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Â ñòàòüå ðàññìàòðèâàåòñÿ êîí�ëèêòíî-óïðàâëÿåìàÿ äèíàìè÷åñêàÿ ñèñòåìà, äâèæåíèå êîòîðîé îïèñûâàåòñÿ

�óíêöèîíàëüíî-äè��åðåíöèàëüíûìè óðàâíåíèÿìè íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà. Èññëåäóþòñÿ àï-

ïðîêñèìàöèè ýòîé ñèñòåìû ïðè ïîìîùè óïðàâëÿåìûõ ñèñòåì îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé

âûñîêîé ðàçìåðíîñòè. Ïðåäëàãàåòñÿ ïðîöåäóðà âçàèìíîãî ïðèöåëèâàíèÿ ìåæäó èñõîäíîé ñèñòåìîé è åå êîíå÷-

íîìåðíîé àïïðîêñèìàöèåé, îáåñïå÷èâàþùàÿ áëèçîñòü èõ äâèæåíèé. Óñòàíàâëèâàåòñÿ ñâîéñòâî óñòîé÷èâîñòè

ýòîé ïðîöåäóðû ïî îòíîøåíèþ ê ïîãðåøíîñòÿì èçìåðåíèé, ïðèâîäèòñÿ èëëþñòðèðóþùèé ïðèìåð. Äàåòñÿ ïðè-

ëîæåíèå ïðîöåäóðû ê ðåøåíèþ çàäà÷è îïòèìèçàöèè ãàðàíòèðîâàííîãî ðåçóëüòàòà, â êîòîðîé äâèæåíèå äèíàìè-

÷åñêîé ñèñòåìû îïèñûâàåòñÿ ëèíåéíûìè �óíêöèîíàëüíî-äè��åðåíöèàëüíûìè óðàâíåíèÿìè íåéòðàëüíîãî òèïà

â �îðìå Äæ. Õåéëà, à ïîêàçàòåëü êà÷åñòâà îöåíèâàåò èñòîðèþ äâèæåíèÿ ñèñòåìû è ðåàëèçàöèè âîçäåéñòâèé

óïðàâëåíèÿ è ïîìåõè. Äëÿ ýòîãî �îðìóëèðóåòñÿ âñïîìîãàòåëüíàÿ çàäà÷à îá óïðàâëåíèè àïïðîêñèìèðóþùåé ñè-

ñòåìîé, è ïðè ïîìîùè ìåòîäà âûïóêëûõ ñâåðõó îáîëî÷åê íàõîäèòñÿ åå ðåøåíèå. Óñòàíàâëèâàåòñÿ, ÷òî âåëè÷èíà

îïòèìàëüíîãî ãàðàíòèðîâàííîãî ðåçóëüòàòà âî âñïîìîãàòåëüíîé çàäà÷å àïïðîêñèìèðóåò âåëè÷èíó îïòèìàëüíîãî

ãàðàíòèðîâàííîãî ðåçóëüòàòà â èñõîäíîé çàäà÷å, ïðè ýòîì îïòèìàëüíûé çàêîí óïðàâëåíèÿ ñòðîèòñÿ ñ èñïîëüçî-

âàíèåì â êà÷åñòâå ïîâîäûðåé îïòèìàëüíûõ âî âñïîìîãàòåëüíîé çàäà÷å äâèæåíèé àïïðîêñèìèðóþùåé ñèñòåìû.

�àññìàòðèâàåòñÿ èëëþñòðèðóþùèé ïðèìåð, ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.
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Ââåäåíèå

Èññëåäîâàíèÿ àïïðîêñèìàöèé �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâà-

íèåì ïðè ïîìîùè ñèñòåì îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé èìåþò îáøèðíóþ èñòî-

ðèþ. Ñõîäèìîñòü òàêèõ àïïðîêñèìàöèé äëÿ ëèíåéíûõ ñèñòåì ñ ïîñòîÿííûì ñîñðåäîòî÷åííûì

çàïàçäûâàíèåì áûëà äîêàçàíà â ðàáîòå [1℄. Â ðàáîòå [2℄ ýòîò ðåçóëüòàò áûë ðàñïðîñòðàíåí íà

íåëèíåéíûå ñèñòåìû, à â ðàáîòå [3℄ � íà ñëó÷àé ïåðåìåííûõ çàïàçäûâàíèé. Ïîçäíåå, ïîäîáíûå

àïïðîêñèìàöèè, èõ îáîáùåíèÿ è ïðèëîæåíèÿ ê ðàçëè÷íûì çàäà÷àì ðàçâèâàëèñü â ðàáîòàõ [4�8℄.

Â òîì ÷èñëå, â ðàáîòàõ [7, 8℄ ðàññìàòðèâàëèñü àïïðîêñèìàöèè ðàçëè÷íûõ �óíêöèîíàëüíî-

äè��åðåíöèàëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà. Â ðàáîòå [9℄ áûëî ïðåäëîæåíî èñïîëüçîâàòü

àïïðîêñèìèðóþùèå ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé â êà÷åñòâå ïîâîäû-

ðåé äëÿ äèíàìè÷åñêèõ ñèñòåì ñ çàïàçäûâàíèåì, óïðàâëÿåìûõ â óñëîâèÿõ ïîìåõ èëè ïðîòèâî-

äåéñòâèé. Ïðè ýòîì âîçíèêàåò âñïîìîãàòåëüíàÿ çàäà÷à âçàèìíîãî ïðèöåëèâàíèÿ ìåæäó äâèæå-

íèåì èñõîäíîé êîí�ëèêòíî-óïðàâëÿåìîé ñèñòåìû è äâèæåíèåì àïïðîêñèìèðóþùåé ñèñòåìû.

�åøåíèå ýòîé çàäà÷è äëÿ äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ �óíêöèîíàëüíî- äè��åðåíöè-

àëüíûìè óðàâíåíèÿì çàïàçäûâàþùåãî òèïà, áûëî äàíî â ðàáîòå [10℄, äëÿ ñèñòåì, îïèñûâàåìûõ

ëèíåéíûìè óðàâíåíèÿìè íåéòðàëüíîãî òèïà, � â ðàáîòå [11℄, è äëÿ íåëèíåéíûõ ñèñòåì íåé-

òðàëüíîãî òèïà â �îðìå Äæ. Õåéëà [12℄ � â ðàáîòå [13℄. Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò ýòè

èññëåäîâàíèÿ.

Ñòàòüÿ óñòðîåíà ñëåäóþùèì îáðàçîì. Â � 1 ðàññìàòðèâàåòñÿ êîí�ëèêòíî-óïðàâëÿåìàÿ

äèíàìè÷åñêàÿ ñèñòåìà, îïèñûâàåìàÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûìè óðàâíåíèÿìè íåé-

òðàëüíîãî òèïà â �îðìå Äæ. Õåéëà. Â � 2 ñòðîèòñÿ àïïðîêñèìèðóþùàÿ ñèñòåìà, îïèñûâàåìàÿ

îáûêíîâåííûìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè, óñòàíàâëèâàþòñÿ íåêîòîðûå åå ñâîéñòâà.

Äëÿ òîãî, ÷òîáû îáåñïå÷èòü áëèçîñòü äâèæåíèé èñõîäíîé è àïïðîêñèìèðóþùåé ñèñòåì, â � 3

ïðåäëàãàåòñÿ óñòîé÷èâàÿ ïî îòíîøåíèþ ê ïîãðåøíîñòÿì èçìåðåíèé ïðîöåäóðà âçàèìíîãî ïðè-

öåëèâàíèÿ. �àáîòîñïîñîáíîñòü ýòîé ïðîöåäóðû èëëþñòðèðóåòñÿ íà ïðèìåðå. Äàëåå â ñòàòüå

äàåòñÿ ïðèëîæåíèå ïðåäëîæåííîé ïðîöåäóðû âçàèìíîãî ïðèöåëèâàíèÿ ê ðåøåíèþ ñëåäóþùåé

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà �îññèéñêîé Ôåäåðàöèè äëÿ ãîñóäàðñòâåí-

íîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ ÌÊ-3047.2017.1.
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çàäà÷è êîí�ëèêòíîãî óïðàâëåíèÿ, êîòîðàÿ ïîäðîáíî îïèñûâàåòñÿ â � 4. �àññìàòðèâàåòñÿ ëè-

íåéíàÿ äèíàìè÷åñêàÿ ñèñòåìà íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà, óïðàâëÿåìàÿ â óñëîâèÿõ

ïîìåõ èëè ïðîòèâîäåéñòâèé. Öåëü óïðàâëåíèÿ ñîñòîèò â ìèíèìèçàöèè ïîêàçàòåëÿ êà÷åñòâà, êî-

òîðûé îöåíèâàåò èñòîðèþ äâèæåíèÿ ñèñòåìû è ðåàëèçàöèè âîçäåéñòâèé óïðàâëåíèÿ è ïîìåõè.

Â ðàìêàõ òåîðåòèêî-èãðîâîãî ïîäõîäà [14�16℄ ñòàâèòñÿ çàäà÷à î âû÷èñëåíèè âåëè÷èíû îïòè-

ìàëüíîãî ãàðàíòèðîâàííîãî ðåçóëüòàòà óïðàâëåíèÿ è ïîñòðîåíèè îïòèìàëüíîãî çàêîíà óïðàâ-

ëåíèÿ, îáåñïå÷èâàþùåãî ýòîò ðåçóëüòàò. Äëÿ ðåøåíèÿ ýòîé çàäà÷è â � 5 ðàññìàòðèâàåòñÿ âñïî-

ìîãàòåëüíàÿ çàäà÷à îá óïðàâëåíèè äâèæåíèåì àïïðîêñèìèðóþùåé ñèñòåìû. Óñòàíàâëèâàåòñÿ,

÷òî îïòèìàëüíûé ãàðàíòèðîâàííûé ðåçóëüòàò óïðàâëåíèÿ âî âñïîìîãàòåëüíîé çàäà÷å àïïðîê-

ñèìèðóåò îïòèìàëüíûé ãàðàíòèðîâàííûé ðåçóëüòàò â èñõîäíîé çàäà÷å, ïðè ýòîì îïòèìàëüíûé

çàêîí óïðàâëåíèÿ ñòðîèòñÿ ñ èñïîëüçîâàíèåì â êà÷åñòâå ïîâîäûðåé îïòèìàëüíûõ âî âñïîìîãà-

òåëüíîé çàäà÷å äâèæåíèé àïïðîêñèìèðóþùåé ñèñòåìû. Â � 6 ïðèâîäèòñÿ ïðèìåð, îïèñûâàþòñÿ

ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû áóäóò ïðåäñòàâëåíû íà Âñåìèðíîì êîíãðåññå Ìåæäóíà-

ðîäíîé �åäåðàöèè ïî àâòîìàòè÷åñêîìó óïðàâëåíèþ (IFAC 2017 World Congress).

� 1. Êîí�ëèêòíî-óïðàâëÿåìàÿ ñèñòåìà

�àññìàòðèâàåòñÿ êîí�ëèêòíî-óïðàâëÿåìàÿ äèíàìè÷åñêàÿ ñèñòåìà, îïèñûâàåìàÿ �óíêöè-

îíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèåì íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà

d

dt

(

x[t]− g
(

t, xt[·]
)

)

= f
(

t, xt[·], u[t], v[t]
)

, t ∈ [t0, ϑ],

x[t] ∈ R
n, u[t] ∈ U, v[t] ∈ V,

(1.1)

ñ íà÷àëüíûì óñëîâèåì

xt0 [ζ] = x[t0 + ζ] = z[ζ], ζ ∈ [−h, 0], z[·] ∈ Z. (1.2)

Çäåñü t � ïåðåìåííàÿ âðåìåíè; x[t] � âåêòîð ñîñòîÿíèÿ â ìîìåíò âðåìåíè t; xt[·] � èñòîðèÿ

äâèæåíèÿ (ýëåìåíò çàïàçäûâàíèÿ) íà îòðåçêå [t − h, t], ïðè÷åì xt[ζ] = x[t + ζ], ζ ∈ [−h, 0];
h = const > 0 � âåëè÷èíà çàïàçäûâàíèÿ; u[t] � òåêóùåå óïðàâëÿþùåå âîçäåéñòâèå; v[t] �
íåêîíòðîëèðóåìîå âîçäåéñòâèå ïîìåõè èëè ïðîòèâîäåéñòâèå; U è V � èçâåñòíûå êîìïàêòû

êîíå÷íîìåðíûõ ïðîñòðàíñòâ; Z � ìíîæåñòâî àáñîëþòíî íåïðåðûâíûõ �óíêöèé z[·], óäîâëå-
òâîðÿþùèõ íåðàâåíñòâàì

∥

∥z[ξ]
∥

∥ 6 R0, ξ ∈ [−h, 0],
∥

∥ż[ξ]
∥

∥ 6 R0 ïðè ï.â. ξ ∈ [−h, 0], R0 = 
onst > 0. (1.3)

Çäåñü è äàëåå äâîéíûå ñêîáêè ‖ · ‖ èñïîëüçóþòñÿ äëÿ îáîçíà÷åíèÿ åâêëèäîâîé íîðìû.

Ïóñòü C = C
(

[−h, 0],Rn
)

� ïðîñòðàíñòâî íåïðåðûâíûõ �óíêöèé, äåéñòâóþùèõ èç [−h, 0]
â R

n, îñíàùåííîå ðàâíîìåðíîé íîðìîé ‖ · ‖C .
Ïîëàãàåì, ÷òî äëÿ ñèñòåìû (1.1) âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(C.1) Îòîáðàæåíèå [t0, ϑ]× C × U× V ∋ (t, w[·], u, v) 7→ f = f(t, w[·], u, v) ∈ R
n
íåïðåðûâíî.

(C.2) Ñóùåñòâóåò òàêàÿ êîíñòàíòà αf > 0, ÷òî

∥

∥f
(

t, w[·], u, v
)∥

∥ 6 αf

(

1 +
∥

∥w[·]
∥

∥

C

)

, t ∈ [t0, ϑ], w[·] ∈ C, u ∈ U, v ∈ V.

(C.3) Äëÿ ëþáîãî êîìïàêòà D ⊂ C ñóùåñòâóåò òàêîå ÷èñëî λf (D) > 0, ÷òî

∥

∥f
(

t, w[·], u, v
)

− f
(

t, r[·], u, v
)
∥

∥ 6 λf (D)
∥

∥w[·] − r[·]
∥

∥

C
,

t ∈ [t0, ϑ], u ∈ U, v ∈ V, w[·], r[·] ∈ D.
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(C.4) Ñóùåñòâóþò òàêèå ÷èñëà λg > 0 è hi, i = 1, k (0 < h1 < h2 < . . . < hk = h), ÷òî

∥

∥g
(

t, w[·]
)

− g
(

t, r[·]
)
∥

∥ 6 λg

(

0
∫

−h

∥

∥w[ξ] − r[ξ]
∥

∥dξ +
k

∑

i=1

∥

∥w[−hi]− r[−hi]
∥

∥

)

,

t ∈ [t0, ϑ], w[·], r[·] ∈ C.

(C.5) Ñóùåñòâóåò òàêàÿ êîíñòàíòà αg > 0, ÷òî

∥

∥g
(

t, w[·]
)

− g
(

ξ, w[·]
)
∥

∥ 6 αg

(

1 +
∥

∥w[·]
∥

∥

C

)

|t− ξ|, t, ξ ∈ [t0, ϑ], w[·] ∈ C.

Äîïóñòèìûìè ðåàëèçàöèÿìè óïðàâëåíèÿ u[t] è ïîìåõè v[t] ñ÷èòàåì èçìåðèìûå �óíêöèè u :
[t0, ϑ) → U è v : [t0, ϑ) → V, êîòîðûå îáîçíà÷àåì äàëåå ÷åðåç u[t0[·]ϑ) è v[t0[·]ϑ) ñîîòâåòñòâåííî.
Ïðè óñëîâèÿõ (C.1)�(C.5) ìîæíî ïîêàçàòü (ñì., íàïðèìåð, [13℄), ÷òî äëÿ ëþáûõ äîïóñòèìûõ

ðåàëèçàöèé u[t0[· ]ϑ) è v[t0[· ]ϑ) è ëþáîé íà÷àëüíîé �óíêöèè z[·] ∈ Z ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå x[t0 − h, ϑ] çàäà÷è (1.1), (1.2) � àáñîëþòíî íåïðåðûâíàÿ �óíêöèÿ x : [t0 − h, ϑ] → R
n,

êîòîðàÿ óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (1.2) è âìåñòå ñ u[t] è v[t] óäîâëåòâîðÿåò óðàâíåíèþ
(1.1) ïî÷òè âñþäó.

� 2. Àïïðîêñèìèðóþùàÿ ñèñòåìà

Ïóñòü m ∈ N, m > 2, è ∆h = h/m. Ñëåäóÿ [13℄, íà îñíîâå ñèñòåìû (1.1), (1.2) îïðåäåëèì

àïïðîêñèìèðóþùóþ ñèñòåìó îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé















ẏ[0][t] = f
(

t, S
(

Y [t]
)

[·], p[t], q[t]
)

,

ẏ[1][t] =
(

y[0][t] + g
(

t, S
(

Y [t]
)

[·]
)

− y[1][t]
)

/∆h,

ẏ[i][t] =
(

y[i−1][t]− y[i][t]
)

/∆h, i = 2,m,

t ∈ [t0, ϑ], y[i][t] ∈ R
n, i = 0,m, p[t] ∈ U, q[t] ∈ V,

(2.1)

ñ �àçîâûì âåêòîðîì Y [t] = (y[0][t], y[1][t], . . . , y[m][t]) è íà÷àëüíûì óñëîâèåì

y[i][t0] = y
[i]
0 ∈ R

n, i = 0,m, Y0 =
(

y
[0]
0 , y

[1]
0 , . . . , y

[m]
0

)

∈ R
(m+1)n. (2.2)

Çäåñü S(Y [t])[·] îáîçíà÷àåò ëèíåéíûé ñïëàéí íà îòðåçêå [−h, 0] ñ óçëàìè â òî÷êàõ −i∆h,
i = 0,m, îïðåäåëÿåìûé ïî ïðàâèëó

S
(

Y [t]
)

[0] = y[1][t], S
(

Y [t]
)

[−i∆h] = y[i][t], i = 1,m.

Â ñèëó óñëîâèé (C.1)�(C.5) äëÿ ëþáûõ äîïóñòèìûõ ðåàëèçàöèé p[t0[· ]ϑ) è q[t0[· ]ϑ) è ëþ-

áîãî çíà÷åíèÿ Y0 ∈ R
(m+1)n

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå Y [t0[·]ϑ] çàäà÷è (2.1), (2.2) �

àáñîëþòíî íåïðåðûâíàÿ íà [t0, ϑ] �óíêöèÿ, êîòîðàÿ óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (2.2)

è âìåñòå ñ p[t] è q[t] óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé (2.1) ïî÷òè âñþäó.

Ïî ðåøåíèþ Y [t0[·]ϑ] çàäà÷è (2.1), (2.2) îïðåäåëèì �óíêöèþ y[t0 − h[·]ϑ] ñîãëàñíî ñëåäóþ-

ùåìó ïðàâèëó:

y[t] =















y[0][t] + g
(

t, S
(

Y [t]
)

[·]
)

, t ∈ [t0, ϑ],

y[t0] + (y[t0]− y[1][t0])(t− t0)/∆h, t ∈ [t0 −∆h, t0),

S
(

Y [t0]
)

[t− t0], t ∈ [t0 − h, t0 −∆h).

(2.3)

Ïîëàãàåì, ÷òî íà÷àëüíàÿ �óíêöèÿ z[·] èç (1.2) è íà÷àëüíûé âåêòîð Y0 ∈ R
(m+1)n

èç (2.2)

ñâÿçàíû óñëîâèåì
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(C.6) Ñïðàâåäëèâû íåðàâåíñòâà

∥

∥y
[0]
0 − z[0] + g

(

t0, z[·]
)∥

∥ 6 R∗∆h,
∥

∥y
[i]
0 − z[−i∆h]

∥

∥ 6 R∗∆h, i = 1,m, R∗ = 
onst > 0.

Ñëåäóþùèå äâå ëåììû óñòàíàâëèâàþò àïïðîêñèìèðóþùèå ñâîéñòâà ñèñòåìû (2.1), (2.2).

Ïîäðîáíûå äîêàçàòåëüñòâà ýòèõ ëåìì ïðèâåäåíû â ðàáîòå [13℄.

Ë å ì ì à 2.1. Ñóùåñòâóåò òàêîé êîìïàêò Dy ⊂ C, ÷òî, êàêîâû áû íè áûëè íàòóðàëüíîå

÷èñëî m > 2, íà÷àëüíûå çíà÷åíèÿ z[·] ∈ Z, Y0 ∈ R(m+1)n
è äîïóñòèìûå ðåàëèçàöèè p[t0[·]ϑ),

q[t0[·]ϑ), ïðè âûïîëíåíèè óñëîâèé (C.1)�(C.6) äëÿ ðåøåíèÿ Y [t0[·]ϑ] çàäà÷è (2.1), (2.2) è ñîîò-

âåòñòâóþùåé �óíêöèè y[t0 − h[·]ϑ] (2.3) ñïðàâåäëèâû âêëþ÷åíèÿ

yt[·] ∈ Dy, S
(

Y [t]
)

[·] ∈ Dy, t ∈ [t0, ϑ].

Ë å ì ì à 2.2. Ñóùåñòâóåò òàêîå ÷èñëî K > 0, ÷òî, êàêîâû áû íè áûëè íàòóðàëüíîå ÷èñëî

m > 2, íà÷àëüíûå çíà÷åíèÿ z[·] ∈ Z, Y0 ∈ R
(m+1)n

è äîïóñòèìûå ðåàëèçàöèè p[t0[·]ϑ), q[t0[·]ϑ),
ïðè âûïîëíåíèè óñëîâèé (C.1)�(C.6) ðåøåíèå Y [t0[·]ϑ] çàäà÷è (2.1), (2.2) è ñîîòâåòñòâóþùàÿ

�óíêöèÿ y[t0 − h[·]ϑ] (2.3) óäîâëåòâîðÿþò íåðàâåíñòâó

∥

∥yt[·]− S
(

Y [t]
)

[·]
∥

∥

C
6 K

√
m, t ∈ [t0, ϑ].

� 3. Ïðîöåäóðà ïðèöåëèâàíèÿ

Ïîëàãàåì, ÷òî âûïîëíÿåòñÿ óñëîâèå ñåäëîâîé òî÷êè äëÿ ìàëåíüêîé èãðû [14, ñ. 79℄ (èëè,

â äðóãîé òåðìèíîëîãèè, óñëîâèå Àéçåêñà [17℄):

(C.7) Èìååò ìåñòî ðàâåíñòâî

min
u∈U

max
v∈V

〈

f
(

t, w[·], u, v
)

, s
〉

= max
v∈V

min
u∈U

〈

f
(

t, w[·], u, v
)

, s
〉

,

t ∈ [t0, ϑ], w[·] ∈ C, s ∈ R
n.

Çäåñü è äàëåå óãëîâûå ñêîáêè 〈·, ·〉 èñïîëüçóþòñÿ äëÿ îáîçíà÷åíèÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ

âåêòîðîâ.

Îïèøåì ïðîöåäóðó âçàèìíîãî ïðèöåëèâàíèÿ ìåæäó äâèæåíèÿìè ñèñòåì (1.1), (1.2) è (2.1),

(2.2). Ïðåäïîëîæèì, ÷òî âìåñòî òî÷íûõ çíà÷åíèé x[t] è Y [t] = (y[0][t], . . . , y[m][t]) èçâåñòíû

ïðèáëèæåííûå çíà÷åíèÿ x∗[t] è Y∗[t] = (y
[0]
∗ [t], . . . , y

[m]
∗ [t]), êîòîðûå äëÿ íåêîòîðîãî ÷èñëà η > 0

óäîâëåòâîðÿþò íåðàâåíñòâàì

∥

∥x[t]− x∗[t]
∥

∥ 6 η,
∥

∥y[i][t]− y
[i]
∗ [t]

∥

∥ 6 η, i = 0,m, t ∈ [t0, ϑ]. (3.1)

Ïóñòü êóñî÷íî-ïîñòîÿííûå ðåàëèçàöèè u[t0[·]ϑ) â ñèñòåìå (1.1) è q[t0[·]ϑ) â ñèñòåìå (2.1) �îð-

ìèðóþòñÿ ïî ïðèíöèïó îáðàòíîé ñâÿçè íà áàçå ðàçáèåíèÿ

∆δ =
{

tj : 0 < tj+1 − tj 6 δ, j = 0, J − 1, tJ = ϑ
}

(3.2)

ïðîìåæóòêà âðåìåíè óïðàâëåíèÿ [t0, ϑ] ñîãëàñíî ñëåäóþùåìó ïðàâèëó:

u[t] = u◦j , q[t] = q◦j , t ∈ [tj, tj+1), j = 0, J − 1,

ãäå

u◦j ∈ argmin
u∈U

max
v∈V

〈

f
(

tj , x∗tj [·], u, v
)

, s∗[tj]
〉

,

q◦j ∈ argmax
q∈V

min
p∈U

〈

f
(

tj, S
(

Y∗[tj ]
)

[·], p, q
)

, s∗[tj ]
〉

,

s∗[t] = x∗[t]− g
(

t, x∗t[·]
)

− y
[0]
∗ [t].

(3.3)
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Òå î ð å ì à 3.1. Äëÿ ëþáîãî ÷èñëà ζ > 0 ñóùåñòâóþò òàêèå ÷èñëà M > 0, δ > 0 è η > 0,
÷òî, êàêîâû áû íè áûëè íàòóðàëüíîå ÷èñëî m > M, íà÷àëüíûå çíà÷åíèÿ z[·] ∈ Z, Y0 ∈ R

(m+1)n

è äîïóñòèìûå ðåàëèçàöèè v[t0[·]ϑ), p[t0[·]ϑ), åñëè ðåàëèçàöèè u[t0[·]ϑ), q[t0[·]ϑ) �îðìèðóþòñÿ

ñîãëàñíî ïðîöåäóðå ïðèöåëèâàíèÿ (3.1)�(3.3), òî ïðè âûïîëíåíèè óñëîâèé (C.1)�(C.7) äëÿ ðå-

øåíèÿ x[t0 − h[·]ϑ] çàäà÷è (1.1), (1.2) è �óíêöèè y[t0 − h[·]ϑ] (2.3), ïîñòðîåííîé ïî ðåøåíèþ

Y [t0[·]ϑ] çàäà÷è (2.1), (2.2), ñïðàâåäëèâî íåðàâåíñòâî

∥

∥x[t]− y[t]
∥

∥ 6 ζ, t ∈ [t0, ϑ].

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ïî ñõåìå èç [13, Òåîðåìà 3℄.

Ç à ì å ÷ à í è å 3.1. Îòìåòèì, ÷òî òåîðåìà 3.1 îñòàíåòñÿ ñïðàâåäëèâîé è áåç òðåáîâàíèÿ (C.7), åñëè
èçìåíèòü ïðîöåäóðó ïðèöåëèâàíèÿ (3.1)�(3.3) ñëåäóþùèì îáðàçîì:

u[t] = u◦

j , q[t] = q◦j (p[t]), t ∈ [tj , tj+1), j = 0, J − 1,

ãäå

u◦

j ∈ argmin
u∈U

max
v∈V

〈

f
(

tj , x∗tj [·], u, v
)

, s∗[tj ]
〉

,

q◦j (p) ∈ argmax
q∈V

〈

f
(

tj , S
(

Y∗[tj ]
)

[·], p, q
)

, s∗[tj ]
〉

.

Ïðîèëëþñòðèðóåì ðàáîòîñïîñîáíîñòü ïðîöåäóðû (3.1)�(3.3) íà ïðèìåðå.

Ï ð è ì å ð 3.1. �àññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ �óíêöèîíàëüíî-äè�-

�åðåíöèàëüíûì óðàâíåíèåì íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà

d

dt

(

x[t]− sin
(

x[t− 1]
)

)

= −2

t
∫

t−1

x[ξ]e−0.3|x[ξ]|dξ + u[t] + v[t]x[t− 1], t ∈ [0, 5],

x[t] ∈ R,
∣

∣u[t]
∣

∣ 6 1,
∣

∣v[t]
∣

∣ 6 1,

ñ íà÷àëüíûì óñëîâèåì

x[ξ] = ξ cos(6ξ), ξ ∈ [−1, 0].

Äëÿ ýòîé ñèñòåìû â ñîãëàñèè ñ (2.1), (2.2) ïîñòðîèì àïïðîêñèìèðóþùóþ ñèñòåìó è îñóùå-

ñòâèì ïðîöåäóðó âçàèìíîãî ïðèöåëèâàíèÿ (3.1)�(3.3). Ïðè ýòîì ðåàëèçàöèè v[t0[·]ϑ) è p[t0[·]ϑ)
áóäåì �îðìèðîâàòü íàèõóäøèì äëÿ óêàçàííîé ïðîöåäóðû ñïîñîáîì ñ òî÷êè çðåíèÿ áëèçîñòè

�óíêöèé x[t0 − h[·]ϑ] è y[t0 − h[·]ϑ].
�åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïðèâåäåíû íà ðèñ. 1 è 2.

−1

0

1

−1 0 1 2 3 4 t

x
y

�èñ. 1. �åçóëüòàòû ìîäåëèðîâàíèÿ ïðè

m = 50, δ = 0.001, η = 0.1.

−1

0

1

−1 0 1 2 3 4 t

x
y

�èñ. 2. �åçóëüòàòû ìîäåëèðîâàíèÿ ïðè

m = 500, δ = 0.001, η = 0.1.
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� 4. Ïðèëîæåíèå ê ðåøåíèþ çàäà÷è óïðàâëåíèÿ

Äåéñòâóÿ ïî ñõåìå èç ðàáîòû [18℄, ïðèìåíèì ïðîöåäóðó ïðèöåëèâàíèÿ (3.1)�(3.3) äëÿ ðå-

øåíèÿ ñëåäóþùåé çàäà÷è êîí�ëèêòíîãî óïðàâëåíèÿ. Ïóñòü äâèæåíèå äèíàìè÷åñêîé ñèñòåìû

îïèñûâàåòñÿ ëèíåéíûì �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèåì íåéòðàëüíîãî òèïà â

�îðìå Äæ. Õåéëà

d

dt

(

x[t]−Aτ [t]x[t− τ ]
)

= A[t]x[t] +Ah[t]x[t− h] +B[t]u[t] + C[t]v[t], t ∈ [t0, ϑ],

x[t] ∈ R
n, u[t] ∈ R

n1 , v[t] ∈ R
n2 ,

(4.1)

ñ íà÷àëüíûì óñëîâèåì

xt0 [·] = z[·] ∈ Z. (4.2)

Çäåñü τ, h = 
onst > 0 è τ 6 h; ìàòðèöà-�óíêöèÿ Aτ [t] óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

è âûïîëíÿåòñÿ íåðàâåíñòâî ‖Aτ [t]‖ < 1, t ∈ [t0, ϑ]; ìàòðèöû-�óíêöèè A[t], Ah[t], B[t] è C[t]
íåïðåðûâíû; ìíîæåñòâî Z îïðåäåëÿåòñÿ ñîãëàñíî (1.3).

Ïðåäïîëîæèì, ÷òî äîïóñòèìûå çíà÷åíèÿ âîçäåéñòâèé óïðàâëåíèÿ u[t] è ïîìåõè v[t] ñòåñíåíû
âêëþ÷åíèÿìè

u[t] ∈ U =
{

u ∈ R
n1 : ‖u‖ 6 E

}

, v[t] ∈ V =
{

v ∈ R
n2 : ‖v‖ 6 E

}

,

ãäå êîíñòàíòà E > 0 ÿâëÿåòñÿ äîñòàòî÷íî áîëüøîé äëÿ òîãî, ÷òîáû áûëè ïðèìåíèìû ðåçóëü-

òàòû [16, ñ. 179℄ (ñì. òàêæå [19℄).

Îòìåòèì, ÷òî ñèñòåìà (4.1) óäîâëåòâîðÿåò óñëîâèÿì (C.1)�(C.5). Ñëåäîâàòåëüíî, êàêîâû áû

íè áûëè íà÷àëüíàÿ �óíêöèÿ z[·] ∈ Z è äîïóñòèìûå ðåàëèçàöèè u[t0[·]ϑ) è v[t0[·]ϑ), ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå x[t0 − h[·]ϑ] çàäà÷è (4.1), (4.2). Òðîéêó {x[t0 − h[·]ϑ], u[t0[·]ϑ), v[t0[·]ϑ)}
íàçîâåì ðåàëèçàöèåé ïðîöåññà óïðàâëåíèÿ.

Êà÷åñòâî ýòîé ðåàëèçàöèè îöåíèâàåòñÿ ïîêàçàòåëåì

γ =

(

ϑ
∫

ϑ−h

‖x[ξ]‖2dξ
)1/2

+

ϑ
∫

t0

[

〈u[ξ],Φ[ξ]u[ξ]〉 − 〈v[ξ],Ψ[ξ]v[ξ]〉
]

dξ. (4.3)

Çäåñü Φ[ξ] è Ψ[ξ] � ñèììåòðè÷íûå íåïðåðûâíûå ìàòðèöû-�óíêöèè, òàêèå, ÷òî êâàäðàòè÷-

íûå �îðìû 〈u,Φ[ξ]u〉 è 〈v,Ψ[ξ]v〉 ïîëîæèòåëüíî îïðåäåëåíû ïðè âñåõ ξ ∈ [t0, ϑ].

Öåëü óïðàâëåíèÿ çàêëþ÷àåòñÿ â ìèíèìèçàöèè ïîêàçàòåëÿ êà÷åñòâà (4.3). Îòìåòèì, ÷òî òàê

êàê äåéñòâèÿ ïîìåõè íåèçâåñòíû, òî â ñàìîì íåáëàãîïðèÿòíîì ñëó÷àå îíè ìîãóò ìàêñèìèçè-

ðîâàòü ïîêàçàòåëü (4.3).

Ñîãëàñíî [20℄ (ñì. òàêæå [14℄) çàäà÷ó óïðàâëåíèÿ (4.1)�(4.3) �îðìàëèçóåì ñëåäóþùåì îá-

ðàçîì. Ïîä ñòðàòåãèÿ óïðàâëåíèÿ u(·) ïîíèìàåì ïðîèçâîëüíóþ �óíêöèþ

u(t, w[·], ε) ∈ U, t ∈ [t0, ϑ], w[·] ∈ C, ε > 0,

ãäå ε > 0 � ïàðàìåòð òî÷íîñòè [14, ñ. 68℄. Ïóñòü âûáðàíû ÷èñëî ε > 0 è ðàçáèåíèå ∆δ (3.2).

Òðîéêà {u(·), ε,∆δ} îïðåäåëÿåò çàêîí óïðàâëåíèÿ, êîòîðûé �îðìèðóåò êóñî÷íî-ïîñòîÿííóþ

ðåàëèçàöèþ u[t0[·]ϑ) ñîãëàñíî ñëåäóþùåìó ïîøàãîâîìó ïðàâèëó:

u[t] = u
(

tj, xtj [·], ε
)

, t ∈ [tj , tj+1), j = 0, J − 1.

Îáîçíà÷èì ÷åðåç Ω = Ω(u(·), ε,∆δ) ìíîæåñòâî òàêèõ ðåàëèçàöèé ïðîöåññà óïðàâëåíèÿ {x[t0 −
h[·]ϑ], u[t0[·]ϑ), v[t0[·]ϑ)}, ÷òî v[t0[·]ϑ)� ïðîèçâîëüíàÿ äîïóñòèìàÿ ðåàëèçàöèÿ ïîìåõè; u[t0[·]ϑ)�
ðåàëèçàöèÿ óïðàâëåíèÿ, �îðìèðóåìàÿ ñîãëàñíî çàêîíó {u(·), ε,∆δ}; x[t0 − h[·]ϑ] � ðåøåíèå

çàäà÷è (4.1), (4.2), îïðåäåëÿåìîå ðåàëèçàöèÿìè u[t0[·]ϑ), v[t0[·]ϑ). Ïîëîæèì

Γ = sup
{

γ :
{

x[t0 − h[·]ϑ], u[t0[·]ϑ), v[t0[·]ϑ)
}

∈ Ω
}

.
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Òîãäà îïòèìàëüíûì ãàðàíòèðîâàííûì ðåçóëüòàòîì óïðàâëåíèÿ áóäåò

Γ◦ = inf
u(·)

lim sup
ε↓0

lim
δ↓0

sup
∆δ

Γ.

Ñîãëàñíî ýòîìó îïðåäåëåíèþ, âåëè÷èíà Γ◦
� ýòî òî÷íàÿ íèæíÿÿ ãðàíü çíà÷åíèé ïîêàçàòåëÿ

êà÷åñòâà (4.3), êîòîðûå ìîãóò áûòü ãàðàíòèðîâàíû ïðè èñïîëüçîâàíèè óêàçàííîé ñõåìû �îð-

ìèðîâàíèÿ óïðàâëÿþùèõ âîçäåéñòâèé.

Â ñëåäóþùåì ïàðàãðà�å ïðåäëàãàåòñÿ ìåòîä äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ âåëè÷èíû

Γ◦
è îïèñûâàåòñÿ ïðîöåäóðà �îðìèðîâàíèÿ óïðàâëåíèÿ, êîòîðàÿ ãàðàíòèðóåò ýòî çíà÷åíèå

ñ íàïåðåä çàäàííîé òî÷íîñòüþ.

� 5. Âñïîìîãàòåëüíàÿ çàäà÷à óïðàâëåíèÿ

Ïðèìåíÿÿ îïèñàííóþ â � 2 àïïðîêñèìàöèþ ê ñèñòåìå (4.1), (4.2), ïðèõîäèì ê ëèíåéíîé

ñèñòåìå îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé















ẏ[0][t] = A[t]y[0][t] +Ah[t]y
[m][t− h] +B[t]p[t] + C[t]q[t],

ẏ[1][t] =
(

y[0][t] +Aτ [t]y
[mτ ] − y[1][t]

)

/∆h,

ẏ[i][t] =
(

y[i−1][t]− y[i][t]
)

/∆h, i = 2,m,

t ∈ [t0, ϑ], y[i][t] ∈ R
n, i = 0,m, p[t] ∈ U, q[t] ∈ V,

(5.1)

ñ íà÷àëüíûì óñëîâèåì

y[0][t0] = z[0] −Aτ [t0]z[−τ ], y[i][t0] = z[−i∆h], i = 1,m. (5.2)

Çäåñü mτ = τ/∆h, è äëÿ ïðîñòîòû ïðåäïîëàãàåòñÿ, ÷òî mτ ∈ N.

Äåéñòâóÿ ïî ñõåìå èç � 3, ïðèíèìàÿ âî âíèìàíèå âèä ïîêàçàòåëÿ êà÷åñòâà (4.3), ðàññìîòðèì

ñëåäóþùóþ ïðîöåäóðó ïðèöåëèâàíèÿ ìåæäó äâèæåíèÿìè ñèñòåì (4.1), (4.2) è (5.1), (5.2). Ïóñòü

ðåàëèçàöèè u[t0[·]ϑ) â èñõîäíîé ñèñòåìå (4.1) è q[t0[·]ϑ) â àïïðîêñèìèðóþùåé ñèñòåìå (5.1)

�îðìèðóþòñÿ íà áàçå ðàçáèåíèÿ ∆δ (3.2) ïî ïðàâèëó

u[t] = uj ∈ argmin
u∈U

[

〈B[tj]u, s[tj ]〉+ 〈u,Φ[tj ]u〉s̃[tj ]
]

,

q[t] = qj ∈ argmax
q∈V

[

〈C[tj ]q, s[tj]〉 − 〈q,Ψ[tj ]q〉s̃[tj ]
]

,

t ∈ [tj , tj+1), j = 0, J − 1,

(5.3)

ãäå

s[t] = x[t]−Aτ [t]x[t− τ ]− y[0][t],

s̃[t] =

t
∫

t0

[

〈u[ξ],Φ[ξ]u[ξ]〉 − 〈v[ξ],Ψ[ξ]v[ξ]〉
]

dξ −
t

∫

t0

[

〈p[ξ],Φ[ξ]p[ξ]〉 − 〈q[ξ],Ψ[ξ]q[ξ]〉
]

dξ.

Ïî àíàëîãèè ñ òåîðåìîé 3.1 èìååò ìåñòî

Ò å î ð å ì à 5.1. Äëÿ ëþáîãî ÷èñëà ζ > 0 ñóùåñòâóþò òàêèå ÷èñëà M > 0 è δ > 0, ÷òî,
êàêîâû áû íè áûëè íàòóðàëüíîå ÷èñëî m > M, íà÷àëüíûå çíà÷åíèÿ z[·] ∈ Z, Y0 ∈ R

(m+1)n
è

äîïóñòèìûå ðåàëèçàöèè p[t0[·]ϑ), v[t0[·]ϑ), åñëè ðåàëèçàöèè u[t0[·]ϑ), q[t0[·]ϑ) �îðìèðóþòñÿ ñî-

ãëàñíî ïðîöåäóðå ïðèöåëèâàíèÿ (5.3), òî äëÿ ðåøåíèÿ x[t0−h[·]ϑ] çàäà÷è (4.1), (4.2) è �óíêöèè

y[t0−h[·]ϑ] (2.3), ïîñòðîåííîé ïî ðåøåíèþ Y [t0[·]ϑ] çàäà÷è (5.1), (5.2), ñïðàâåäëèâî íåðàâåíñòâî

∥

∥x[t]− y[t]
∥

∥ 6 ζ,
∥

∥x[t− i∆h]− y[i][t]
∥

∥ 6 ζ, i = 1,m,
∥

∥s[t]
∥

∥ 6 ζ,
∣

∣s̃[t]
∣

∣ 6 ζ, t ∈ [t0, ϑ].
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Ïðèíèìàÿ âî âíèìàíèå ýòîò ðåçóëüòàò, îïðåäåëèì ïîêàçàòåëü êà÷åñòâà

γm =

( m
∑

i=1

‖y[i](ϑ)‖2∆h

)1/2

+

ϑ
∫

t0

[

〈p[ξ],Φ[ξ]p[ξ]〉 − 〈q[ξ],Ψ[ξ]q[ξ]〉
]

dξ, (5.4)

êîòîðûé àïïðîêñèìèðóåò èñõîäíûé ïîêàçàòåëü (4.3).

Äëÿ ñèñòåìû (5.1), íà÷àëüíîãî óñëîâèÿ (5.2) è ïîêàçàòåëÿ êà÷åñòâà (5.4) ðàññìîòðèì âñïî-

ìîãàòåëüíóþ çàäà÷ó êîí�ëèêòíîãî óïðàâëåíèÿ. Â ýòîé çàäà÷å p[t] è q[t] òðàêòóþòñÿ êàê âîç-

äåéñòâèÿ óïðàâëåíèÿ è ïîìåõè ñîîòâåòñòâåííî.

Â ñîãëàñèè ñ [14℄ ñòðàòåãèåé óïðàâëåíèÿ pm(·) íàçûâàåòñÿ ïðîèçâîëüíàÿ �óíêöèÿ

pm(t, Y, ε) ∈ U, t ∈ [t0, ϑ], Y ∈ R
(m+1)n, ε > 0.

Ïóñòü âûáðàíû ÷èñëî ε > 0 è ðàçáèåíèå ∆δ (3.2). Òðîéêà {pm(·), ε,∆δ} îïðåäåëÿåò çàêîí

óïðàâëåíèÿ, êîòîðûé �îðìèðóåò êóñî÷íî-ïîñòîÿííóþ ðåàëèçàöèþ p[t0[·]ϑ) ïî ïðàâèëó

p[t] = pm
(

tj, Y [tj], ε
)

, t ∈ [tj , tj+1), j = 0, J − 1. (5.5)

Îáîçíà÷èì ÷åðåç Ωm = Ωm(pm(·), ε,∆δ) ìíîæåñòâî òàêèõ ðåàëèçàöèé ïðîöåññà óïðàâëå-

íèÿ {Y [t0[·]ϑ], p[t0[·]ϑ), q[t0[·]ϑ)
}

, ÷òî q[t0[·]ϑ) � ïðîèçâîëüíàÿ äîïóñòèìàÿ ðåàëèçàöèÿ ïîìåõè;

p[t0[·]ϑ) � ðåàëèçàöèÿ óïðàâëåíèÿ, �îðìèðóåìàÿ ñîãëàñíî çàêîíó {pm(·), ε,∆δ}; Y [t0[·]ϑ] � ðå-

øåíèå çàäà÷è (5.1), (5.2), îïðåäåëÿåìîå ðåàëèçàöèÿìè p[t0[·]ϑ) è q[t0[·]ϑ). Ïîëîæèì

Γm = sup
{

γ :
{

Y [t0[·]ϑ], p[t0[·]ϑ), q[t0[·]ϑ)
}

∈ Ωm

}

è îïðåäåëèì âåëè÷èíó îïòèìàëüíîãî ãàðàíòèðîâàííîãî ðåçóëüòàòà

Γ◦
m = inf

pm(·)
lim sup

ε↓0
lim
δ↓0

sup
∆δ

Γm. (5.6)

Èçâåñòíî (ñì, íàïðèìåð, [14℄), ÷òî òî÷íàÿ íèæíÿÿ ãðàíü â âûðàæåíèè (5.6) äîñòèãàåòñÿ

íà îïòèìàëüíîé ñòðàòåãèè p◦m(·). Áîëåå òîãî, âåëè÷èíà Γ◦
m è ñòðàòåãèÿ p◦m(·) ìîãóò áûòü ý�-

�åêòèâíî íàéäåíû ïðè ïîìîùè ìåòîäà âûïóêëûõ ñâåðõó îáîëî÷åê (äåòàëè è ðåçóëüòèðóþùèå

�îðìóëû ñì., íàïðèìåð, â [16, 19℄).

Òåîðåìà 5.1 ñ ó÷åòîì ðåçóëüòàòîâ èç [13, 20℄ ïîçâîëÿåò äîêàçàòü ñëåäóþùóþ òåîðåìó.

Ò å î ð å ì à 5.2. Äëÿ ëþáîãî ÷èñëà ζ > 0 ñóùåñòâóåò òàêîå ÷èñëî M > 0, ÷òî, êàêîâî áû

íè áûëî íàòóðàëüíîå ÷èñëî m > M, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. Èìååò ìåñòî íåðàâåíñòâî |Γ◦ − Γ◦
m| 6 ζ.

2. Ñóùåñòâóþò òàêèå ÷èñëî ε∗ > 0 è �óíêöèÿ δ∗(ε) > 0, ε ∈ (0, ε∗], ÷òî, êàêîâû áû íè áûëè

÷èñëî ε ∈ (0, ε∗] è ðàçáèåíèå ∆δ (3.2) ïðè δ 6 δ∗(ε), ñõåìà �îðìèðîâàíèÿ óïðàâëåíèÿ (5.3),
(5.5) ïðè pm(·) = p◦m(·) ãàðàíòèðóåò íåðàâåíñòâî

γ 6 Γ◦ + ζ (5.7)

äëÿ ëþáîé äîïóñòèìîé ðåàëèçàöèè ïîìåõè v[t0[·]ϑ).

Òàêèì îáðàçîì, äëÿ èñõîäíîé çàäà÷è óïðàâëåíèÿ (4.1)�(4.3) ïîëó÷àåì ñëåäóþùèé àëãîðèòì

ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ. Çà�èêñèðóåì äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî m.
Ïðèìåíÿÿ ìåòîä âûïóêëûõ ñâåðõó îáîëî÷åê, íàéäåì âåëè÷èíó îïòèìàëüíîãî ãàðàíòèðîâàííîãî

ðåçóëüòàòà Γ◦
m è îïòèìàëüíóþ ñòðàòåãèþ óïðàâëåíèÿ p◦m(·) âî âñïîìîãàòåëüíîé çàäà÷å óïðàâ-

ëåíèÿ (5.1), (5.2), (5.4). Òîãäà âåëè÷èíà Γ◦
m àïïðîêñèìèðóåò îïòèìàëüíûé ãàðàíòèðîâàííûé

ðåçóëüòàò Γ◦
â èñõîäíîé çàäà÷å, à ñõåìà óïðàâëåíèÿ (5.3), (5.5) ïðè pm(·) = p◦m(·) îáåñïå÷èâàåò

âûïîëíåíèå íåðàâåíñòâà (5.7) ïðè äîñòàòî÷íî ìàëîì çíà÷åíèè ïàðàìåòðà òî÷íîñòè ε > 0 è

äîñòàòî÷íî ìåëêîì ðàçáèåíèè ∆δ (3.2).

118



� 6. Ïðèìåð

Ïðîèëëþñòðèðóåì ïðåäëîæåííûé â ïðåäûäóùåì ïàðàãðà�å àëãîðèòì ðåøåíèÿ çàäà÷è êîí-

�ëèêòíîãî óïðàâëåíèÿ (4.1)�(4.3) íà ïðèìåðå. Ïóñòü äâèæåíèå äèíàìè÷åñêîé ñèñòåìû îïèñû-

âàåòñÿ ëèíåéíûì �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèåì íåéòðàëüíîãî òèïà â �îðìå

Äæ. Õåéëà































d2

dt2

(

r1[t]− 0.4r2[t− 0.5]
)

= −2r1[t]− 0.4ṙ1[t] + 0.02r2[t]− r1[t− 1]

− 0.4ṙ1[t− 1] + 0.4r2[t− 1]− ṙ2[t− 1] + (5− t)u1[t] + 2v1[t],

d2

dt2

(

r2[t]− 0.5r1[t− 0.5]
)

= 0.01r1[t]− r2[t]− 0.1ṙ2[t]− 0.3r1[t− 1]

+ 0.7ṙ1[t− 1]− 0.4r2[t− 1] + 0.5ṙ2[t− 1] + (4− 0.5t)u2[t] + 3v2[t],

t ∈ [0, 4], x[t] = (r1[t], ṙ1[t], r2[t], ṙ2[t]) ∈ R
4,

u[t] = (u1[t], u2[t]) ∈ R
2, v[t] = (v1[t], v2[t]) ∈ R

2,

ñ íà÷àëüíûì óñëîâèåì

z[ξ] =
(

sin(ξ), cos(ξ), cos(ξ),− sin(ξ)
)

, ξ ∈ [−1, 0].

Ïîêàçàòåëü êà÷åñòâà èìååò âèä

γ =

(

4
∫

3

[

r21[ξ] + r22[ξ] + ṙ21[ξ] + ṙ22[ξ]
]

dξ

)1/2

+

4
∫

0

[

u21[ξ] + u22[ξ]− v21 [ξ]− v22 [ξ]
]

dξ.

Ïðèìåíèì ê ýòîé çàäà÷å óïðàâëåíèÿ îïèñàííûé â � 5 ìåòîä ðåøåíèÿ ïðè ðàçëè÷íûõ çíà÷å-

íèÿõ m, ε è ðàâíîìåðíûõ ðàçáèåíèÿõ ∆δ (3.2) ñ äèàìåòðîì δ.
Äëÿ âåëè÷èíû îïòèìàëüíîãî ãàðàíòèðîâàííîãî ðåçóëüòàòà Γ◦

ïîëó÷àåì ñëåäóþùèå ïðè-

áëèæåííûå çíà÷åíèÿ:

Γ◦
10 = 2.178, Γ◦

50 = 1.905, Γ◦
100 = 1.872.

Äëÿ òîãî, ÷òîáû ïðîèëëþñòðèðîâàòü ðàáîòîñïîñîáíîñòü ïðåäëîæåííîé ñõåìû óïðàâëåíèÿ,

âîçäåéñòâèÿ ïîìåõè ìîäåëèðîâàëèñü ñëåäóþùèì îáðàçîì. Â ðàìêàõ òåîðåòèêî-èãðîâîãî ïîäõî-

äà [14�16℄ äëÿ ñèñòåìû (4.1), íà÷àëüíîãî óñëîâèÿ (4.2) è ïîêàçàòåëÿ êà÷åñòâà (4.3), ïî àíàëîãèè

ñ èñõîäíîé çàäà÷åé óïðàâëåíèÿ ðàññìàòðèâàåòñÿ çàäà÷à î �îðìèðîâàíèè âîçäåéñòâèé ïîìåõè,

êîòîðûå íàöåëåíû íà ìàêñèìèçàöèþ ïîêàçàòåëÿ (4.3). Äëÿ ýòîé çàäà÷è ñòðîèòñÿ ñîîòâåòñòâó-

þùàÿ ñõåìà �îðìèðîâàíèÿ îïòèìàëüíûõ âîçäåéñòâèé ïîìåõè è óñòàíàâëèâàþòñÿ ðåçóëüòàòû,

àíàëîãè÷íûå òåîðåìàì 5.1 è 5.2.

Ïðè èñïîëüçîâàíèè ñõåìû óïðàâëåíèÿ (5.3), (5.5) ïðè pm(·) = p◦m(·), êîãäà âîçäåéñòâèÿ

ïîìåõè âûáèðàþòñÿ óêàçàííûì ñïîñîáîì, ïîëó÷àåì ñëåäóþùèå çíà÷åíèÿ ïîêàçàòåëÿ êà÷åñòâà:

m ε δ γ

10 0.1 0.01 1.295

50 0.02 0.002 1.869

100 0.01 0.001 1.856

�åçóëüòàòû ìîäåëèðîâàíèÿ ïðîèëëþñòðèðîâàíû íà ðèñ. 3.
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The paper deals with a 
on�i
t-
ontrolled dynami
al system whi
h motion is des
ribed by neutral-type fun
tional-

di�erential equations in J. Hale's form. Approximations of this system by 
ontrolled high-dimensional systems of

ordinary di�erential equations are investigated. A mutual aiming pro
edure between the initial system and its �nite-

dimensional approximation that guarantees proximity between their motions is elaborated. Stability properties of the

pro
edure with respe
t to measurement errors are established, an illustrative example is 
onsidered. An appli
ation

of the pro
edure is given for solving a guarantee optimization problem in whi
h a motion of the dynami
al system is

des
ribed by linear fun
tional-di�erential equations of neutral type in J. Hale's form and the quality index evaluates

a motion history and realizations of 
ontrol and disturban
e a
tions. For this purpose an auxiliary 
ontrol problem

for the approximating system is formulated and its solution is 
onstru
ted by the upper 
onvex hulls method. It is

shown that the optimal guaranteed result in the auxiliary problem approximates the optimal guaranteed result in the

initial problem, and with the use of optimal in the auxiliary problem motions of the approximating system as guides

an optimal 
ontrol law is 
onstru
ted. An illustrative example is 
onsidered, numeri
al simulation results are shown.
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