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Ïðåäëàãàåòñÿ âàðèàíò ïàðàëëåëüíîãî ðàçëîæåíèÿ ïðè �îðìèðîâàíèè ïðåäîáóñëàâëèâàòåëÿ, îñíîâàííîãî íà

ïðèáëèæåííîì îáðàùåíèè Øåðìàíà�Ìîððèñîíà. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïî ðåøåíèþ òåñòîâûõ

ñèñòåì óðàâíåíèé íà ãðà�è÷åñêèõ óñêîðèòåëÿõ.

Êëþ÷åâûå ñëîâà: ðåøåíèå ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïðåäîáóñëàâëèâàíèå, ïàðàëëåëüíûå àë-

ãîðèòìû, ãðà�è÷åñêèå óñêîðèòåëè âû÷èñëåíèé.

Ââåäåíèå

�àçðàáîòêà è ðåàëèçàöèÿ íîâûõ ïîäõîäîâ ê ðåøåíèþ áîëüøèõ ñèñòåì ëèíåéíûõ àëãåáðà-

è÷åñêèé óðàâíåíèé ïðåäîáóñëîâëåííûìè èòåðàöèîííûìè ìåòîäàìè ÿâëÿþòñÿ äîñòàòî÷íî òðó-

äîåìêîé çàäà÷åé. Ìàòðèöà ïðåäîáóñëàâëèâàòåëÿ íå òîëüêî äîëæíà áûòü áëèçêà ê îáðàòíîé

ìàòðèöå êîý��èöèåíòîâ ñèñòåìû óðàâíåíèé, íî è äîëæíà äîïóñêàòü ý��åêòèâíî ðàñïàðàëëå-

ëèâàåìûé àëãîðèòì �îðìèðîâàíèÿ. Íàèáîëåå èñïîëüçóåìûìè íà ñåãîäíÿøíèé äåíü ìåòîäàìè,

îðèåíòèðîâàííûìè íà ðàçðåæåííûå ìàòðèöû, ìîæíî ñ÷èòàòü ìåòîä íåïîëíîãî LU-ðàçëîæåíèÿ

è ìåòîä íåïîëíîãî ðàçëîæåíèÿ Õîëåöêîãî [1℄. Èìåÿ âûñîêóþ ý��åêòèâíîñòü, äàííûå ìåòîäû

ñòàëêèâàþòñÿ ñ èçâåñòíûìè ïðîáëåìàìè ïðè èõ ïàðàëëåëüíîé ðåàëèçàöèè.

Îñîáåííîñòè àðõèòåêòóðû GPU (ñòàâøåé øèðîêî èñïîëüçóåìîé â âû÷èñëåíèÿõ) íàêëàäû-

âàþò îïðåäåëåííûå îãðàíè÷åíèÿ íà ïîäõîäû ê ðåàëèçàöèè ïàðàëëåëüíûõ àëãîðèòìîâ �îð-

ìèðîâàíèÿ ïðåäîáóñëàâëèâàòåëåé. Èñõîäÿ èç ýòîãî, âûñîêèì ïîòåíöèàëîì îáëàäàþò ïðåäîáó-

ñëàâëèâàòåëè íà îñíîâå àïïðîêñèìàöèè îáðàòíîé ìàòðèöû: ïîëèíîìèàëüíûå (TNS [1℄ è äð.),

ðàçðåæåííûå àïïðîêñèìàöèè îáðàòíîé ìàòðèöû (íàïðèìåð, AINV), àïïðîêñèìàöèè îáðàòíîé

ìàòðèöû â �àêòîðèçîâàííîé �îðìå (òàêèå êàê FSAI, SPAI è äð.) [2�4℄, à òàêæå ìåòîäû, îñ-

íîâàííûå íà ïðèáëèæåííîì îáðàùåíèè ìàòðèö ïî �îðìóëàì Øåðìàíà�Ìîððèñîíà (AISM �

Approximate Inverse Sherman�Morrison formula) [5℄.

Ý��åêòèâíîå ðàñïàðàëëåëèâàíèå àëãîðèòìîâ ïîñòðîåíèÿ ïðåäîáóñëàâëèâàòåëåé ñâÿçàíî

ñ âîçìîæíîñòüþ èñïîëüçîâàíèÿ áëî÷íûõ âàðèàíòîâ �îðìèðîâàíèÿ ïðåäîáóñëàâëèâàòåëÿ, ÷òî

äàåò ñîêðàùåíèå ïåðåìåùåíèÿ äàííûõ ïî óðîâíÿì èåðàðõèè ïàìÿòè GPU, ñ îïåðàöèÿìè ëèíåé-

íîé àëãåáðû, òàêèõ êàê ìàòðè÷íî-âåêòîðíûå è ìàòðè÷íûå ïðîèçâåäåíèÿ, îáëàäàþùèõ áîëüøèì

ïîòåíöèàëîì ðàñïàðàëëåëèâàíèÿ.

Â ðàáîòå áóäåò ðàññìîòðåí îäèí èç ïîäõîäîâ ê ïàðàëëåëüíîìó ðàçëîæåíèþ ïðè �îðìèðî-

âàíèè îáðàòíîãî ïðåäîáóñëàâëèâàòåëÿ AISM [6℄.

� 1. Ïîñëåäîâàòåëüíûé àëãîðèòì

�àññìîòðèì îðèãèíàëüíûé âàðèàíò àëãîðèòìà ïîñòðîåíèÿ ïðåäîáóñëàâëèâàòåëÿ (ïðåäëî-

æåííîãî â [7℄), òàê êàê èìåííî îí íàèáîëåå áëèçîê ê ïðåäëàãàåìîé â ñòàòüå ïàðàëëåëüíîé

�îðìå.

Çà îñíîâó ïîñòðîåíèÿ ïðåäîáóñëàâëèâàòåëÿ âèäà P = A−1
âîçüìåì ìàòðèöó B òîé æå

ðàçìåðíîñòè, ÷òî è A, íî ñ èçâåñòíîé îáðàòíîé ìàòðèöåé.

Ò å î ð å ì à 1.1 ([5℄). Ïóñòü B � íåâûðîæäåííàÿ ìàòðèöà, âåêòîðû u è v òàêèå, ÷òî

r = 1 + vTB−1u, r 6= 0.

Òîãäà ìàòðèöà A = B + uvT ÿâëÿåòñÿ îáðàòèìîé è åå îáðàùåíèå íàõîäèòñÿ êàê

A−1 = B−1 − r−1B−1uvTB−1. (1.1)

1

�àáîòà ïîääåðæàíà �ÔÔÈ (ãðàíòû ��14�01�00055_a, 14�01�31066-ìîë_a).
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Îáîçíà÷èì A0 � íåâûðîæäåííóþ ìàòðèöó, îáðàùåíèå êîòîðîé ëåãêî âû÷èñëÿåòñÿ, íàïðè-

ìåð äèàãîíàëüíóþ èëè åäèíè÷íóþ. Òîãäà Ak = A0+
∑k

i=1 uiv
T
i , ãäå k = 1, . . . , n è A = An. Åñëè

Ak, uk, vk óäîâëåòâîðÿþò âûðàæåíèþ (1.1), òîãäà îáðàùåíèå ìàòðèöû A ìîæåò áûòü âû÷èñëå-

íî ïðè n-êðàòíîì èñïîëüçîâàíèè (1.1):

A−1 = A−1
0 −

n∑

k=1

r−1
k A−1

k−1ukv
T
k A

−1
k−1. (1.2)

Ïðåäñòàâèì (1.2) â ìàòðè÷íîé �îðìå:

A−1
0 −A−1 = ΦΩ−1ΨT , (1.3)

ãäå

Φ = [A−1
0 u1, A

−1
1 u2, . . . , A

−1
n−1un],

Ψ = [vT1 A
−1
0 , vT2 A

−1
1 , . . . , vTnA

−1
n−1],

Ω−1 = diag [r−1
1 , r−1

2 , . . . , r−1
n ].

Ïîêàæåì, ÷òî �àêòîðèçàöèÿ (1.3) çàïèñûâàåòñÿ áåç ÿâíîãî âû÷èñëåíèÿ A−1
k ÷åðåç âåêòîðû uk,

vk êàê

sk = uk −

k−1∑

i=0

tTi A
−1
0 uk
ri

si, tk = vk −

k−1∑

i=0

vTk A
−1
0 si
ri

ti, k = 1, . . . , n. (1.4)

Òîãäà âûïîëíÿþòñÿ ñîîòíîøåíèÿ

A−1
k−1uk = A−1

0 sk, uTkA
−1
k−1 = tTkA

−1
0 , (1.5)

rk = 1 + vTk A
−1
0 sk = 1 + tTkA

−1
0 uk. (1.6)

Ñ ó÷åòîì (1.5) ñîîòíîøåíèå (1.3) çàïèøåì â âèäå

A−1
0 −A−1 = A−1

0 SΩ−1T TA−1
0 , (1.7)

ãäå ìàòðèöû S = [s1, s2, . . . , sn], T = [t1, t2, . . . , tn], ñòîëáöû êîòîðûõ âû÷èñëÿþòñÿ ïî uk,vk.

Âûáîð A0, uk, vk îïðåäåëèì ñëåäóþùèì îáðàçîì [7℄:

A0 = gIn, uk = ek, vk = (ak − ako)
T , k = 1, . . . , n,

ãäå In, ek � åäèíè÷íàÿ ìàòðèöà è åå k-ñòîëáåö; âåêòîðà ak, ak0 � k-àÿ ñòðîêà ìàòðèö A, A0;

g � ñêàëÿð. Òîãäà àïïðîêñèìàöèÿ îáðàòíîé ìàòðèöû è ñîîòâåòñòâóþùèé ïðåäîáóñëàâëèâàòåëü

ïðèìóò âèä

P1 = A−1 = gIn − g−2UΩ−1V T .

�àññìîòðèì åùå îäèí âàðèàíò ðàçëîæåíèÿ îáðàùàåìîé ìàòðèöû A = W − Z, ãäå W �

îáðàòèìàÿ ìàòðèöà, Z = UV T =
n∑

k=1

ukv
T
k , à vk, uk òàêèå, ÷òî dk = 1 − vTk W

−1
k−1uk 6= 0, ãäå

Wk = W0 −
∑k

i=1 uiv
T
i .

Çàäàâàÿ âûáîð ìàòðèö W = β ·diag (A), β > 0, U = I, V = ZT
è ñëåäóÿ ñîîòíîøåíèÿì (1.4),

(1.5) è (1.6), ïîëó÷èì âûðàæåíèÿ äëÿ âû÷èñëåíèÿ ñòîëáöîâ ìàòðèö S è T â âèäå

sk = uk −

k−1∑

i=1

tTi W
−1uk
di

si, tk = vk −

k−1∑

i=1

vTk W
−1si

di
ti

è îáðàòíîé ìàòðèöû â âèäå

A−1 = W−1 −W−1SD−1T TW−1. (1.8)

121



Àëãîðèòì 1: Ôîðìèðîâàíèå ïðåäîáóñëàâëèâàòåëÿ AISM

A = W − Z; W = β · diag (A);Z = W −A; U = I;V = ZT
;

1 for k = 1 to n do
2 sk = uk ;
3 tk = vk ;
4 for i = 1 to k − 1 do
5 δ = (tTi W

−1, uk) ;

6 if | δ
di
| > τS then

7 sk = uk −
δ
di

· si

8 δ = (vTk W
−1, si) ;

9 if | δ
di
| > τT then

10 tk = vk −
δ
di

· ti

11 for j = 1 to n do
12 if |(sk)j | < τS then
13 (sk)j = 0

14 if |(tk)j | < τT then
15 (tk)j = 0

16 dk = 1− (tTkW
−1, uk) ;

17 S̃ = {s1, s2, . . . , sn}, T̃ = {t1, t2, . . . , tn} ;
18 D = {d1, d2, . . . , dn} ;

19 P2 = W−1 −W−1S̃D−1T̃ TW−1
;

Èñïîëüçóÿ ñòðàòåãèþ �èëüòðàöèè ïî çíà÷åíèÿì ýëåìåíòîâ (îñòàâëÿåì ýëåìåíòû, çíà÷åíèÿ

êîòîðûõ áîëüøå íåêîòîðîé âåëè÷èíû τ) ïðè âû÷èñëåíèè ìàòðèö S, T è îñíîâûâàÿñü íà (1.8),

âûïèøåì ïðåäîáóñëàâëèâàòåëü, àïïðîêñèìèðóþùèé îáðàòíóþ ìàòðèöó â âèäå

P2 = W−1 −W−1S̃D−1T̃ TW−1. (1.9)

Ïîñëåäîâàòåëüíûé ïðîöåññ �îðìèðîâàíèÿ ðàññìàòðèâàåìîãî ïðåäîáóñëàâëèâàòåëÿ ïðåä-

ñòàâëåí â âèäå àëãîðèòìà 1.

Îñíîâíûå çàòðàòû ïîñëåäîâàòåëüíîãî àëãîðèòìà ñîñòàâëÿåò âëîæåííûé öèêë (ñòðîêà 4 àë-

ãîðèòìà 1), â êîòîðîì îïðåäåëÿþòñÿ ìàòðèöû ðàçëîæåíèÿ S̃, T̃ . Îòìåòèì, ÷òî ìàòðèöû �îð-

ìèðóþòñÿ ïîñëåäîâàòåëüíî òàê, ÷òî ñóùåñòâóåò çàâèñèìîñòü ïî äàííûì.

� 2. Ïàðàëëåëüíûé àëãîðèòì

Ïåðâîíà÷àëüíûì âàðèàíòîì ðàñïàðàëëåëèâàíèÿ äàííîãî àëãîðèòìà ÿâëÿåòñÿ âû÷èñëåíèå

ñêàëÿðíûõ ïðîèçâåäåíèé íà GPU. Òàêîé ïîäõîä ïîêàçàë, ÷òî äîñòèæåíèå ý��åêòèâíîãî óñêî-

ðåíèÿ ñóùåñòâåííî îãðàíè÷åíî äîñòóïîì ê ïàìÿòè, è íå äàë ñóùåñòâåííîãî óâåëè÷åíèÿ ïðîèç-

âîäèòåëüíîñòè.

�àññìîòðèì ïàðàëëåëüíûé àëãîðèòì 2 �îðìèðîâàíèÿ ïðåäîáóñëàâëèâàòåëÿ P2 (1.9) íà

GPU, â êîòîðîì ñêàëÿðíûå ïðîèçâåäåíèÿ â ñòðîêàõ 5 è 8 àëãîðèòìà 1 çàìåíåíû ìàòðè÷íî-

âåêòîðíûìè ïðîèçâåäåíèÿìè.

Äëÿ ýòîãî ââåäåíû ìàòðèöû Sk = {s1, . . . , sk−1} è Tk = {t1, . . . , tk−1}, ñîñòîÿùèå èç ñòîëáöîâ,
âû÷èñëåííûõ íà øàãå k − 1. Â ýòîì ñëó÷àå k − 1 ñêàëÿðíîå ïðîèçâåäåíèå âûïîëíÿåòñÿ â âèäå

ìàòðè÷íî-âåêòîðíûõ ïðîèçâåäåíèé (ñòðîêà 4 àëãîðèòìà 2), ðåçóëüòàòû êîòîðûõ îáîçíà÷åíû

xd1 è xd2 , à ÷åðåç (xd1)i, (xd2)i � ñîîòâåòñòâóþùèå êîìïîíåíòû âåêòîðîâ. Òàêæå ñòîèò îòìåòèòü,

÷òî â ïàìÿòè GPU1 è GPU2 õðàíÿòñÿ ëîêàëüíûå êîïèè âåêòîðîâ xd1 è xd2 , â òî âðåìÿ êàê xh1

è xh2
� ãëîáàëüíûå âåêòîðû â îïåðàòèâíîé ïàìÿòè CPU.
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Àëãîðèòì 2: Ôîðìèðîâàíèå ïðåäîáóñëàâëèâàòåëÿ AISM íà äâóõ GPU

A = W − Z; W = β · diag (A); U = I; V = ZT

1 for k = 1 to n do
// GPU1

2 tk = vk;
3 y1 = W−1uk;
4 xd1 = Tky1, Tk = (t1, . . . , tk−1);
5 xd1 → xh1

// Ïåðåñûëêà GPU1 → CPU

6 xh2
→ xd2 // Ïåðåñûëêà CPU → GPU1

7 for i = 1 to k − 1 do

8 if |
(xd2

)i
di

| > τS then

9 tk = tk −
(xd2

)i
di

· ti;

// GPU2

sk = uk;
y2 = W−1vk;
xd2 = Sky2, Sk = (s1, . . . , sk−1);
xd2 → xh2

// Ïåðåñûëêà GPU2 → CPU

xh1
→ xd1 // Ïåðåñûëêà CPU → GPU2

for i = 1 to k − 1 do

if |
(xd1

)i
di

| > τT then

sk = sk −
(xd1

)i
di

· si;

10 for j = 1 to n do
11 if |(tk)j | < τS then
12 (tk)j = 0;

for j = 1 to n do
if |(sk)j | < τT then

(sk)j = 0;

13 dk = 1− (tTkW
−1, uk);

14 S̃ = {s1, s2, . . . , sn}, T̃ = {t1, t2, . . . , tn}; D = {d1, d2, . . . , dn};

15 P2 = W−1 −W−1S̃D−1T̃ TW−1

Â ðàìêàõ îäíîé èòåðàöèè öèêëà àëãîðèòìà 2 ïðè âû÷èñëåíèè ñòîëáöîâ ìàòðèö sk è tk
íå âîçíèêàåò ñèòóàöèè áëîêèðîâêè ïàìÿòè, ÷òî ïîçâîëèëî âûïîëíèòü îïåðàöèè ìàòðè÷íî-

âåêòîðíîãî è ñêàëÿðíûõ ïðîèçâåäåíèé (ñòðîêè 4, 15) íåçàâèñèìî â ïàðàëëåëüíûõ íèòÿõ. Òàêîé

ïîäõîä ïðèìåíÿåòñÿ ïðè âû÷èñëåíèÿõ íà íåñêîëüêèõ GPU. Â ýòîì ñëó÷àå êàæäàÿ ïîñëåäóþùàÿ

èòåðàöèÿ öèêëà çàâèñèò îò äàííûõ, ïîëó÷åííûõ íà ïðåäûäóùåì øàãå, è òðåáóåòñÿ âûïîëíåíèå

îáìåíà âåêòîðàìè sk è tk ìåæäó ïàìÿòüþ ðàçëè÷íûõ GPU (ñòðîêè 5 è 6).

Øàãè àëãîðèòìà, ñîäåðæàùèå ìàòðè÷íûå îïåðàöèè (ñòðîêà 15), áûëè ðàñïàðàëëåëåíû

â ðàìêàõ òåõíîëîãèè CUDA ñ ðàçðàáîòêîé ÿäðà, â êîòîðîì ïðîèçâåäåíèå ìàòðèö âû÷èñëÿåòñÿ

â âèäå ïîñëåäîâàòåëüíîñòè ìàòðè÷íî-âåêòîðíûõ ïðîèçâåäåíèé. Ý��åêòèâíîñòü ðàñïàðàëëåëè-

âàíèÿ äàííîãî ýòàïà î÷åíü âûñîêàÿ, è çàòðàòû ñóùåñòâåííî ìåíüøå, ÷åì íà ïðåäûäóùèõ øàãàõ

àëãîðèòìà.

Ïðè ïîñòðîåíèè ïðåäîáóñëàâëèâàòåëÿ PAISM ðàçðåæåííîñòü ìàòðèö íåèçâåñòíà. Ïðîìåæó-

òî÷íûå âû÷èñëåíèÿ íà ýòàïå �îðìèðîâàíèÿ âûïîëíÿëèñü íàä âåêòîðàìè sk, tk, ÿâëÿþùèìèñÿ
ñòîëáöàìè ìàòðèö S̃, T̃ , õðàíÿùèõñÿ ïî ñòðîêàì. �àñõîäû ïî ïàìÿòè óâåëè÷èâàëèñü, íî ñî-

êðàùàëîñü âðåìÿ îáðàùåíèÿ ê ýëåìåíòàì âåêòîðîâ. Äëÿ ïðåîáðàçîâàíèÿ èç ñæàòîãî �îðìàòà

õðàíåíèÿ ìàòðèö CSR â �îðìàò õðàíåíèÿ ïîëíûõ ñòðîê (ýòàï ïîñòðîåíèÿ ïðåäîáóñëàâëèâàòå-

ëÿ) è îáðàòíîå ïðåîáðàçîâàíèå (ìàòðè÷íî-âåêòîðíîå ïðîèçâåäåíèå ïðè ðåøåíèè ÑËÀÓ) áûëè

ðàçðàáîòàíû ý��åêòèâíûå ïàðàëëåëüíûå àëãîðèòìû, ïîçâîëÿþùèå ïðåíåáðå÷ü çàòðàòàìè íà

ïðåîáðàçîâàíèå ìàòðèö [6℄.

� 3. ×èñëåííûå ýêñïåðèìåíòû

Â ÷èñëåííûõ ýêñïåðèìåíòàõ áûëè èñïîëüçîâàíû ìàòðèöû èç êîëëåêöèè The University of

Florida Sparse Matrix Colletion. �åøàëèñü ñèñòåìû óðàâíåíèé Ay = f ñ èçâåñòíûì òî÷íûì

ðåøåíèåì y = [1, 1, . . . , 1], ìàòðèöû êîòîðûõ õðàíèëèñü â ñæàòîì ñòðî÷íîì �îðìàòå (CSR).

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âûáèðàëîñü y0 = [0, 0, . . . , 0], à êðèòåðèé ñõîäèìîñòè �

||ri|| 6 10−6||r0||, ãäå ri = f −Ayi.

Â ðàñ÷åòàõ ðàññìàòðèâàëñÿ îäèí èç âàðèàíòîâ ïðåäñòàâëåíèÿ ìàòðèöûW = β·diag (A), õîòÿ
âîçìîæíû è äðóãèå, íàïðèìåð W = βI. Âûáîð ñòðàòåãèè �èëüòðàöèè ïî çíà÷åíèÿì ýëåìåíòîâ

è ïðåäåëüíûõ çíà÷åíèé τ îñíîâûâàëñÿ íà ðåêîìåíäàöèÿõ, ïðèâåäåííûõ â ðàáîòå [7℄. Îòìåòèì,

÷òî çàòðàòû íà �îðìèðîâàíèå âîçðàñòàþò íåñóùåñòâåííî ïðè óìåíüøåíèè ïîðîãîâîãî çíà÷å-
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íèÿ. Âûáîð îïòèìàëüíîãî çíà÷åíèÿ ïàðàìåòðà τ äëÿ ðàññìàòðèâàåìûõ ìàòðèö çàêëþ÷àëñÿ

â ìèíèìèçàöèè ÷èñëà èòåðàöèé è âðåìåíè ðåøåíèÿ. Òî÷íîñòü �èëüòðàöèè äëÿ ìàòðèö S̃ è T̃
âûáèðàëàñü ñëåäóþùàÿ: τu = 0.0001, β = 100.

Ñðàâíèì ñíà÷àëà ðåçóëüòàòû, ïîëó÷åííûå ïðè ðåøåíèè íåñèììåòðè÷íûõ ñèñòåì. Â òàá-

ëèöàõ ïðèâåäåíû çàòðàòû íà ïîñòðîåíèå ïðåäîáóñëàâëèâàòåëåé íåïîëíîãî ðàçëîæåíèÿ ñ êîí-

òðîëåì çàïîëíåíèÿ ILU(p) (ðàññìàòðèâàëèñü âàðèàíòû p = 0 è p = 1), ÿâíîì âû÷èñëåíèè

ïðèáëèæåííîé îáðàòíîé ìàòðèöû AINV, TNS â ðåàëèçàöèè ïàêåòà PARALUTION (http:

//www.paralution.om/) íà öåíòðàëüíûõ ïðîöåññîðàõ è ãðà�è÷åñêèõ óñêîðèòåëÿõ.

Ïðåäîáóñëàâëèâàòåëè ILU(p) �îðìèðîâàëèñü íà öåíòðàëüíîì ïðîöåññîðå, à èòåðàöèîííûé

ïðîöåññ ðåøåíèÿ BiCGStab âûïîëíÿëñÿ íà óñêîðèòåëå âû÷èñëåíèé. Â òàáëèöå 1 ïðèâåäåíû

âðåìåíà �îðìèðîâàíèÿ ïðåäîáóñëàâëèâàòåëÿ (tp), èòåðàöèîííîãî ïðîöåññà (tits) è ÷èñëî èòå-

ðàöèé (its), íåîáõîäèìûõ äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé ñ èñïîëüçîâàíèåì ïðåäîáó-

ñëàâëèâàòåëåé LU è AISM. Âðåìåííûå çàòðàòû íà ïåðåñûëêó ïðåäîáóñëàâëèâàòåëÿ, ñ�îðìè-

ðîâàííîãî íà CPU, íà ãðà�è÷åñêèé óñêîðèòåëü â ïðèâåäåííûõ òàáëè÷íûõ äàííûõ íå ó÷èòû-

âàëèñü.

Òàáëèöà 1. Âû÷èñëèòåëüíûå çàòðàòû ïðåäîáóñëàâëèâàòåëåé ïðè ðåøåíèè ñèñòåì ñ íåñèììåò-

ðè÷íûìè ìàòðèöàìè, tp/tits(its)

Ìàòðèöà PILU(0) PILU(1) PAISM(τ = 0.0001)

A CPU/GPU CPU/GPU GPU/GPU 2 × GPU/GPU

dde5 0.0002/0.13 (140) 0.002/0.12 (106) 0.57/0.13(167) 0.76/0.13 (165)

ex37 0.003/0.03 (3) 1.4/0.03 (2) 15.44/0.004 (4) 8.76/0.004 (4)

rajat03 � � 169/0.11 (135) 79.08/0.28 (333)

�owmeter5 0.002/0.36 (63) 0.04/0.34 (32) 357.9/0.15 (112) 165.41/0.14 (105)

ex19 0.04/� 699/0.5 (279) 703/0.39 (128) 325.96/0.44 (127)

sme3Da 0.15/13.23(1700) 495/16.61(158) 843/13.5(1338) 389.113/11.5 (1005)

poisson3Da 0.04/0.13 (24) 56.3/0.58 (11) 1066/0.24 (30) 495.475/0.24 (30)

Ïðè ðàññìîòðåíèè ðåçóëüòàòîâ ýêñïåðèìåíòîâ îñíîâíîå âíèìàíèå áóäåò óäåëÿòüñÿ âû÷èñ-

ëèòåëüíûì çàòðàòàì. Ïðåæäå âñåãî îñòàíîâèìñÿ íà ñðàâíåíèè âàðèàíòîâ ðàñïàðàëëåëèâàíèÿ

ïðè �îðìèðîâàíèèè ïðåäîáóñëàâëèâàòåëÿ PAISM . Äëÿ àëãîðèòìà 2 ïðè èñïîëüçîâàíèè äâóõ

GPU äëÿ ïàðàëåëüíîãî âû÷èñëåíèÿ ìàòðèö S, T íàáëþäàåòñÿ äâóêðàòíîå óñêîðåíèå. Â ýòîì

ñëó÷àå êîììóíèêàöèîííûå çàòðàòû ïðè îáìåíå âåêòîðàìè xdi ,xhi
ìåæäó GPU ÷åðåç îáùóþ

ïàìÿòü â ðàìêàõ OpenMP ñóùåñòâåííû òîëüêî äëÿ íåáîëüøèõ ìàòðèö äî N = 3665 (dde5,

ex37).

Ïî âðåìåíè ðàáîòû àëãîðèòìîâ ðåøåíèÿ ñèñòåì ìåòîäîì BiCGStab âèäíû ïðåèìóùåñòâà

ïðåäîáóñëàâëèâàòåëÿ PAISM . Çàòðàòû íà îäíó èòåðàöèþ â ýòîì ñëó÷àå ñóùåñòâåííî íèæå, ÷åì

ïðè ILU(p). Äîñòèãíóòîå óñêîðåíèå ïðè �îðìèðîâàíèè ÿâíîãî ïðåäîáóñëàâëèâàòåëÿ PAISM

âñå-òàêè ñîõðàíÿåò äîñòàòî÷íî áîëüøèå âû÷èñëèòåëüíûå çàòðàòû è òðåáóåò äàëüíåéøèõ èñ-

ñëåäîâàíèé.

Ïðè ðàññìîòðåíèè ïëîõî îáóñëîâëåííûõ ìàòðèö áîëüøåãî ðàçìåðà (ex19, sme3Da) çàòðàòû

íà �îðìèðîâàíèå ïðåäîáóñëàâëèâàòåëÿ PAISM ñðàâíèìû ñ âàðèàíòîì PILU(1). Êàê âèäíî èç

òàáëèöû 1, â ðÿäå ñëó÷àåâ ïðåäîáóñëàâëèâàòåëè íà îñíîâå íåïîëíîãî ðàçëîæåíèÿ íå îáåñïå-

÷èëè ñõîäèìîñòü ê ðåøåíèþ. Òàê, èñïîëüçîâàíèå ILU(0) â ñëó÷àå ìàòðèöû ex19 íå ïðèâåëî

ê ðåøåíèþ ñèñòåìû, à ïðè ðåøåíèè ñèñòåìû ñ ìàòðèöåé rajat03 èç ïðèâåäåííûõ ïðåäîáóñëàâ-

ëèâàòåëåé òîëüêî AISM îáåñïå÷èë ñõîäèìîñòü ê òî÷íîìó ðåøåíèþ.

Èñêëþ÷èòåëüíî äëÿ öåëåé òåñòèðîâàíèÿ â òàáëèöå 2 ïðèâåäåíû ðåçóëüòàòû äëÿ ÿâíûõ ïðå-

äîáóñëàâëèâàòåëåé AINV, TNS ïðè ðåøåíèè ñèììåòðè÷íûõ ñèñòåì óðàâíåíèé ìåòîäîì ñîïðÿ-

æåííûõ ãðàäèåíòîâ ñ �îðìèðîâàíèåì ìàòðèöû ïðåäîáóñëàâëèâàòåëÿ íà öåíòðàëüíûõ ïðîöåñ-
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ñîðàõ è ãðà�è÷åñêèõ óñêîðèòåëÿõ. Â ýòîì ñëó÷àå ñèììåòðè÷íîñòü ìàòðèö ïðè �îðìèðîâàíèè

ïðåäîáóñëàâëèâàòåëÿ PAISM íå ó÷èòûâàëàñü. Ïîòåíöèàëüíî ñîêðàùåíèå çàòðàò ïðè �îðìèðî-

âàíèè ðàññìàòðèâàåìîãî ïðåäîáóñëàâëèâàòåëÿ â ñëó÷àå ñèììåòðè÷íûõ ìàòðèö ïðåäñòàâëÿåòñÿ

âîçìîæíûì è ïåðñïåêòèâíûì.

Ïî ñêîðîñòè ñõîäèìîñòè ðåçóëüòàòû ìíîãèõ òåñòîâ äëÿ ðàçëè÷íûõ ïðåäîáóñëàâëèâàòåëåé

ñîïîñòàâèìû, à äëÿ ìàòðèö bsstk15, vibrobox ïðèìåíåíèå PAISM ïîçâîëèëî ïîëó÷èòü ìåíü-

øåå ÷èñëî èòåðàöèé. Çàòðàòû íà ðåøåíèå ñèñòåì óðàâíåíèé ñ ïðåäîáóñëàâëèâàòåëÿìè PAISM

è PAINV ïðèìåðíî îäèíàêîâû.

Äàëüíåéøåå ðàçâèòèå ïðåäîáóñëàâëèâàòåëåé, îñíîâàííûõ íà ïðèáëèæåííîì îáðàùåíèè

Øåðìàíà�Ìîððèñîíà, äîëæíî áûòü ñâÿçàíî áëî÷íûì ïðåäñòàâëåíèåì ðàçëîæåíèÿ, âûïîëíÿå-

ìîì íà íåñêîëüêèõ GPU.

Òàáëèöà 2. Âû÷èñëèòåëüíûå çàòðàòû ÿâíûõ ïðåäîáóñëàâëèâàòåëåé ïðè ðåøåíèè ñèñòåì ñ ñèì-

ìåòðè÷íûìè ìàòðèöàìè, tp/tits(its)

Ìàòðèöà PAINV PTNS PAISM

A CPU/GPU GPU/GPU GPU/GPU 2× GPU/GPU

nasa2910 2.5/0.65 (314) 0.002/0.32 (962) 8.78/0.62 (387) 5.62/0.57 (339)

bsstk15 0.15/0.6 (293) 0.002/0.08 (259) 20.37/0.17 (81) 11.23/0.16 (70)

Kuu 4.03/0.16 (75) 0.004/0.1 (241) 142.03/0.18 (103) 66.7/0.18 (102)

ms10848 1.48/2.68 (1190) 0.006/14.7 (21871) 505.5/5.12 (846) 230.715/7.03 (757)

vibrobox 1.29/1.42 (683) 0.003/1.98 (4682) 814/0.81 (52) 391.8/0.8 (52)
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We propose a variant of the parallel decomposition in the formation of preconditioner based on the approximate

inversion of the Sherman-Morrison. We conduct numerical experiments for solving test systems of equations using

GPUs.
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