî ÿâëÿåòñÿ ñóììîé âîñüìè èíòåãðàëüíûõ ñëàãàåìûõ, âõîäÿùèõ â �îð-

ìóëó (5.9). Ýòè ñëàãàåìûå, â ñâîþ î÷åðåäü, ïîðîæäåíû ïîëèíîìàìè (5.8) (òî÷íåå, ïîëèíîìà-

ìè (3.8) è (5.7)) è â ñîâîêóïíîñòè çàâèñÿò îò íåêîòîðûõ ïåðåìåííûõ (2.2) è îò âñåõ ïåðåìåííûõ

(2.7), à èìåííî, îíè çàâèñÿò îò 12N−4 ïåðåìåííûõ

x3k00 , x
3k
01, x

3k
10 , x

3k
11 , k = 1, . . . , n, Xk

00, Y
k
00, X

k
01, Y

k
01, X

k
10, Y

k
10, X

k
11, Y

k
11, k = 1, . . . , N.

(Çàìåòèì åùå, ÷òî ìàòðèöà ïåðåõîäà îò ýòèõ ïåðåìåííûõ ê èñêîìûì ïåðåìåííûì ui11, u
i
12,

ui21, u
i
22, i = 1, . . . , 3N−1, � íåâûðîæäåííàÿ.) Äëÿ íàõîæäåíèÿ ìèíèìóìà �óíêöèîíàëà (1.5)

íåîáõîäèìî âû÷èñëèòü åãî ÷àñòíûå ïðîèçâîäíûå ïî âñåì óêàçàííûì ïåðåìåííûì.

� 6. Ïðîñòûå ÷àñòíûå ïðîèçâîäíûå �óíêöèîíàëà íåâÿçîê

Âû÷èñëåíèÿ íàñòîÿùåãî ïàðàãðà�à îïèðàþòñÿ íà �îðìóëû (5.8), (3.8), (5.9) è (3.5).

6.1. Ñîãëàñíî �îðìóëàì (5.8) è (3.8) äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî ðàâåíñòâî

fk0 = −
[
x3k−3
00 + x3k00

]
S + 9

8 X
k
00

[
R+ (1−α2)S

]
+ hk0 . (6.1)

Ñëåäîâàòåëüíî, âû÷èñëèâ ñ ïîìîùüþ �îðìóëû (5.9) ÷àñòíóþ ïðîèçâîäíóþ ∂J/∂Xk
00 (ïåðåìåí-

íàÿ Xk
00 íå âõîäèò â ïîëèíîìû fk1 , . . . , f

k
7 ) è ïðèðàâíÿâ åå ê íóëþ, ïîëó÷àåì ðàâåíñòâà

3−7 2 17 a−2 τ3
[
∂J /∂Xk

00

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Xk

00

]
= 8

9

∫

M

fk0
[
∂fk0 /∂X

k
00

]
dµ,

0 = A0

[
x3k−3
00 + x3k00

]
+B0X

k
00 +Hk

0 , (6.2)

ãäå

A0 =̇−

∫

M

S
[
R+ (1−α2)S

]
dµ = −128

135

(
3 θ

0
+ 3 θ

1
+ 3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1

)
,

B0 =̇
9
8

∫

M

[
R+ (1−α2)S

]2
dµ = 64

75

(
3 + 5 θ

0
+ 5 θ

1
+ 3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1

)
,

Hk
0 =̇

∫

M

hk0
[
R+ (1−α2)S

]
dµ.

(6.3)

Âû÷èñëåíèå èíòåãðàëîâ â (6.3) îïèðàåòñÿ íà �îðìóëû (3.5) è òðåáóåò îïðåäåëåííûõ óñèëèé.

Äàëåå ìû ïðèâîäèì áåç êîììåíòàðèåâ åùå 7 ñîâîêóïíîñòåé àíàëîãè÷íûõ �îðìóë. Ñ÷èòàåì

óìåñòíûì ëèøü íàïîìíèòü, ÷òî â âû÷èñëåíèÿõ èñïîëüçóþòñÿ �îðìóëû (5.8), (3.8), (5.9), (3.5).

6.2. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk1 =
[
x3k−3
00 − x3k00

]
S − 9

8 Y
k
00

[
3R+ (1−α2)S

]
+ hk1 , (6.4)

3−7 2 17 a−2 τ3
[
∂J /∂Y k

00

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Y k

00

]
= 8

9

∫

M

α2fk1
[
∂fk1 /∂Y

k
00

]
dµ,

0 = A1

[
x3k−3
00 − x3k00

]
+B1Y

k
00 +Hk

1 , (6.5)

A1 =̇−

∫

M

α2S
[
3R + (1−α2)S

]
dµ = −128

675

(
15 θ

0
+ 15 θ

1
+ 3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1

)
,

B1 =̇
9
8

∫

M

α2
[
3R+ (1−α2)S

]2
dµ = 64

525

(
63 + 21 θ

0
+ 21 θ

1
+ 3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1

)
,

Hk
1 =̇−

∫

M

α2hk1
[
3R+ (1−α2)S

]
dµ.

(6.6)
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6.3. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk2 =
[
x3k−3
01 + x3k01

]
P − 9

8 X
k
01

[
R+ (1−α2)P

]
+ hk2 , (6.7)

3−7 2 17 a−2 τ3
[
∂J /∂Xk

01

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Xk

01

]
= 8

9

∫

M

β2
0
fk2

[
∂fk2 /∂X

k
01

]
dµ,

0 = A2

[
x3k−3
01 + x3k01

]
+B2X

k
01 +Hk

2 , (6.8)

A2 =̇−

∫

M

β2
0
P
[
R+ (1−α2)P

]
dµ = − 128

1575

(
21 θ

0
+ 5 θ

1
+ 105 θ2

0
+ 35 θ

0
θ
1
+ 5 θ2

1

)
,

B2 =̇
9
8

∫

M

β2
0

[
R+ (1−α2)P

]2
dµ = 64

525

(
3 + 21 θ

0
+ 5 θ

1
+ 63 θ2

0
+ 21 θ

0
θ
1
+ 3 θ2

1

)
,

Hk
2 =̇−

∫

M

β2
0
hk2

[
R+ (1−α2)P

]
dµ.

(6.9)

6.4. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk3 = −
[
x3k−3
01 − x3k01

]
P + 9

8 Y
k
01

[
3R+ (1−α2)P

]
+ hk3 , (6.10)

3−7 2 17 a−2 τ3
[
∂J /∂Y k

01

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Y k

01

]
= 8

9

∫

M

α2β2
0
fk3

[
∂fk3 /∂Y

k
01

]
dµ,

0 = A3

[
x3k−3
01 − x3k01

]
+B3Y

k
01 +Hk

3 , (6.11)

A3 =̇−

∫

M

α2β2
0
P
[
3R+ (1−α2)P

]
dµ = − 128

1575

(
21 θ

0
+ 5 θ

1
+ 21 θ2

0
+ 7 θ

0
θ
1
+ θ2

1

)
,

B3 =̇
9
8

∫

M

α2β2
0

[
3R+ (1−α2)P

]2
dµ = 64

6125

(
105 + 147 θ

0
+ 35 θ

1
+ 105 θ2

0
+ 35 θ

0
θ
1
+ 5 θ2

1

)
,

Hk
3 =̇

∫

M

α2β2
0
hk3

[
3R + (1−α2)P

]
dµ.

(6.12)

6.5. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk4 =
[
x3k−3
10 + x3k10

]
Q− 9

8 X
k
10

[
R+ (1−α2)Q

]
+ hk4 , (6.13)

3−7 2 17 a−2 τ3
[
∂J /∂Xk

10

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Xk

10

]
= 8

9

∫

M

β2
1
fk4

[
∂fk4 /∂X

k
10

]
dµ,

0 = A4

[
x3k−3
10 + x3k10

]
+B4X

k
10 +Hk

4 , (6.14)

A4 =̇−

∫

M

β2
1
Q
[
R+ (1−α2)Q

]
dµ = − 128

1575

(
5 θ

0
+ 21 θ

1
+ 5 θ2

0
+ 35 θ

0
θ
1
+ 105 θ2

1

)
,

B4 =̇
9
8

∫

M

β2
1

[
R+ (1−α2)Q

]2
dµ = 64

525

(
3 + 5 θ

0
+ 21 θ

1
+ 3 θ2

0
+ 21 θ

0
θ
1
+ 63 θ2

1

)
,

Hk
4 =̇−

∫

M

β2
1
hk4

[
R+ (1−α2)Q

]
dµ.

(6.15)

6.6. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk5 = −
[
x3k−3
10 − x3k10

]
Q+ 9

8 Y
k
10

[
3R+ (1−α2)Q

]
+ hk5 , (6.16)

3−7 2 17 a−2 τ3
[
∂J /∂Y k

10

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Y k

10

]
= 8

9

∫

M

α2β2
1
fk5

[
∂fk5 /∂Y

k
10

]
dµ,

0 = A5

[
x3k−3
10 − x3k10

]
+B5Y

k
10 +Hk

5 , (6.17)
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A5 =̇−

∫

M

α2β2
1
Q
[
3R+ (1−α2)Q

]
dµ = − 128

1575

(
5 θ

0
+ 21 θ

1
+ θ2

0
+ 7 θ

0
θ
1
+ 21 θ2

1

)
,

B5 =̇
9
8

∫

M

α2β2
1

[
3R+ (1−α2)Q

]2
dµ = 64

6125

(
105 + 35 θ

0
+ 147 θ

1
+ 5 θ2

0
+ 35 θ

0
θ
1
+ 105 θ2

1

)
,

Hk
5 =̇

∫

M

α2β2
1
hk5

[
3R + (1−α2)Q

]
dµ.

(6.18)

6.7. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk6 = −
[
x3k−3
11 + x3k11

]
U + 9

8 X
k
11

[
R+ (1−α2)U

]
+ hk6 , (6.19)

3−7 2 17 a−2 τ3
[
∂J /∂Xk

11

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Xk

11

]
= 8

9

∫

M

β2
0
β2

1
fk6

[
∂fk6 /∂X

k
11

]
dµ,

0 = A6

[
x3k−3
11 + x3k11

]
+B6X

k
11 +Hk

6 , (6.20)

A6 =̇−

∫

M

β2
0
β2

1
U
[
R+ (1−α2)U

]
dµ = −128

525

(
θ
0
+ θ

1
+ 5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1

)
,

B6 =̇
9
8

∫

M

β2
0
β2

1

[
R+ (1−α2)U

]2
dµ = 64

6125

(
5 + 35 θ

0
+ 35 θ

1
+ 105 θ2

0
+ 147 θ

0
θ
1
+ 105 θ2

1

)
,

Hk
6 =̇

∫

M

β2
0
β2

1
hk6

[
R+ (1−α2)U

]
dµ.

(6.21)

6.8. Äëÿ âñåõ k = 1, . . . , N ñïðàâåäëèâî

fk7 =
[
x3k−3
11 − x3k11

]
U − 9

8 Y
k
11

[
3R+ (1−α2)U

]
+ hk7 , (6.22)

3−7 2 17 a−2 τ3
[
∂J /∂Y k

11

]
= 3−7 2 17 a−2 τ3

[
∂Jk/∂Y k

11

]
= 8

9

∫

M

α2β2
0
β2

1
fk7

[
∂fk7 /∂Y

k
11

]
dµ,

0 = A7

[
x3k−3
11 − x3k11

]
+B7Y

k
11 +Hk

7 , (6.23)

A7 =̇−

∫

M

α2β2
0
β2

1
U
[
3R + (1−α2)U

]
dµ = − 128

2625

(
5 θ

0
+ 5 θ

1
+ 5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1

)
,

B7 =̇
9
8

∫

M

α2β2
0
β2

1

[
3R+ (1−α2)U

]2
dµ = 192

6125

(
5 + 7 θ

0
+ 7 θ

1
+ 5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1

)
,

Hk
7 =̇−

∫

M

α2β2
0
β2

1
hk7

[
3R + (1−α2)U

]
dµ.

(6.24)

� 7. Ñîñòàâíûå ÷àñòíûå ïðîèçâîäíûå �óíêöèîíàëà íåâÿçîê

7.1. Ïðè êàæäîì k = 1, . . . , n ïåðåìåííàÿ x3k00 âõîäèò â ñîñòàâ ðîâíî äâóõ ñëàãàåìûõ �óíêöè-

îíàëà J (â Jk
è â Jk+1

), ñëåäîâàòåëüíî, â ñèëó (5.9) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

3−5 2 14 a−2 τ3
[
∂J /∂x3k00

]
= 3−5 2 14 a−2 τ3

[
∂Jk/∂x3k00 + ∂Jk+1/∂x3k00

]
=

=

∫

M

(

fk0
[
∂fk0 /∂x

3k
00

]
+ α2fk1

[
∂fk1 /∂x

3k
00

]
+ fk+1

0

[
∂fk+1

0 /∂x3k00
]
+ α2fk+1

1

[
∂fk+1

1 /∂x3k00
] )

dµ.

Âîñïîëüçîâàëèñü òåì îáñòîÿòåëüñòâîì, ÷òî ïåðåìåííàÿ x3k00 âõîäèò òîëüêî â ïîëèíîìû fk0 , f
k
1 .

Ïðèðàâíÿâ ÷àñòíóþ ïðîèçâîäíóþ ∂J /∂x3k00 íóëþ, ïîëó÷àåì óðàâíåíèå

0 = −

∫

M

[

fk0 + fk+1
0 + α2

(
fk1 − fk+1

1

) ]

S dµ.

Ïðèìåíèëè ðàâåíñòâà (6.1) è (6.4). Â ñèëó ýòèõ æå ðàâåíñòâ èìååì

fk0 + fk+1
0 = −

[
x3k−3
00 + 2x3k00 + x3k+3

00

]
S + 9

8

[
Xk

00 +Xk+1
00

] [
R+ (1−α2)S

]
+ hk0 + hk+1

0 ,
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fk1 − fk+1
1 =

[
x3k−3
00 − 2x3k00 + x3k+3

00

]
S − 9

8

[
Y k
00 − Y k+1

00

] [
3R+ (1−α2)S

]
+ hk1 − hk+1

1 .

Ñëåäîâàòåëüíî, óðàâíåíèå ïðèíèìàåò âèä

0 = C0

[
x3k−3
00 + 2x3k00 + x3k+3

00

]
+ 9

8 A0

[
Xk

00 +Xk+1
00

]
+Gk

0 +Gk+1
0 −

− C1

[
x3k−3
00 − 2x3k00 + x3k+3

00

]
− 9

8 A1

[
Y k
00 − Y k+1

00

]
+Gk

1 −Gk+1
1 , (7.1)

â êîòîðîì ÷èñëà A0 è A1 îïðåäåëåíû �îðìóëàìè (6.3) è (6.6),

C0 =̇

∫

M

S2 dµ = 64
45

(
3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1

)
, Gk

0 =̇−

∫

M

hk0 S dµ,

C1 =̇

∫

M

α2S2 dµ = 64
135

(
3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1

)
, Gk

1 =̇−

∫

M

α2hk1 S dµ.

(7.2)

7.2. Ïðè êàæäîì k = 1, . . . , n ïåðåìåííàÿ x3k01 âõîäèò â ñîñòàâ ðîâíî äâóõ ñëàãàåìûõ �óíêöè-

îíàëà J (â Jk
è â Jk+1

), ñëåäîâàòåëüíî, â ñèëó (5.9) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

3−5 2 14 a−2 τ3
[
∂J /∂x3k01

]
= 3−5 2 14 a−2 τ3

[
∂Jk/∂x3k01 + ∂Jk+1/∂x3k01

]
=

=

∫

M

(

β2
0
fk2

[
∂fk2 /∂x

3k
01

]
+ α2β2

0
fk3

[
∂fk3 /∂x

3k
01

]
+

+ β2
0
fk+1
2

[
∂fk+1

2 /∂x3k01
]
+ α2β2

0
fk+1
3

[
∂fk+1

3 /∂x3k01
] )

dµ.

Âîñïîëüçîâàëèñü òåì îáñòîÿòåëüñòâîì, ÷òî ïåðåìåííàÿ x3k01 âõîäèò òîëüêî â ïîëèíîìû fk2 , f
k
3 .

Ïðèðàâíÿâ ÷àñòíóþ ïðîèçâîäíóþ ∂J /∂x3k01 íóëþ, ïîëó÷àåì óðàâíåíèå

0 =

∫

M

[

β2
0

(
fk2 + fk+1

2

)
+ α2β2

0

(
fk3 − fk+1

3

) ]

P dµ.

Ïðèìåíèëè ðàâåíñòâà (6.7) è (6.10). Â ñèëó ýòèõ æå ðàâåíñòâ èìååì

fk2 + fk+1
2 =

[
x3k−3
01 + 2x3k01 + x3k+3

01

]
P − 9

8

[
Xk

01 +Xk+1
01

] [
R+ (1−α2)P

]
+ hk2 + hk+1

2 ,

fk3 − fk+1
3 = −

[
x3k−3
01 − 2x3k01 + x3k+3

01

]
P + 9

8

[
Y k
01 − Y k+1

01

] [
3R+ (1−α2)P

]
+ hk3 − hk+1

3 .

Ñëåäîâàòåëüíî, óðàâíåíèå ïðèíèìàåò âèä

0 = C2

[
x3k−3
01 + 2x3k01 + x3k+3

01

]
+ 9

8 A2

[
Xk

01 +Xk+1
01

]
+Gk

2 +Gk+1
2 −

− C3

[
x3k−3
01 − 2x3k01 + x3k+3

01

]
− 9

8 A3

[
Y k
01 − Y k+1

01

]
+Gk

3 −Gk+1
3 , (7.3)

â êîòîðîì ÷èñëà A2 è A3 îïðåäåëåíû �îðìóëàìè (6.9) è (6.12),

C2 =̇

∫

M

β2
0
P 2 dµ = 64

105

(
21 θ2

0
+ 7 θ

0
θ
1
+ θ2

1

)
, Gk

2 =̇

∫

M

β2
0
hk2 P dµ,

C3 =̇

∫

M

α2β2
0
P 2 dµ = 64

315

(
21 θ2

0
+ 7 θ

0
θ
1
+ θ2

1

)
, Gk

3 =̇

∫

M

α2β2
0
hk3 P dµ.

(7.4)

7.3. Ïðè êàæäîì k = 1, . . . , n ïåðåìåííàÿ x3k10 âõîäèò â ñîñòàâ ðîâíî äâóõ ñëàãàåìûõ �óíêöè-

îíàëà J (â Jk
è â Jk+1

), ñëåäîâàòåëüíî, â ñèëó (5.9) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

3−5 2 14 a−2 τ3
[
∂J /∂x3k10

]
= 3−5 2 14 a−2 τ3

[
∂Jk/∂x3k10 + ∂Jk+1/∂x3k10

]
=

=

∫

M

(

β2
1
fk4

[
∂fk4 /∂x

3k
10

]
+ α2β2

1
fk5

[
∂fk5 /∂x

3k
10

]
+

+ β2
1
fk+1
4

[
∂fk+1

4 /∂x3k10
]
+ α2β2

1
fk+1
5

[
∂fk+1

5 /∂x3k10
] )

dµ.
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Âîñïîëüçîâàëèñü òåì îáñòîÿòåëüñòâîì, ÷òî ïåðåìåííàÿ x3k10 âõîäèò òîëüêî â ïîëèíîìû fk4 , f
k
5 .

Ïðèðàâíÿâ ÷àñòíóþ ïðîèçâîäíóþ ∂J /∂x3k10 íóëþ, ïîëó÷àåì óðàâíåíèå

0 =

∫

M

[

β2
1

(
fk4 + fk+1

4

)
+ α2β2

1

(
fk5 − fk+1

5

) ]

Qdµ.

Ïðèìåíèëè ðàâåíñòâà (6.13) è (6.16). Â ñèëó ýòèõ æå ðàâåíñòâ èìååì

fk4 + fk+1
4 =

[
x3k−3
10 + 2x3k10 + x3k+3

10

]
Q− 9

8

[
Xk

10 +Xk+1
10

] [
R+ (1−α2)Q

]
+ hk4 + hk+1

4 ,

fk5 − fk+1
5 = −

[
x3k−3
10 − 2x3k10 + x3k+3

10

]
Q+ 9

8

[
Y k
10 − Y k+1

10

] [
3R+ (1−α2)Q

]
+ hk5 − hk+1

5 .

Ñëåäîâàòåëüíî, óðàâíåíèå ïðèíèìàåò âèä

0 = C4

[
x3k−3
10 + 2x3k10 + x3k+3

10

]
+ 9

8 A4

[
Xk

10 +Xk+1
10

]
+Gk

4 +Gk+1
4 −

− C5

[
x3k−3
10 − 2x3k10 + x3k+3

10

]
− 9

8 A5

[
Y k
10 − Y k+1

10

]
+Gk

5 −Gk+1
5 , (7.5)

â êîòîðîì ÷èñëà A4 è A5 îïðåäåëåíû �îðìóëàìè (6.15) è (6.18),

C4 =̇

∫

M

β2
1
Q2 dµ = 64

105

(
θ2
0
+ 7 θ

0
θ
1
+ 21 θ2

1

)
, Gk

4 =̇

∫

M

β2
1
hk4 Qdµ,

C5 =̇

∫

M

α2β2
1
Q2 dµ = 64

315

(
θ2
0
+ 7 θ

0
θ
1
+ 21 θ2

1

)
, Gk

5 =̇

∫

M

α2β2
1
hk5 Qdµ.

(7.6)

7.4. Ïðè êàæäîì k = 1, . . . , n ïåðåìåííàÿ x3k11 âõîäèò â ñîñòàâ ðîâíî äâóõ ñëàãàåìûõ �óíêöè-

îíàëà J (â Jk
è â Jk+1

), ñëåäîâàòåëüíî, â ñèëó (5.9) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

3−5 2 14 a−2 τ3
[
∂J /∂x3k11

]
= 3−5 2 14 a−2 τ3

[
∂Jk/∂x3k11 + ∂Jk+1/∂x3k11

]
=

=

∫

M

(

β2
0
β2

1
fk6

[
∂fk6 /∂x

3k
11

]
+ α2β2

0
β2

1
fk7

[
∂fk7 /∂x

3k
11

]
+

+ β2
0
β2

1
fk+1
6

[
∂fk+1

6 /∂x3k11
]
+ α2β2

0
β2

1
fk+1
7

[
∂fk+1

7 /∂x3k11
] )

dµ.

Âîñïîëüçîâàëèñü òåì îáñòîÿòåëüñòâîì, ÷òî ïåðåìåííàÿ x3k11 âõîäèò òîëüêî â ïîëèíîìû fk6 , f
k
7 .

Ïðèðàâíÿâ ÷àñòíóþ ïðîèçâîäíóþ ∂J /∂x3k11 íóëþ, ïîëó÷àåì óðàâíåíèå

0 = −

∫

M

[

β2
0
β2

1

(
fk6 + fk+1

6

)
+ α2β2

0
β2

1

(
fk7 − fk+1

7

) ]

U dµ.

Ïðèìåíèëè ðàâåíñòâà (6.19) è (6.22). Â ñèëó ýòèõ æå ðàâåíñòâ èìååì

fk6 + fk+1
6 = −

[
x3k−3
11 + 2x3k11 + x3k+3

11

]
U + 9

8

[
Xk

11 +Xk+1
11

] [
R+ (1−α2)U

]
+ hk6 + hk+1

6 ,

fk7 − fk+1
7 =

[
x3k−3
11 − 2x3k11 + x3k+3

11

]
U − 9

8

[
Y k
11 − Y k+1

11

] [
3R + (1−α2)U

]
+ hk7 − hk+1

7 .

Ñëåäîâàòåëüíî, óðàâíåíèå ïðèíèìàåò âèä

0 = C6

[
x3k−3
11 + 2x3k11 + x3k+3

11

]
+ 9

8 A6

[
Xk

11 +Xk+1
11

]
+Gk

6 +Gk+1
6 −

− C7

[
x3k−3
11 − 2x3k11 + x3k+3

11

]
− 9

8 A7

[
Y k
11 − Y k+1

11

]
+Gk

7 −Gk+1
7 , (7.7)

â êîòîðîì ÷èñëà A6 è A7 îïðåäåëåíû �îðìóëàìè (6.21) è (6.24),

C6 =̇

∫

M

β2
0
β2

1
U2 dµ = 64

175

(
5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1

)
, Gk

6 =̇−

∫

M

β2
0
β2

1
hk6 U dµ,

C7 =̇

∫

M

α2β2
0
β2

1
U2 dµ = 64

525

(
5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1

)
, Gk

7 =̇−

∫

M

α2β2
0
β2

1
hk7 U dµ.

(7.8)
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� 8. Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî

êîý��èöèåíòîâ îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà

8.1. Â ñèëó �îðìóë (6.2) è (6.5) äëÿ âñåõ k = 1, . . . , n ñïðàâåäëèâû ðàâåíñòâà

0 = A0

[
x3k−3
00 + 2x3k00 + x3k+3

00

]
+B0

[
Xk

00 +Xk+1
00

]
+Hk

0 +Hk+1
0 ,

0 = A1

[
x3k−3
00 − 2x3k00 + x3k+3

00

]
+B1

[
Y k
00 − Y k+1

00

]
+Hk

1 −Hk+1
1 .

Ñëåäîâàòåëüíî, âû÷èñëèâ ëèíåéíóþ êîìáèíàöèþ òðåõ óðàâíåíèé (äâóõ äàííûõ óðàâíåíèé

è óðàâíåíèÿ (7.1)) ñ êîý��èöèåíòàìè −9A0B1, 9A1B0 è 8B0B1 ñîîòâåòñòâåííî, ïîëó÷àåì óðàâ-

íåíèå, ñîäåðæàùåå ëèøü ïåðåìåííûå x3k−3
00 , x3k00 , x

3k+3
00 :

0 = d00 x
3k−3
00 + 2D00 x

3k
00 + d00 x

3k+3
00 + V k

00. (8.1)

Êîý��èöèåíòû óðàâíåíèÿ âû÷èñëèìû ÷åðåç ÷èñëà (6.3), (6.6) è (7.2):

D00 =̇B1

(
8B0C0 − 9A2

0

)
+B0

(
8B1C1 − 9A2

1

)
, d00 =̇B1

(
8B0C0− 9A2

0

)
−B0

(
8B1C1− 9A2

1

)
,

V k
00 =̇ 8B0B1

[
Gk

0 +Gk+1
0 +Gk

1 −Gk+1
1

]
− 9A0B1

[
Hk

0 +Hk+1
0

]
+ 9A1B0

[
Hk

1 −Hk+1
1

]
. (8.2)

8.2. Â ñèëó �îðìóë (6.8) è (6.11) äëÿ âñåõ k = 1, . . . , n ñïðàâåäëèâû ðàâåíñòâà

0 = A2

[
x3k−3
01 + 2x3k01 + x3k+3

01

]
+B2

[
Xk

01 +Xk+1
01

]
+Hk

2 +Hk+1
2 ,

0 = A3

[
x3k−3
01 − 2x3k01 + x3k+3

01

]
+B3

[
Y k
01 − Y k+1

01

]
+Hk

3 −Hk+1
3 .

Ñëåäîâàòåëüíî, âû÷èñëèâ ëèíåéíóþ êîìáèíàöèþ òðåõ óðàâíåíèé (äâóõ äàííûõ óðàâíåíèé

è óðàâíåíèÿ (7.3)) ñ êîý��èöèåíòàìè −9A2B3, 9A3B2 è 8B2B3 ñîîòâåòñòâåííî, ïîëó÷àåì óðàâ-

íåíèå, ñîäåðæàùåå ëèøü ïåðåìåííûå x3k−3
01 , x3k01 , x

3k+3
01 :

0 = d01 x
3k−3
01 + 2D01 x

3k
01 + d01 x

3k+3
01 + V k

01. (8.3)

Êîý��èöèåíòû óðàâíåíèÿ âû÷èñëèìû ÷åðåç ÷èñëà (6.9), (6.12) è (7.4):

D01 =̇B3

(
8B2C2 − 9A2

2

)
+B2

(
8B3C3 − 9A2

3

)
, d01 =̇B3

(
8B2C2− 9A2

2

)
−B2

(
8B3C3− 9A2

3

)
,

V k
01 =̇ 8B2B3

[
Gk

2 +Gk+1
2 +Gk

3 −Gk+1
3

]
− 9A2B3

[
Hk

2 +Hk+1
2

]
+ 9A3B2

[
Hk

3 −Hk+1
3

]
. (8.4)

8.3. Â ñèëó �îðìóë (6.14) è (6.17) äëÿ âñåõ k = 1, . . . , n ñïðàâåäëèâû ðàâåíñòâà

0 = A4

[
x3k−3
10 + 2x3k10 + x3k+3

10

]
+B4

[
Xk

10 +Xk+1
10

]
+Hk

4 +Hk+1
4 ,

0 = A5

[
x3k−3
10 − 2x3k10 + x3k+3

10

]
+B5

[
Y k
10 − Y k+1

10

]
+Hk

5 −Hk+1
5 .

Ñëåäîâàòåëüíî, âû÷èñëèâ ëèíåéíóþ êîìáèíàöèþ òðåõ óðàâíåíèé (äâóõ äàííûõ óðàâíåíèé

è óðàâíåíèÿ (7.5)) ñ êîý��èöèåíòàìè −9A4B5, 9A5B4 è 8B4B5 ñîîòâåòñòâåííî, ïîëó÷àåì óðàâ-

íåíèå, ñîäåðæàùåå ëèøü ïåðåìåííûå x3k−3
10 , x3k10 , x

3k+3
10 :

0 = d10 x
3k−3
10 + 2D10 x

3k
10 + d10 x

3k+3
10 + V k

10. (8.5)

Êîý��èöèåíòû óðàâíåíèÿ âû÷èñëèìû ÷åðåç ÷èñëà (6.15), (6.18) è (7.6):

D10 =̇B5

(
8B4C4 − 9A2

4

)
+B4

(
8B5C5 − 9A2

5

)
, d10 =̇B5

(
8B4C4− 9A2

4

)
−B4

(
8B5C5− 9A2

5

)
,

V k
10 =̇ 8B4B5

[
Gk

4 +Gk+1
4 +Gk

5 −Gk+1
5

]
− 9A4B5

[
Hk

4 +Hk+1
4

]
+ 9A5B4

[
Hk

5 −Hk+1
5

]
. (8.6)

8.4. Â ñèëó �îðìóë (6.20) è (6.23) äëÿ âñåõ k = 1, . . . , n ñïðàâåäëèâû ðàâåíñòâà

0 = A6

[
x3k−3
11 + 2x3k11 + x3k+3

11

]
+B6

[
Xk

11 +Xk+1
11

]
+Hk

6 +Hk+1
6 ,
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0 = A7

[
x3k−3
11 − 2x3k11 + x3k+3

11

]
+B7

[
Y k
11 − Y k+1

11

]
+Hk

7 −Hk+1
7 .

Ñëåäîâàòåëüíî, âû÷èñëèâ ëèíåéíóþ êîìáèíàöèþ òðåõ óðàâíåíèé (äâóõ äàííûõ óðàâíåíèé

è óðàâíåíèÿ (7.7)) ñ êîý��èöèåíòàìè −9A6B7, 9A7B6 è 8B6B7 ñîîòâåòñòâåííî, ïîëó÷àåì óðàâ-

íåíèå, ñîäåðæàùåå ëèøü ïåðåìåííûå x3k−3
11 , x3k11, x

3k+3
11 :

0 = d11 x
3k−3
11 + 2D11 x

3k
11 + d11 x

3k+3
11 + V k

11. (8.7)

Êîý��èöèåíòû óðàâíåíèÿ âû÷èñëèìû ÷åðåç ÷èñëà (6.21), (6.24) è (7.8):

D11 =̇B7

(
8B6C6− 9A2

6

)
+B6

(
8B7C7 − 9A2

7

)
, d11 =̇B7

(
8B6C6 − 9A2

6

)
−B6

(
8B7C7 − 9A2

7

)
,

V k
11 =̇ 8B6B7

[
Gk

6 +Gk+1
6 +Gk

7 −Gk+1
7

]
− 9A6B7

[
Hk

6 +Hk+1
6

]
+ 9A7B6

[
Hk

7 −Hk+1
7

]
. (8.8)

8.5. Òàêèì îáðàçîì, ìû ïîëó÷èëè èòîãîâóþ ñèñòåìó

0 = dij x
3k−3
ij + 2Dij x

3k
ij + dij x

3k+3
ij + V k

ij , k = 1, . . . , n, (i, j) ∈ {0, 1}2, (8.9)

0 = A0

[
x3k−3
00 + x3k00

]
+B0X

k
00 +Hk

0 , 0 = A1

[
x3k−3
00 − x3k00

]
+B1Y

k
00 +Hk

1 , k = 1, . . . , N,

0 = A2

[
x3k−3
01 + x3k01

]
+B2X

k
01 +Hk

2 , 0 = A3

[
x3k−3
01 − x3k01

]
+B3Y

k
01 +Hk

3 , k = 1, . . . , N,

0 = A4

[
x3k−3
10 + x3k10

]
+B4X

k
10 +Hk

4 , 0 = A5

[
x3k−3
10 − x3k10

]
+B5Y

k
10 +Hk

5 , k = 1, . . . , N,

0 = A6

[
x3k−3
11 + x3k11

]
+B6X

k
11 +Hk

6 , 0 = A7

[
x3k−3
11 − x3k11

]
+B7Y

k
11 +Hk

7 , k = 1, . . . , N,

(8.10)

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ëèíåéíûõ êîìáèíàöèé

x3k00 , x
3k
01, x

3k
10 , x

3k
11 , k = 1, . . . , n, Xk

00, Y
k
00, X

k
01, Y

k
01, X

k
10, Y

k
10, X

k
11, Y

k
11, k = 1, . . . , N,

êîý��èöèåíòîâ îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà. Ñîâîêóïíîñòü (8.9) ïðåäñòàâëÿ-

åò ñîáîé åäèíîîáðàçíóþ çàïèñü óðàâíåíèé (8.1), (8.3), (8.5), (8.7). Ñîâîêóïíîñòü (8.10) � ýòî

óðàâíåíèÿ (6.2), (6.5), (6.8), (6.11), (6.14), (6.17), (6.20), (6.23). Êîëè÷åñòâî óðàâíåíèé â ñèñòåìå

(8.9)�(8.10) ðàâíî 12N−4, êîëè÷åñòâî íåèçâåñòíûõ òàêîå æå.

Ò å î ð å ì à 1. Ñèñòåìà (8.9)�(8.10) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî òåîðåìû ñîñòàâëÿåò ñîäåðæàíèå ñëåäóþùåãî ïàðàãðà�à. Çäåñü æå îòìåòèì

ëèøü îñíîâíûå àñïåêòû ïîöåäóðû ðåøåíèÿ ñèñòåìû. Ïðè êàæäîì (i, j) ∈ {0, 1}2 ìàòðèöà ñè-

ñòåìû 0 = dij x
3k−3
ij + 2Dij x

3k
ij + dij x

3k+3
ij + V k

ij îòíîñèòåëüíî íåèçâåñòíûõ x3ij, . . . , x
3k
ij , . . . , x

3n
ij

èìååò òðåõäèàãîíàëüíûé âèä (èç îïðåäåëåíèé äîïóñòèìîãî ìàññèâà è (2.2) ñïðàâåäëèâû ðàâåí-

ñòâà x0ij = x3Nij = 0). Îäíèì èç äîñòàòî÷íûõ óñëîâèé åå îäíîçíà÷íîé ðàçðåøèìîñòè ÿâëÿåòñÿ

óñëîâèå äîìèíèðîâàíèÿ ãëàâíîé äèàãîíàëè, òî åñòü âûïîëíåíèå íåðàâåíñòâà |Dij | > | dij | (÷òî
äåéñòâèòåëüíî èìååò ìåñòî). Òàêèì îáðàçîì, ðåøèâ (íàïðèìåð, ìåòîäîì ïðîãîíêè) êàæäóþ èç

÷åòûðåõ ïîäñèñòåì ñèñòåìû (8.9), íàõîäèì âñå çíà÷åíèÿ

x3k00 , x
3k
01, x

3k
10 , x

3k
11 , k = 1, . . . , n.

Ïîñëå ýòîãî èç óðàâíåíèé (8.10) ÿâíî âû÷èñëÿåì âñå çíà÷åíèÿ

Xk
00, Y

k
00, X

k
01, Y

k
01, X

k
10, Y

k
10, X

k
11, Y

k
11, k = 1, . . . , N.

Ïîëó÷åííûå çíà÷åíèÿ ïîçâîëÿþò íàéòè ïî �îðìóëàì (3.1) âñå çíà÷åíèÿ

x3k−2
00 , x3k−2

01 , x3k−2
10 , x3k−2

11 , x3k−1
00 , x3k−1

01 , x3k−1
10 , x3k−1

11 , k = 1, . . . , N,

è â êîíå÷íîì ñ÷åòå íàéòè ïî �îðìóëàì (2.3) âñå èñêîìûå âåëè÷èíû

ui11, u
i
12, u

i
21, u

i
22, i = 1, . . . , 3N−1.
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� 9. Äîêàçàòåëüñòâî òåîðåìû

Äîñòàòî÷íî ïîêàçàòü ÷åòûðå íåðàâåíñòâà |Dij | > | dij |, (i, j) ∈ {0, 1}2.
9.1. Ïóñòü (i, j) = (0, 0). Îïðåäåëèì ëîêàëüíûå ÷èñëà a =̇ θ

0
+θ

1
, b =̇ 3 θ2

0
+5 θ

0
θ
1
+3 θ2

1
, c =̇ a−2b.

Òîãäà b = c a2, à â ñîîòâåòñòâèè ñ �îðìóëàìè (6.3), (6.6) è (7.2) ñïðàâåäëèâû ðàâåíñòâà

A0 = −128
135 a (3 + c a), B0 =

64
75 (3 + 5 a+ c a2), C0 =

64
45 c a

2,

A1 = −128
675 a (15 + c a), B1 =

64
525 (63 + 21 a+ c a2), C1 =

64
135 c a

2.

Ïóñòü, äàëåå, γ =̇ 2 21 3−5 5−6 7−1 a2,

∆=̇ 945 (2 c − 5) + 630 (2 c − 5) a+ 9 (29 c − 50) c a2 + 30 c2a3 + 2 c3a4,

δ =̇ 945 (2 c − 5)− 315 (2 c − 5) a + 9 (75 − 13 c) c a2 + 45 c2a3 + c3a4.

Ïðîâåðêà ñïðàâåäëèâîñòè ðàâåíñòâ

B1

(
8B0C0−9A2

0

)
+B0

(
8B1C1−9A2

1

)
= 2 γ∆, B1

(
8B0C0−9A2

0

)
−B0

(
8B1C1−9A2

1

)
= γ δ

òðåáóåò îïðåäåëåííûõ óñèëèé. Ñëåäîâàòåëüíî, äâå ïåðâûå �îðìóëû (8.2) ïðèîáðåòàþò âèä

D00 = 2 γ∆ è d00 = γ δ ñîîòâåòñòâåííî, à äëÿ óðàâíåíèé (8.9) èìååò ìåñòî ïðåäñòàâëåíèå

0 = δ x3k−3
00 + 4∆x3k00 + δ x3k+3

00 + γ−1V k
00, k = 1, . . . , n.

Ïóñòü λ =̇ θ
1
/θ

0
> 0, òîãäà θ

1
= λ θ

0
è

c = a−2b = ( θ
0
+ θ

1
)−2 ( 3 θ2

0
+ 5 θ

0
θ
1
+ 3 θ2

1
) = (1 + λ)−2 ( 3 + 5λ+ 3λ2).

Òàê êàê dc/dλ = (1+λ)−3 (λ−1), òî ðàöèîíàëüíàÿ �óíêöèÿ λ ∈ (0,∞) → c ∈ R âåäåò ñåáÿ

ñëåäóþùèì îáðàçîì: îíà ìîíîòîííî óáûâàåò íà èíòåðâàëå (0, 1) îò çíà÷åíèÿ 3 äî

11
4 , à íà èí-

òåðâàëå (1,∞) îíà ìîíîòîííî ðàñòåò, àñèìïòîòè÷åñêè ïðèáëèæàÿñü ê ÷èñëó 3. Òàêèì îáðàçîì,

c ∈
[
11
4 , 3

)
. Â ñèëó ýòîãî îáñòîÿòåëüñòâà ñïðàâåäëèâû îöåíêè 2 c−5 > 0 è 29 c−50 > 0, ïîýòîìó

∆ > 0, à òàê êàê 3− a = 3− θ
0
− θ

1
> 5

7 − θ
0
− θ

1
> 0 (ñì. (7)), òî

δ = 315 (2 c − 5) (3 − a) + 9 (75 − 13 c) c a2 + 45 c2a3 + c3a4 > 0.

Êðîìå òîãî, 3∆− 2 δ = 945 (2 c − 5) + 2520 (2 c − 5) a+ 9 (113 c − 300) c a2 + 4 c3a4 > 0. Ñëåäîâà-
òåëüíî, | 4∆ | − 2 | δ | = 4∆ − 2 δ > 3∆ − 2 δ > 0, ïîýòîìó |D00 | > | d00 |.

9.2. Ïóñòü (i, j) = (0, 1). Îïðåäåëèì ÷èñëà a =̇ 21 θ
0
+5 θ

1
, b =̇ 21 θ2

0
+7 θ

0
θ
1
+ θ2

1
, c =̇ a−2b. Òîãäà

b = c a2, à â ñîîòâåòñòâèè ñ �îðìóëàìè (6.9), (6.12) è (7.4) ñïðàâåäëèâû ðàâåíñòâà

A2 = − 128
1575 a (1 + 5 c a), B2 =

64
525 (3 + a+ 3 c a2), C2 =

64
105 c a

2,

A3 = − 128
1575 a (1 + c a), B3 =

64
6125 (105 + 7 a+ 5 c a2), C3 =

64
315 c a

2.

Ïóñòü, äàëåå, γ =̇ 2 21 3−3 5−7 7−4 a2,

∆=̇ 105 (30 c − 1) + 14 (30 c − 1) a+ 15 (87 c − 2) c a2 + 30 c2a3 + 30 c3a4,

δ =̇ 105 (30 c − 1)− 7 (30 c − 1) a + 45 (1 − 13 c) c a2 + 45 c2a3 + 15 c3a4.

Ïðîâåðêà ñïðàâåäëèâîñòè ðàâåíñòâ

B3

(
8B2C2−9A2

2

)
+B2

(
8B3C3−9A2

3

)
= 2 γ∆, B3

(
8B2C2−9A2

2

)
−B2

(
8B3C3−9A2

3

)
= γ δ

òðåáóåò îïðåäåëåííûõ óñèëèé. Ñëåäîâàòåëüíî, äâå ïåðâûå �îðìóëû (8.4) ïðèîáðåòàþò âèä

D01 = 2 γ∆ è d01 = γ δ ñîîòâåòñòâåííî, à äëÿ óðàâíåíèé (8.9) èìååò ìåñòî ïðåäñòàâëåíèå

0 = δ x3k−3
01 + 4∆x3k01 + δ x3k+3

01 + γ−1V k
01, k = 1, . . . , n.
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Ïóñòü λ =̇ θ
1
/θ

0
> 0, òîãäà θ

1
= λ θ

0
è

c = a−2b = (21 θ
0
+ 5 θ

1
)−2 ( 21 θ2

0
+ 7 θ

0
θ
1
+ θ2

1
) = (21 + 5λ)−2 ( 21 + 7λ+ λ2).

Òàê êàê dc /dλ = 7 (21+5λ)−3 (λ−9), òî ðàöèîíàëüíàÿ �óíêöèÿ λ ∈ (0,∞) → c ∈ R âåäåò

ñåáÿ ñëåäóþùèì îáðàçîì: îíà ìîíîòîííî óáûâàåò íà èíòåðâàëå (0, 9) îò çíà÷åíèÿ

1
21 äî

5
132 ,

à íà èíòåðâàëå (9,∞) îíà ìîíîòîííî ðàñòåò, àñèìïòîòè÷åñêè ïðèáëèæàÿñü ê ÷èñëó

1
25 . Òàêèì

îáðàçîì, c ∈
[

5
132 ,

1
21

)
. Â ñèëó ýòîãî îáñòîÿòåëüñòâà ñïðàâåäëèâû îöåíêè 30 c−1 > 0, 87 c−2 > 0,

ïîýòîìó ∆ > 0, à òàê êàê 15− a = 15 − 21 θ
0
− 5 θ

1
> 21 ( 5

7 − θ
0
− θ

1
) > 0, òî

δ = 7 (30 c − 1) (15 − a) + 45 (1 − 13 c) c a2 + 45 c2a3 + 15 c3a4 > 0.

Êðîìå òîãî, 3∆− 2 δ = 105 (30 c − 1) + 56 (30 c − 1) a+ 45 (113 c − 4) c a2 + 60 c3a4 > 0. Ñëåäîâà-
òåëüíî, | 4∆ | − 2 | δ | = 4∆− 2 δ > 3∆− 2 δ > 0, ïîýòîìó |D01 | > | d01 |.

9.3. Ïóñòü (i, j) = (1, 0). Îïðåäåëèì ÷èñëà a =̇ 5 θ
0
+21 θ

1
, b =̇ θ2

0
+7 θ

0
θ
1
+21 θ2

1
, c =̇ a−2b. Òîãäà

b = c a2, à â ñîîòâåòñòâèè ñ �îðìóëàìè (6.15), (6.18) è (7.6) ñïðàâåäëèâû ðàâåíñòâà

A4 = − 128
1575 a (1 + 5 c a), B4 =

64
525 (3 + a+ 3 c a2), C4 =

64
105 c a

2,

A5 = − 128
1575 a (1 + c a), B5 =

64
6125 (105 + 7 a+ 5 c a2), C5 =

64
315 c a

2.

Ïóñòü, äàëåå, γ =̇ 2 21 3−3 5−7 7−4 a2,

∆=̇105 (30 c − 1) + 14 (30 c − 1) a+ 15 (87 c − 2) c a2 + 30 c2a3 + 30 c3a4,

δ =̇ 105 (30 c − 1)− 7 (30 c − 1) a+ 45 (1 − 13 c) c a2 + 45 c2a3 + 15 c3a4.

Ïðîâåðêà ñïðàâåäëèâîñòè ðàâåíñòâ

B5

(
8B4C4−9A2

4

)
+B4

(
8B5C5−9A2

5

)
= 2 γ∆, B5

(
8B4C4−9A2

4

)
−B4

(
8B5C5−9A2

5

)
= γ δ

òðåáóåò îïðåäåëåííûõ óñèëèé. Ñëåäîâàòåëüíî, äâå ïåðâûå �îðìóëû (8.6) ïðèîáðåòàþò âèä

D10 = 2 γ∆ è d10 = γ δ ñîîòâåòñòâåííî, à äëÿ óðàâíåíèé (8.9) èìååò ìåñòî ïðåäñòàâëåíèå

0 = δ x3k−3
10 + 4∆x3k10 + δ x3k+3

10 + γ−1V k
10, k = 1, . . . , n.

Ïóñòü λ =̇ θ
0
/θ

1
> 0, òîãäà θ

0
= λ θ

1
è

c = a−2b = (5 θ
0
+ 21 θ

1
)−2 ( θ2

0
+ 7 θ

0
θ
1
+ 21 θ2

1
) = (5λ+ 21)−2 (λ2 + 7λ+ 21).

Òàê êàê dc /dλ = 7 (5λ+21)−3 (λ−9), òî ðàöèîíàëüíàÿ �óíêöèÿ λ ∈ (0,∞) → c ∈ R âåäåò

ñåáÿ ñëåäóþùèì îáðàçîì: îíà ìîíîòîííî óáûâàåò íà èíòåðâàëå (0, 9) îò çíà÷åíèÿ

1
21 äî

5
132 ,

à íà èíòåðâàëå (9,∞) îíà ìîíîòîííî ðàñòåò, àñèìïòîòè÷åñêè ïðèáëèæàÿñü ê ÷èñëó

1
25 . Òàêèì

îáðàçîì, c ∈
[

5
132 ,

1
21

)
. Â ñèëó ýòîãî îáñòîÿòåëüñòâà ñïðàâåäëèâû îöåíêè 30 c−1 > 0, 87 c−2 > 0,

ïîýòîìó ∆ > 0, à òàê êàê 15− a = 15 − 5 θ
0
− 21 θ

1
> 21 ( 5

7 − θ
0
− θ

1
) > 0, òî

δ = 7 (30 c − 1) (15 − a) + 45 (1 − 13 c) c a2 + 45 c2a3 + 15 c3a4 > 0.

Êðîìå òîãî, 3∆− 2 δ = 105 (30 c − 1) + 56 (30 c − 1) a+ 45 (113 c − 4) c a2 + 60 c3a4 > 0. Ñëåäîâà-
òåëüíî, | 4∆ | − 2 | δ | = 4∆− 2 δ > 3∆− 2 δ > 0, ïîýòîìó |D10 | > | d10 |.

9.4. Ïóñòü (i, j) = (1, 1). Îïðåäåëèì ÷èñëà a =̇ θ
0
+ θ

1
, b =̇ 5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1
, c =̇ a−2b. Òîãäà

b = c a2, à â ñîîòâåòñòâèè ñ �îðìóëàìè (6.21), (6.24) è (7.8) ñïðàâåäëèâû ðàâåíñòâà

A6 = −128
525 a (1 + c a), B6 =

64
6125 (5 + 35 a+ 21 c a2), C6 =

64
175 c a

2,

A7 = − 128
2625 a (5 + c a), B5 =

192
6125 (5 + 7 a+ c a2), C7 =

64
525 c a

2.
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Ïóñòü, äàëåå, γ =̇ 2 21 5−9 7−5 a2,

∆=̇ 125 (2 c − 7) + 350 (2 c − 7) a+ 15 (29 c − 70) c a2 + 210 c2a3 + 42 c3a4,

δ =̇ 125 (2 c − 7)− 175 (2 c − 7) a+ 15 (105 − 13 c) c a2 + 315 c2a3 + 21 c3a4.

Ïðîâåðêà ñïðàâåäëèâîñòè ðàâåíñòâ

B7

(
8B6C6−9A2

6

)
+B6

(
8B7C7−9A2

7

)
= 2 γ∆, B7

(
8B6C6−9A2

6

)
−B6

(
8B7C7−9A2

7

)
= γ δ

òðåáóåò îïðåäåëåííûõ óñèëèé. Ñëåäîâàòåëüíî, äâå ïåðâûå �îðìóëû (8.8) ïðèîáðåòàþò âèä

D11 = 2 γ∆ è d11 = γ δ ñîîòâåòñòâåííî, à äëÿ óðàâíåíèé (8.9) èìååò ìåñòî ïðåäñòàâëåíèå

0 = δ x3k−3
11 + 4∆x3k11 + δ x3k+3

11 + γ−1V k
11, k = 1, . . . , n.

Ïóñòü λ =̇ θ
1
/θ

0
> 0, òîãäà θ

1
= λ θ

0
è

c = a−2b = ( θ
0
+ θ

1
)−2 ( 5 θ2

0
+ 7 θ

0
θ
1
+ 5 θ2

1
) = (1 + λ)−2 ( 5 + 7λ+ 5λ2).

Òàê êàê dc /dλ = 3 (1+λ)−3 (λ− 1), òî ðàöèîíàëüíàÿ �óíêöèÿ λ ∈ (0,∞) → c ∈ R âåäåò

ñåáÿ ñëåäóþùèì îáðàçîì: îíà ìîíîòîííî óáûâàåò íà èíòåðâàëå (0, 1) îò çíà÷åíèÿ 5 äî

17
4 ,

à íà èíòåðâàëå (1,∞) îíà ìîíîòîííî ðàñòåò, àñèìïòîòè÷åñêè ïðèáëèæàÿñü ê ÷èñëó 5. Òàêèì
îáðàçîì, c ∈

[
17
4 , 5

)
. Â ñèëó ýòîãî îáñòîÿòåëüñòâà ñïðàâåäëèâû îöåíêè 2 c−7 > 0, 29 c−70 > 0,

ïîýòîìó ∆ > 0, à òàê êàê 5− 7 a = 5− 7 θ
0
− 7 θ

1
> 0, òî

δ = 25 (2 c − 7) (5 − 7 a) + 15 (105 − 13 c) c a2 + 315 c2a3 + 21 c3a4 > 0.

Êðîìå òîãî, 3∆− 2 δ = 125 (2 c − 7) + 1400 (2 c − 7) a+ 15 (113 c − 420) c a2 + 84 c3a4 > 0. Ñëåäî-
âàòåëüíî, | 4∆ | − 2 | δ | = 4∆− 2 δ > 3∆− 2 δ > 0, ïîýòîìó |D11 | > | d11 |.

� 10. Ôîðìóëû äëÿ ñâîáîäíûõ êîý��èöèåíòîâ ñèñòåìû ëèíåéíûõ

àëãåáðàè÷åñêèõ óðàâíåíèé

Â ïðåäûäóùèõ ïîñòðîåíèÿõ çíà÷åíèÿ ñâîáîäíûõ êîý��èöèåíòîâ

Hk
0 , . . . ,H

k
7 , k = 1, . . . , N, V k

00, V k
01, V k

10, V k
11, k = 1, . . . , n,

ñèñòåìû (8.9)�(8.10) íå áûëè âîñòðåáîâàíû. Ïîëàãàåì, îäíàêî, ÷òî äëÿ óäîáñòâà ðåàëèçàöèè

ïðîöåäóðû ðåøåíèÿ ñèñòåìû íåîáõîäèìî ïðèâåñòè ýòè çíà÷åíèÿ â ïîëíîì îáúåìå. Óìåñòíî

òàêæå îòìåòèòü ñëåäóþùåå âàæíîå îáñòîÿòåëüñòâî. Êàæäûé ñâîáîäíûé êîý��èöèåíò ÿâëÿåòñÿ

ëèíåéíîé êîìáèíàöèåé êàê ìèíèìóì 48-ìè ãðàíè÷íûõ ýëåìåíòîâ äîïóñòèìîãî ìàññèâà

(
uijr

)
,

i = 0, 1, . . . , 3N, j, r = 0, 1, 2, 3. Ïîÿñíèì ñêàçàííîå íà ïðèìåðå âû÷èñëåíèÿ âåëè÷èí Hk
0 è Gk

0 .

10.1. Ñîãëàñíî (6.3) è (5.7) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

Hk
0 = −1

9

[ 〈
b00, pk

〉
I + 8

〈
a00, zk

〉
K
] ∫

M

[
R+ (1−α2)S

]
dµ +

+
〈
a00, zk

〉
I0

∫

M

( 1−β2
0
)
[
R+ (1−α2)S

]
dµ+

〈
a00, zk

〉
I1

∫

M

( 1−β2
1
)
[
R+ (1−α2)S

]
dµ +

+
〈
b00, zk

〉
I

∫

M

α2
[
R+ (1−α2)S

]
dµ,

à â ñèëó îïðåäåëåíèé (3.5) âû÷èñëèìû âñå èíòåãðàëû:

Hk
0 = −32

81

(
1 + θ

0
+ θ

1

) [ 〈
b00, pk

〉
I + 8

〈
a00, zk

〉
K
]

+ 64
135

(
6 + 5 θ

0
+ 6 θ

1

) 〈
a00, zk

〉
I0 +

+ 64
135

(
6 + 6 θ

0
+ 5 θ

1

) 〈
a00, zk

〉
I1 + 32

135

(
5 + 3 θ

0
+ 3 θ

1

) 〈
b00, zk

〉
I .
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Ñëåäîâàòåëüíî, èìååò ìåñòî ïðåäñòàâëåíèå

Hk
0 = −32

81

(
1 + θ

0
+ θ

1

) [ ∑

(j,r)∈I

b00jr p
k
jr + 8

∑

(j,r)∈K

a00jr z
k
jr

]

+ 64
135

(
6 + 5 θ

0
+ 6 θ

1

) ∑

(j,r)∈I0

a00jr z
k
jr +

+ 64
135

(
6 + 6 θ

0
+ 5 θ

1

) ∑

(j,r)∈I1

a00jr z
k
jr +

32
135

(
5 + 3 θ

0
+ 3 θ

1

) ∑

(j,r)∈I

b00jr z
k
jr,

â êîòîðîì �èãóðèðóþò êîíñòàíòû a00jr è b
00
jr , îïðåäåëåííûå â òàáëèöå 1, è ãðàíè÷íûå êîíå÷íûå

ðàçíîñòè zkjr, w
k
jr, p

k
jr, q

k
jr, îïðåäåëåííûå â (5.1) è ÿâëÿþùèåñÿ ëèíåéíûìè êîìáèíàöèÿìè

ãðàíè÷íûõ ýëåìåíòîâ äîïóñòèìîãî ìàññèâà

(
uijr

)
, i = 0, 1, . . . , 3N, j, r = 0, 1, 2, 3.

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì �îðìóëû äëÿ îñòàëüíûõ êîý��èöèåíòîâ Hk
1 , . . . ,H

k
7 (îò-

òàëêèâàÿñü îò îïðåäåëåíèé (6.6), (6.9), (6.12), (6.15), (6.18), (6.21), (6.24)):

Hk
1 = − 32

405

(
5+ θ

0
+ θ

1

) [ ∑

(j,r)∈I

b00jr q
k
jr+24

∑

(j,r)∈K

a00jr w
k
jr

]

+ 64
225

(
30+5 θ

0
+6 θ

1

) ∑

(j,r)∈I0

a00jr w
k
jr+

+ 64
225

(
30 + 6 θ

0
+ 5 θ

1

) ∑

(j,r)∈I1

a00jr w
k
jr +

32
105

(
7 + θ

0
+ θ

1

) ∑

(j,r)∈I

b00jr w
k
jr,

Hk
2 = 32

405

(
1 + 5 θ

0
+ θ

1

) [ ∑

(j,r)∈I

b01jr p
k
jr + 8

∑

(j,r)∈K

a01jr z
k
jr

]

− 64
315

(
2 + 7 θ

0
+ 2 θ

1

) ∑

(j,r)∈I0

a01jr z
k
jr −

− 64
675

(
6 + 30 θ

0
+ 5 θ

1

) ∑

(j,r)∈I1

a01jr z
k
jr −

32
675

(
5 + 15 θ

0
+ 3 θ

1

) ∑

(j,r)∈I

b01jr z
k
jr,

Hk
3 = 32

2025

(
5+5 θ

0
+θ

1

) [ ∑

(j,r)∈I

b01jr q
k
jr+24

∑

(j,r)∈K

a01jr w
k
jr

]

− 64
525

(
10+7 θ

0
+2 θ

1

) ∑

(j,r)∈I0

a01jr w
k
jr−

− 64
225

(
6 + 6 θ

0
+ θ

1

) ∑

(j,r)∈I1

a01jr w
k
jr −

32
525

(
7 + 5 θ

0
+ θ

1

) ∑

(j,r)∈I

b01jr w
k
jr,

Hk
4 = 32

405

(
1 + θ

0
+ 5 θ

1

) [ ∑

(j,r)∈I

b10jr p
k
jr + 8

∑

(j,r)∈K

a10jr z
k
jr

]

− 64
675

(
6 + 5 θ

0
+ 30 θ

1

) ∑

(j,r)∈I0

a10jr z
k
jr −

− 64
315

(
2 + 2 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a10jr z
k
jr −

32
675

(
5 + 3 θ

0
+ 15 θ

1

) ∑

(j,r)∈I

b10jr z
k
jr,

Hk
5 = 32

2025

(
5 + θ

0
+ 5 θ

1

) [ ∑

(j,r)∈I

b10jr q
k
jr + 24

∑

(j,r)∈K

a10jr w
k
jr

]

− 64
225

(
6 + θ

0
+ 6 θ

1

) ∑

(j,r)∈I0

a10jr w
k
jr −

− 64
525

(
10 + 2 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a10jr w
k
jr −

32
525

(
7 + θ

0
+ 5 θ

1

) ∑

(j,r)∈I

b10jr w
k
jr,

Hk
6 = − 32

2025

(
1+5 θ

0
+5 θ

1

) [ ∑

(j,r)∈I

b11jr p
k
jr+8

∑

(j,r)∈K

a11jr z
k
jr

]

+ 64
1575

(
2+7 θ

0
+10 θ

1

) ∑

(j,r)∈I0

a11jr z
k
jr+

+ 64
1575

(
2 + 10 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a11jr z
k
jr +

32
675

(
1 + 3 θ

0
+ 3 θ

1

) ∑

(j,r)∈I

b11jr z
k
jr,

Hk
7 = − 32

2025

(
1+θ

0
+θ

1

) [ ∑

(j,r)∈I

b11jr q
k
jr+24

∑

(j,r)∈K

a11jr w
k
jr

]

+ 64
2625

(
10+7 θ

0
+10 θ

1

) ∑

(j,r)∈I0

a11jr w
k
jr+

+ 64
2625

(
10 + 10 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a11jr w
k
jr +

32
2625

(
7 + 5 θ

0
+ 5 θ

1

) ∑

(j,r)∈I

b11jr w
k
jr.

10.2. Ñîãëàñíî (7.2) è (5.7) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

Gk
0 = 1

9

[ 〈
b00, pk

〉
I + 8

〈
a00, zk

〉
K
] ∫

M

S dµ−
〈
a00, zk

〉
I0

∫

M

( 1−β2
0
)S dµ −
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−
〈
a00, zk

〉
I1

∫

M

( 1−β2
1
)S dµ −

〈
b00, zk

〉
I

∫

M

α2 S dµ,

à â ñèëó îïðåäåëåíèé (3.5) âû÷èñëèìû âñå èíòåãðàëû:

Gk
0 = 16

27

(
θ
0
+ θ

1

) [ ∑

(j,r)∈I

b00jr p
k
jr + 8

∑

(j,r)∈K

a00jr z
k
jr

]

− 32
45

(
5 θ

0
+ 6 θ

1

) ∑

(j,r)∈I0

a00jr z
k
jr −

− 32
45

(
6 θ

0
+ 5 θ

1

) ∑

(j,r)∈I1

a00jr z
k
jr −

16
9

(
θ
0
+ θ

1

) ∑

(j,r)∈I

b00jr z
k
jr.

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì �îðìóëû äëÿ îñòàëüíûõ êîý��èöèåíòîâ Gk
1 , . . . , G

k
7 (îòòàë-

êèâàÿñü îò îïðåäåëåíèé (7.2), (7.4), (7.6), (7.8)):

Gk
1 = −16

81

(
θ
0
+ θ

1

) [ ∑

(j,r)∈I

b00jr q
k
jr + 24

∑

(j,r)∈K

a00jr w
k
jr

]

+ 32
45

(
5 θ

0
+ 6 θ

1

) ∑

(j,r)∈I0

a00jr w
k
jr +

+ 32
45

(
6 θ

0
+ 5 θ

1

) ∑

(j,r)∈I1

a00jr w
k
jr +

16
15

(
θ
0
+ θ

1

) ∑

(j,r)∈I

b00jr w
k
jr,

Gk
2 = − 16

135

(
5 θ

0
+ θ

1

) [ ∑

(j,r)∈I

b01jr p
k
jr + 8

∑

(j,r)∈K

a01jr z
k
jr

]

+ 32
105

(
7 θ

0
+ 2 θ

1

) ∑

(j,r)∈I0

a01jr z
k
jr +

+ 32
45

(
6 θ

0
+ θ

1

) ∑

(j,r)∈I1

a01jr z
k
jr +

16
45

(
5 θ

0
+ θ

1

) ∑

(j,r)∈I

b01jr z
k
jr,

Gk
3 = 16

405

(
5 θ

0
+ θ

1

) [ ∑

(j,r)∈I

b01jr q
k
jr + 24

∑

(j,r)∈K

a01jr w
k
jr

]

− 32
105

(
7 θ

0
+ 2 θ

1

) ∑

(j,r)∈I0

a01jr w
k
jr −

− 32
45

(
6 θ

0
+ θ

1

) ∑

(j,r)∈I1

a01jr w
k
jr −

16
75

(
5 θ

0
+ θ

1

) ∑

(j,r)∈I

b01jr w
k
jr,

Gk
4 = − 16

135

(
θ
0
+ 5 θ

1

) [ ∑

(j,r)∈I

b10jr p
k
jr + 8

∑

(j,r)∈K

a10jr z
k
jr

]

+ 32
45

(
θ
0
+ 6 θ

1

) ∑

(j,r)∈I0

a10jr z
k
jr +

+ 32
105

(
2 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a10jr z
k
jr +

16
45

(
θ
0
+ 5 θ

1

) ∑

(j,r)∈I

b10jr z
k
jr,

Gk
5 = 16

405

(
θ
0
+ 5 θ

1

) [ ∑

(j,r)∈I

b10jr q
k
jr + 24

∑

(j,r)∈K

a10jr w
k
jr

]

− 32
45

(
θ
0
+ 6 θ

1

) ∑

(j,r)∈I0

a10jr w
k
jr −

− 32
105

(
2 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a10jr w
k
jr −

16
75

(
θ
0
+ 5 θ

1

) ∑

(j,r)∈I

b10jr w
k
jr,

Gk
6 = 16

135

(
θ
0
+ θ

1

) [ ∑

(j,r)∈I

b11jr p
k
jr + 8

∑

(j,r)∈K

a11jr z
k
jr

]

− 32
525

(
7 θ

0
+ 10 θ

1

) ∑

(j,r)∈I0

a11jr z
k
jr −

− 32
525

(
10 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a11jr z
k
jr −

16
45

(
θ
0
+ θ

1

) ∑

(j,r)∈I

b11jr z
k
jr,

Gk
7 = − 16

405

(
θ
0
+ θ

1

) [ ∑

(j,r)∈I

b11jr q
k
jr + 24

∑

(j,r)∈K

a11jr w
k
jr

]

+ 32
525

(
7 θ

0
+ 10 θ

1

) ∑

(j,r)∈I0

a11jr w
k
jr +

+ 32
525

(
10 θ

0
+ 7 θ

1

) ∑

(j,r)∈I1

a11jr w
k
jr +

16
75

(
θ
0
+ θ

1

) ∑

(j,r)∈I

b11jr w
k
jr.

10.3. Ñîãëàñíî (8.2), (8.4), (8.6), (8.8) âåëè÷èíû V k
00, V

k
01, V

k
10, V

k
11 âû÷èñëèìû ÷åðåç ÷èñëà

Hk
0 , . . . ,H

k
7 , G

k
0 , . . . , G

k
7 , êàæäîå èç êîòîðûõ ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé, ñîäåðæàùåé 48

ãðàíè÷íûõ ýëåìåíòîâ äîïóñòèìîãî ìàññèâà

(
uijr

)
, i = 0, 1, . . . , 3N, j, r = 0, 1, 2, 3. Êàæäàÿ èç

âåëè÷èí V k
00, V

k
01, V

k
10, V

k
11 ñîäåðæèò 84 ãðàíè÷íûõ ýëåìåíòà äîïóñòèìîãî ìàññèâà.
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Çàêëþ÷åíèå

Àëãîðèòì, ïðåäñòàâëåííûé â òåîðåìå 1, èìååò ëèíåéíóþ ñëîæíîñòü âû÷èñëåíèé, è îí óñòîé-

÷èâ (òàê êàê íåðàâåíñòâî |Dij | > | dij |, ñïðàâåäëèâîå äëÿ âñåõ (i, j) ∈ {0, 1}2, ãàðàíòèðóåò
íå òîëüêî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ñèñòåìû (8.9)�(8.10), íî è óñòîé÷èâîñòü

ìåòîäà ïðîãîíêè, ñ ïîìîùüþ êîòîðîãî ðåøàåòñÿ äàííàÿ ñèñòåìà). ×èñëåííûå ýêñïåðèìåíòû

ïîêàçûâàþò, ÷òî ñ ðîñòîì N ìèíèìóì �óíêöèîíàëà íåâÿçîê J
N
=̇ min J(·) ñòðåìèòñÿ ê íóëþ.

Ïîëàãàåì, ÷òî ëèíåéíîñòü àëãîðèòìà èìååò îïðåäåëåííûå ïåðñïåêòèâû, à ïðåäëîæåííûå ìíî-

ãîìåðíûå ñïëàéíû íàéäóò ñâîå ìåñòî â ðÿäó ìíîãî÷èñëåííûõ êîíñòðóêöèé, îðèåíòèðîâàííûõ

íà ìíîãîìåðíóþ èíòåðïîëÿöèþ è àïïðîêñèìàöèþ (â ýòîì ðÿäó îòìåòèì ðàáîòû [6�10℄).
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A one-parameter family of �nite-dimensional spa
es 
onsisting of spe
ial three-dimensional splines of Lagrangian type

is de�ned (the parameter N is related to the dimension of the spline spa
e). The solution of the boundary value
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problem for the Lapla
e equation given in a three-dimensional parallelepiped admits a representation in the form of

a sum of four summands: a fun
tion linear in ea
h of the three variables, and solutions of three parti
ular boundary

value problems generated by the original equation. In turn, these problems give rise to three problems of minimizing

the fun
tionals of residuals given in the indi
ated spline spa
es. This de
omposition allows one to study only one of

the three optimization problems (the other two are symmetri
 in nature). A system of linear algebrai
 equations is

obtained with respe
t to the 
oe�
ients of the optimal spline that gives the smallest dis
repan
y. It is shown that

the system has a unique solution. The numeri
al solution of the system redu
es to the implementation of the sweep

method (the stability of this method holds). Numeri
al experiments show that with in
reasing N, the minimum of

the residual fun
tional tends to zero.
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