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�àññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ èíòåãðàëüíûì âûïóêëûì êðèòåðèåì êà÷åñòâà ëèíåéíîé

ñòàöèîíàðíîé óïðàâëÿåìîé ñèñòåìîé â êëàññå êóñî÷íî-íåïðåðûâíûõ óïðàâëåíèé ñ ãëàäêèìè îãðàíè÷åíèÿìè íà

óïðàâëåíèå. Â îáùåì ñëó÷àå äëÿ òàêîé çàäà÷è ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà ÿâëÿåòñÿ íåîáõîäèìûì è äîñòà-

òî÷íûì óñëîâèåì îïòèìàëüíîñòè. Îñíîâíûì îòëè÷èåì äàííîé ñòàòüè îò ïðåäûäóùåé [5℄ ÿâëÿåòñÿ òî, ÷òî òåðìè-

íàëüíàÿ ÷àñòü �óíêöèîíàëà êà÷åñòâà çàâèñèò íå òîëüêî îò ìåäëåííûõ ïåðåìåííûõ, íî è îò áûñòðûõ. Â ðàáîòå â

÷àñòíîì ñëó÷àå âûâîäèòñÿ óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿåò íà÷àëüíûé âåêòîð ñîïðÿæåííîé ñèñòåìû. Çàòåì

ýòî óðàâíåíèå óòî÷íÿåòñÿ íà çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ñ èíòåãðàëüíûì âûïóêëûì êðèòåðèåì êà÷åñòâà

äëÿ ëèíåéíîé ñèñòåìû ñ áûñòðûìè è ìåäëåííûìè ïåðåìåííûìè. Ïîêàçûâàåòñÿ, ÷òî ðåøåíèå ñîîòâåòñòâóþùåãî

óðàâíåíèÿ ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ ñòðåìèòñÿ ê ðåøåíèþ óðàâíåíèÿ, ñîîòâåòñòâóþùåãî ïðå-

äåëüíîé çàäà÷å. Çàòåì ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ ê èññëåäîâàíèþ çàäà÷è, îïèñûâàþùåé äâèæåíèå

ìàòåðèàëüíîé òî÷êè â R
n
íà �èêñèðîâàííîì ïðîìåæóòêå âðåìåíè. Ñòðîèòñÿ àñèìïòîòèêà íà÷àëüíîãî âåêòîðà

ñîïðÿæåííîãî ñîñòîÿíèÿ, êîòîðûé îïðåäåëÿåò âèä îïòèìàëüíîãî óïðàâëåíèÿ. Ïîêàçàíî, ÷òî àñèìïòîòèêà èìååò

ñòåïåííîé õàðàêòåð.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ñèíãóëÿðíî âîçìóùåííûå çàäà÷è, àñèìïòîòè÷åñêèå ðàçëîæåíèÿ, ìà-

ëûé ïàðàìåòð.
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Ââåäåíèå

Ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ àñèìïòîòèêè íà÷àëüíîãî âåêòîðà ñîïðÿæåííîãî ñîñòîÿ-

íèÿ è îïòèìàëüíîãî çíà÷åíèÿ �óíêöèîíàëà êà÷åñòâà â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ [1�3℄

ëèíåéíîé ñèñòåìîé ñ áûñòðûìè è ìåäëåííûìè ïåðåìåííûìè (ñì. îáçîð [4℄), ñ èíòåãðàëüíûì

âûïóêëûì �óíêöèîíàëîì êà÷åñòâà [3, ãëàâà 3℄ è ãëàäêèìè ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè

íà óïðàâëåíèå.

�ëàâíîé îòëè÷èòåëüíîé îñîáåííîñòüþ çàäà÷è îò ðàññìîòðåííîé â [5℄ ÿâëÿåòñÿ ïðèñóòñòâèå

áûñòðûõ ïåðåìåííûõ â òåðìèíàëüíîé ÷àñòè �óíêöèîíàëà êà÷åñòâà. Îáùèå ñîîòíîøåíèÿ ïðè-

ìåíåíû ê íàõîæäåíèþ ïîëíîé àñèìïòîòèêè ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ òî÷êîé

ìàëîé ìàññû â n-ìåðíîì ïðîñòðàíñòâå, ïîä äåéñòâèåì ñèëû, îãðàíè÷åííîé ïî âåëè÷èíå.

Â [6,7℄ ðàññìàòðèâàëèñü ïðîáëåìû, ñâÿçàííûå ñ ïðåäåëüíîé çàäà÷åé äëÿ çàäà÷ îïòèìàëüíîãî

óïðàâëåíèÿ ëèíåéíîé ñèñòåìîé ñ áûñòðûìè è ìåäëåííûìè ïåðåìåííûìè. Â äðóãèõ ïîñòàíîâêàõ

àñèìïòîòèêà ðåøåíèé âîçìóùåííûõ çàäà÷ óïðàâëåíèÿ ðàññìàòðèâàëàñü â [8�10℄.

� 1. Ïîñòðîåíèå ïîëíîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ âåêòîðà λε äëÿ îäíîé

çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ áûñòðûìè è ìåäëåííûìè ïåðåìåí-

íûìè

Â êëàññå êóñî÷íî-íåïðåðûâíûõ óïðàâëåíèé ðàññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî

óïðàâëåíèÿ ëèíåéíîé ñòàöèîíàðíîé ñèñòåìîé ñ èíòåãðàëüíûì âûïóêëûì �óíêöèîíàëîì êà÷å-

ñòâà: 



ẋε = yε, t ∈ [0, T ], ‖u‖ 6 1,
ε · ẏε = −yε + u, xε(0) = x0, yε(0) = y0,

J(u) = 1
2‖zε(T )‖

2 +

∫ T

0
‖u(t)‖2 dt→ min, zε(T ) =

(
xε(T ) yε(T )

)T
,

(1.1)

ãäå xε, yε, u ∈ R
n
, zε ∈ R

2n. Çäåñü è äàëåå ‖ · ‖ � åâêëèäîâà íîðìà â ñîîòâåòñòâóþùåì ïðî-

ñòðàíñòâå.
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Çàäà÷à (1.1) ìîäåëèðóåò äâèæåíèå ìàòåðèàëüíîé òî÷êè ìàëîé ìàññû ε > 0 ñ êîý��èöèåí-

òîì ñîïðîòèâëåíèÿ ñðåäû, ðàâíûì 1, â ïðîñòðàíñòâå Rn
ïîä äåéñòâèåì îãðàíè÷åííîé óïðàâëÿ-

þùåé ñèëû u(t).
Îòìåòèì, ÷òî â ðàññìàòðèâàåìîì èíòåãðàëüíîì âûïóêëîì êðèòåðèè êà÷åñòâà J ïåðâîå ñëà-

ãàåìîå ìîæíî èíòåðïðåòèðîâàòü êàê øòðà� çà îøèáêó óïðàâëåíèÿ â êîíå÷íûé ìîìåíò âðåìå-

íè T , à âòîðîå � êàê ó÷åò ýíåðãîçàòðàò íà ðåàëèçàöèþ óïðàâëåíèÿ.

Óïðàâëÿåìàÿ ñèñòåìà (1.1) ñîäåðæèò áûñòðûå è ìåäëåííûå ïåðåìåííûå, à òåðìèíàëüíàÿ

÷àñòü �óíêöèîíàëà êà÷åñòâà çàâèñèò îò ìåäëåííûõ è áûñòðûõ ïåðåìåííûõ. Ïðè êàæäîì �èê-

ñèðîâàííîì ε > 0 çàäà÷à (1.1) ìîæåò áûòü çàïèñàíà â âèäå





ż = Aεz + Bεu, z(0) = z0, ‖u(t)‖ 6 1, t ∈ [0, T ],

J(u) = ϕ(z(T )) +

∫ T

0
‖u(t)‖2 dt → min,

(1.2)

ãäå z ∈ R
ñ
, u ∈ R

n
,

zε(t) =

(
xε(t)

yε(t)

)
, z0ε =

(
x0

y0

)
, ñ = 2n, ϕ(zε) =

1

2
‖zε‖

2,

Aε =

(
A11 A12

ε−1A21 ε−1A22

)
, Bε =

(
B1

ε−1B2

)
.

Çäåñü A11 = O, A12 = I, A21 = O, A22 = −I, B1 = O, B2 = I, à O è I � íóëåâàÿ è åäèíè÷íûå

ìàòðèöû ðàçìåðíîñòè n× n ñîîòâåòñòâåííî.

Âû÷èñëÿÿ eAεt
è ∇(12‖zε(T )‖

2), ïîëó÷èì

eAεt =

(
I ε(1 − e−t/ε)I

O e−t/εI

)
, ∇

(
1

2
‖zε(T )‖

2

)
= zε(T ). (1.3)

Òàêèì îáðàçîì, âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

• ïàðà (Aε,Bε) âïîëíå óïðàâëÿåìà, òî åñòü rank
(
Bε,AεBε, . . . ,Aε

2n−1Bε) = 2n;

• âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A22 èìåþò îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè;

• ïàðà (A22, B2) âïîëíå óïðàâëÿåìà.

Ïðè ñ�îðìóëèðîâàííîì ïåðâîì óñëîâèè ïðèìåíÿåìûé ê çàäà÷å (1.2) ïðèíöèï ìàêñèìóìà

Ïîíòðÿãèíà åñòü íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îïòèìàëüíîñòè, êîòîðîå äàåò åäèíñòâåííîå

ðåøåíèå [3, ï. 3.5, òåîðåìà 14℄. Êðîìå òîãî, ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Ó ò â å ð æ ä å í è å 1.1. Ïàðà zε(t), uε(t) åñòü ðåøåíèå çàäà÷è ïðèíöèïà ìàêñèìóìà òîãäà

è òîëüêî òîãäà, êîãäà uε(t) îïðåäåëÿåòñÿ ñëåäóþùåé �îðìóëîé:

uε(t) =
Bε

∗eAε
∗tλε

S
(
‖Bε

∗eAε
∗tλε‖

) , S(ξ) :=

{
2, 0 6 ξ 6 2,

ξ, ξ > 2,

à âåêòîð λε åñòü åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

−λε = ∇ϕ

(
eAεT z0ε +

∫ T

0
eAετBε

Bε
∗eAε

∗tλε

S
(
‖Bε

∗eAε
∗tλε‖

) dτ
)
. (1.4)

Ïðè ýòîì uε(t) åñòü åäèíñòâåííîå îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (1.2) [5, óòâåðæäåíèå 1℄.

Î ï ð å ä å ë å í è å 1.1. Âåêòîð λε, óäîâëåòâîðÿþùèé óðàâíåíèþ (1.4), íàçûâàåòñÿ âåêòîðîì,

îïðåäåëÿþùèì îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (1.2).
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Ïîñêîëüêó ∇ϕ(zε) =

(
xε
yε

)
, âåêòîð λε, îïðåäåëÿþùèé îïòèìàëüíîå óïðàâëåíèå â çàäà-

÷å (1.2), èìååò âèä λε =

(
lε
ρε

)
, lε ∈ R

n, ρε ∈ R
n
.

Î ï ð å ä å ë å í è å 1.2. Âåêòîðû lε, ρε òîæå áóäåì íàçûâàòü âåêòîðàìè, îïðåäåëÿþùèìè

îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (1.2).

Ñîãëàñíî (1.3) óðàâíåíèå (1.4) ïåðåõîäèò â ñèñòåìó óðàâíåíèé





−lε = x0 + ε
(
1− e−

T

ε

)
y0 +

∫ T

0

(1− e−
t

ε )
(
lε + e−

t

ε

(
ε−1ρε − lε

))

S
(
‖lε + e−

t

ε (ε−1ρε − lε) ‖
) dt,

−ρε = e−
T

ε y0 +

∫ T

0

e−
t

ε

(
lε + e−

t

ε

(
ε−1ρε − lε

))

ε · S
(
‖lε + e−

t

ε (ε−1ρε − lε) ‖
) dt.

(1.5)

Â ñèëó 1.1 îïòèìàëüíîå óïðàâëåíèå uoε(τ) â çàäà÷å (1.1) âûðàæàåòñÿ ÷åðåç âåêòîðû lε, ρε
ñëåäóþùèì îáðàçîì:

uoε(τ) =
lε + e−

t

ε

(
ε−1ρε − lε

)

S
(
‖lε + e−

t

ε (ε−1ρε − lε) ‖
) .

(1.6)

Îñíîâíàÿ çàäà÷à, êîòîðàÿ ñòàâèòñÿ äëÿ (1.1), åñòü íàõîæäåíèå ïîëíîãî àñèìïòîòè÷åñêîãî

ðàçëîæåíèÿ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà ε îïòèìàëüíîãî óïðàâëåíèÿ, îïòèìàëüíîãî çíà÷å-

íèÿ �óíêöèîíàëà êà÷åñòâà è îïòèìàëüíîãî ïðîöåññà. Ôîðìóëà (1.6) ïîêàçûâàåò, ÷òî åñëè óäàñò-

ñÿ ïîëó÷èòü ïîëíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå âåêòîðîâ lε, ρε, îïðåäåëÿþùèõ îïòèìàëüíîå

óïðàâëåíèå â çàäà÷å (1.1), òî èç íèõ ïîëó÷àòñÿ è àñèìïòîòè÷åñêèå ðàçëîæåíèÿ óêàçàííûõ âå-

ëè÷èí.

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Åñëè âåêòîð-�óíêöèÿ fε(t) òàêîâà, ÷òî fε(t) = O(εα) ïðè
ε→ 0 äëÿ ëþáîãî α > 0 ðàâíîìåðíî ïî t ∈ [0, T ], òî âìåñòî fε(t) áóäåì ïèñàòü O. Â ÷àñòíîñòè,

e−γT/ε = O.

Ò å î ð å ì à 1.1. Ïóñòü âåêòîðû lε, ρε � åäèíñòâåííûå ðåøåíèÿ ñèñòåìû óðàâíåíèé (1.5)
â çàäà÷å (1.1), à l0 � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

−l0 = x0 +
l0

S
(∥∥l0

∥∥)T. (1.7)

Òîãäà lε → l0 è ε−1ρε → −l0 ïðè ε→ +0.

Ä î ê à ç à ò å ë ü ñ ò â î. Èçâåñòíî, ÷òî ìíîæåñòâî äîñòèæèìîñòè óïðàâëÿåìîé ñèñòåìû (1.1)

ê ìîìåíòó âðåìåíè T ðàâíîìåðíî îãðàíè÷åíî ïðè ε ∈ (0, ε0] (ñì., íàïðèìåð, [7, òåîðåìà 3.1℄).
Âûïèøåì ïåðâîå óðàâíåíèå èç (1.5):

−lε = x0 + ε
(
1− e−

T

ε

)
y0 +

∫ T

0

(1− e−
t

ε )
(
lε + e−

t

ε

(
ε−1ρε − lε

))

S
(
‖lε + e−

t

ε (ε−1ρε − lε) ‖
) dt.

Ó÷èòûâàÿ ðàâíîìåðíóþ îãðàíè÷åííîñòü ïîäûíòåãðàëüíîãî âûðàæåíèÿ è òî, ÷òî O(e−t/ε) =
= e−t/ε

(
ε−1ρε − lε

)
ïðè ε → 0, äîêàçàòåëüñòâî òîãî, ÷òî lε → l0, ïðîâîäèòñÿ ïî÷òè äîñëîâíî

äîêàçàòåëüñòâó [5, òåîðåìà 1℄. Òàêèì îáðàçîì, äëÿ ïîëíîãî äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî

äîêàçàòü, ÷òî ε−1ρε → −l0.
Ïîêàæåì, ÷òî âåêòîð ρε ìîæíî ïðåäñòàâèòü â âèäå ρε = ε ·rε, ãäå rε → r0 ∈ R

n
ïðè ε→ +0.

Âûïèøåì âòîðîå óðàâíåíèå èç (1.5):

−ρε = e−
T

ε y0 +

∫ T

0

e−
t

ε

(
lε + e−

t

ε (ε−1ρε − lε)
)

ε · S
(
‖lε + e−

t

ε (ε−1ρε − lε)‖
) dt. (1.8)
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Ïîëîæèì τ := t
ε . Óðàâíåíèå (1.8) ïåðåïèøåòñÿ êàê

−ρε = O+

∫ ∞

0

e−τ
(
lε + e−τ (ε−1ρε − lε)

)

S (‖lε + e−τ (ε−1ρε − lε)‖)
dτ, ε→ 0.

Ñäåëàâ çàìåíó ïåðåìåííîé ξ := e−τ , ïîëó÷èì

−ρε = O+

∫ 1

0

lε + ξ(ε−1ρε − lε)

S (‖lε + ξ(ε−1ρε − lε)‖)
dξ, ε→ 0.

Ñëåäîâàòåëüíî, âåêòîð ρε îãðàíè÷åí. Äîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {ε−1ρε} îãðàíè÷åíà.

Ïðåäïîëîæèì ïðîòèâíîå. Íàéäåì εn → 0 : ‖ε−1ρε‖ → ∞. Äëÿ ïðîñòîòû çàâèñèìîñòü ε îò n
îïóñòèì.

�àçîáüåì îòðåçîê èíòåãðèðîâàíèÿ íà äâà ñ ïîìîùüþ ââåäåíèÿ äîïîëíèòåëüíîãî ïàðàìåò-

ðà α(ε):

−ρε = O+

∫ α(ε)

0

lε + ξ(ε−1ρε − lε)

S (‖lε + ξ(ε−1ρε − lε)‖)
dξ +

∫ 1

α(ε)

ξε−1ρε + (1− ξ)lε
S (‖ξε−1ρε + (1− ξ)lε‖)

dξ, ε→ 0, (1.9)

ãäå α(ε) = O(εγ) ïðè ε→ 0 è íåêîòîðîì ïîëîæèòåëüíîì γ.
Ïîñêîëüêó ‖ξε−1ρε‖ = ξ‖ε−1ρε‖ → ∞ è âåêòîð lε îãðàíè÷åííûé. Âûáîð òî÷êè ðàçáèåíèÿ

èíòåãðàëà çàâèñèò îò ÷èñëà γ ∈ (0, 1) ñëåäóþùèì îáðàçîì:

α(ε) :=
1

‖ε−1ρε‖γ
6 ξ,

ãäå â ñèëó îãðàíè÷åííîñòè ïîäûíòåãðàëüíîãî âûðàæåíèÿ α(ε) = o(1) ïðè ε→ 0.
Òàê êàê ‖ξε−1ρε‖ > α(ε)‖ε−1ρε‖ → ∞, òî åñòü ïðè äîñòàòî÷íî ìàëûõ ε âûïîëíåíî íåðà-

âåíñòâî ‖ξε−1ρε − (1 − ξ)lε‖ > 2. �àçäåëèâ è óìíîæèâ ïîäûíòåãðàëüíóþ �óíêöèþ ïîä çíàêîì

âòîðîãî èíòåãðàëà â (1.9) íà ìíîæèòåëü ‖ρε‖ è èçáàâèâøèñü îò ìíîæèòåëÿ ε−1
ïðè ρε, ìû

ïîëó÷èì

−ρε = O+ o(1) +

∫ 1

α(ε)

ξ ρε
‖ρε‖

+ o(1)
∥∥∥ξ ρε

‖ρε‖
+ o(1)

∥∥∥
dξ. (1.10)

Ïóñòü, áåç îãðàíè÷åíèÿ îáùíîñòè, ρ̄ � ÷àñòè÷íûé ïðåäåë âåêòîðîâ

ρε
‖ρε‖

ïðè ε→ +0, òî åñòü
ρε

k

‖ρε
k
‖ → ρ äëÿ íåêîòîðîé {εk} òàêîé, ÷òî εk → +0. Áîëåå òîãî, ‖ρ̄‖ = 1. Ïåðåõîäÿ ê ïðåäåëó

ïðè k → ∞ â (1.10), ïîëó÷èì, ÷òî −ρo = ρ̄. Ñëåäîâàòåëüíî, ‖ρ0‖ = 1 è −ρ0 = ρ0.
Ïîëó÷åííîå ïðîòèâîðå÷èå ïðèâîäèò ê òîìó, ÷òî ρε = O(ε), è ìîæíî ïåðåïèñàòü âåêòîð

ρε = ε · rε, ãäå ïîñëåäîâàòåëüíîñòü {rε} îãðàíè÷åíà.
�àçîáüåì èíòåãðàë íà äâà èíòåãðàëà. Ó÷èòûâàÿ, ÷òî rε −→ r0 ïðè ε→ 0

0 =

∫ 1

0

l0 + ξ(r0 − l0)

S (‖l0 + ξ(r0 − l0)‖)
dξ =

∫ 1

0

l0
S (‖l0 + ξ(r0 − l0)‖)

dξ +

∫ 1

0

ξ(r0 − l0)

S (‖l0 + ξ(r0 − l0)‖)
dξ =

= µ1l0 + µ2(r0 − l0) = µ̃l0 + µ2r0,

ãäå µ̃ = µ1 − µ2.
Ïîëîæèòåëüíûå ÷èñëà µ1, µ2 ïðåäñòàâëÿþò ñîáîé èíòåãðàëû

µ1 =

∫ 1

0

dξ

S (‖l0 + ξ(r0 − l0)‖)
, µ2 =

∫ 1

0

ξ

S (‖l0 + ξ(r0 − l0)‖)
dξ.

Áóäåì ïðåäïîëàãàòü, ÷òî r0 = µ · l0, ãäå µ := −µ̃/µ2.
Çàìåíà ïåðåìåííîé ν := 1 + ξ(µ− 1) ïîçâîëÿåò ïåðåïèñàòü èíòåãðàëüíîå óðàâíåíèå â âèäå

l0
µ− 1

∫ µ

1

ν

S(‖l0‖ · |ν|)
dν.
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Èíòåãðàë ðàâåí íóëþ ïðè µ = 1. Ïóñòü µ 6= 1, òîãäà ïîäèíòåãðàëüíàÿ �óíêöèÿ ÿâëÿåòñÿ

íå÷åòíîé �óíêöèåé ïî ïåðåìåííîé ν. Ñëåäîâàòåëüíî, èíòåãðàë îáðàùàåòñÿ â íóëü òîëüêî â ñëó-
÷àå µ = −1. Ìû äîêàçàëè, ÷òî ρε = εrε, ïðè÷åì ïåðâîå ñëàãàåìîå r0 = −l0 åñòü îãðàíè÷åííûé
âåêòîð. Òåîðåìà 1.1 äîêàçàíà. �

Èç (1.5) è (1.7) ïîëó÷èì äâà âîçìîæíûõ ñëó÷àÿ:

1) ‖x0‖ < T + 2 =⇒ l0 = −
2

2 + T
x0 è ‖l0‖ < 2,

2) ‖x0‖ > T + 2 =⇒ l0 = −
‖x0‖ − T

‖x0‖
x0 è ‖l0‖ > 2.

(1.11)

1. �àññìîòðèì ñíà÷àëà ñëó÷àé ‖x0‖ < T + 2.
Â ñèëó (1.11) è òåîðåìû 1.1 ïðè âñåõ äîñòàòî÷íî ìàëûõ ε áóäåò ñïðàâåäëèâî íåðàâåíñòâî

‖lε‖ < 2. Ó÷èòûâàÿ, ÷òî (1 − e−t/ε) 6 1 ïðè âñåõ t > 0 è ε > 0, èç (1.5) äëÿ lε, ρε ïîëó÷èì

ïåðåïèñàííóþ ñèñòåìó óðàâíåíèé





−lε = x0 + ε
(
1− e−

T

ε

)
y0 +

∫ T

0

(1− e−
t

ε )
(
lε + e−

t

ε

(
ε−1ρε − lε

))

2
dt,

−ρε = e−
T

ε y0 +

∫ T

0

e−
t

ε

(
lε + e−

t

ε

(
ε−1ρε − lε

))

2ε
dt.

(1.12)

�åøåíèåì ñèñòåìû óðàâíåíèé (1.12) áóäóò âåêòîðû

ρε =
2ε(x0 + εy0)

(T + 2) + 2ε(3 + 2T )− 6ε2
+O, lε =

−2(x0 + εy0)(1 + 4ε)

(T + 2) + 2ε(3 + 2T )− 6ε2
+O, ε→ 0.

Èç ýòîãî ïðåäñòàâëåíèÿ ñëåäóåò, ÷òî lε ðàçëàãàåòñÿ â àñèìïòîòè÷åñêèé ðÿä ïî ñòåïåíÿì ε.
Òàêèì îáðàçîì, ìû ìîæåì ïîëó÷èòü ÿâíûé âèä ïåðâûõ äâóõ êîý��èöèåíòîâ âåêòîðîâ lε, rε.

Òå î ð å ì à 1.2. Ïóñòü ‖x0‖ < T + 2. Òîãäà âåêòîðû lε, rε, îïðåäåëÿþùèå îïòèìàëüíîå

óïðàâëåíèå â çàäà÷å (1.1), ïðè ε→ 0 ðàñêëàäûâàþòñÿ â ñòåïåííûå àñèìïòîòè÷åñêèå ðÿäû:

lε
as
= l0 +

∞∑

k=1

εklk, ãäå, â ÷àñòíîñòè, l0 =
−2x0

T + 2
, l1 =

−8x0

T + 2
−

2y0

T + 2
+

4(3 + 2T )x0

(T + 2)2
,

rε
as
= r0 +

∞∑

k=1

εkrk, ãäå, â ÷àñòíîñòè, r0 =
2x0

T + 2
, r1 =

2y0

T + 2
−

4ε3(3 + 2T )x0

(T + 2)2
.

2. Òåïåðü ðàññìîòðèì ñëó÷àé ‖x0‖ > T + 2.
Ïóñòü lε = l0 + l, ρε = −εl0 + εr, ãäå l, r � áåñêîíå÷íî ìàëûå âåëè÷èíû.

Ïåðåïèøåì ñèñòåìó óðàâíåíèé (1.12), ñäåëàâ çàìåíó ïåðåìåííîé η := e−
t

ε
:





−l0 − l = x0 + εy0 +O+ ε

∫ 1

e−
T
ε

(1− η)
(
l0 + l + η(r − l − 2l0)

)

η · S
(
‖l0 + l + η(r − l − 2l0)‖

) dη, ε→ 0,

−ε (−l0 + r) = O+

∫ 1

e−
T
ε

l0 + l + η(r − l − 2l0)

S
(
‖l0 + l + η(r − l − 2l0)‖

) dη, ε→ 0.

Äëÿ ïðîñòîòû óñëîâèå ε→ 0 îïóñòèì.
Ñäåëàåì çàìåíó ïåðåìåííîé ξ := 1−2η. Òîãäà ïîäûíòåãðàëüíûé ìíîæèòåëü â ïåðåïèñàííîé

ñèñòåìå êàê �óíêöèÿ ψε(η), ñîäåðæàùàÿ âåêòîðû lε, ρε, çàïèøåòñÿ â âèäå

ψε(ξ) := ξl0 + λ+ ξν,

ãäå λ = l+r
2 , ν = l−r

2 . Äëÿ ìàëûõ l, r ìîæíî ïîëó÷èòü âûðàæåíèÿ

l = λ+ ν, r = λ− ν.
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Ñ ó÷åòîì íîâûõ ïðåäñòàâëåíèé âåêòîðîâ l, r ïåðåïèøåì ñèñòåìó óðàâíåíèé â âèäå





−l0 − λ− ν = x0 + εy0 +O+ ε
2

∫ β(ε)

−1

(1 + ξ) (ξl0 + λ+ ξν)

(1− ξ)S (‖ξl0 + λ+ ξν‖)
dξ,

−ε (−l0 + λ− ν) = O+ 1
2

∫ β(ε)

−1

ξl0 + λ+ ξν

S (‖ξl0 + λ+ ξν‖)
dξ,

(1.13)

ãäå β(ε) := 1− 2e−
T

ε . Îòìåòèì, ÷òî β(ε) → 1 ïðè ε→ 0.

Ïðåîáðàçîâàâ ïîäûíòåãðàëüíûé ìíîæèòåëü

1+ξ
1−ξ = 1 + 2ξ

1−ξ è ðàçáèâ èíòåãðàë èç ïåðâîãî

óðàâíåíèÿ ñèñòåìû (1.13) íà äâà èíòåãðàëà, ïîëó÷èì

∫ β(ε)

−1

(1 + ξ)

(1− ξ)
·

ξl0 + λ+ ξν

S (‖ξl0 + λ+ ξν‖)
dξ =

=

∫ β(ε)

−1

ξl0 + λ+ ξν

S (‖ξl0 + λ+ ξν‖)
dξ + 2

∫ β(ε)

−1

ξ

(1− ξ)
·

ξl0 + λ+ ξν

S (‖ξl0 + λ+ ξν‖)
dξ.

Íàéäåì òî÷êè ïåðåêëþ÷åíèÿ ξ1, ξ2 èç óñëîâèÿ ‖ξl0 + λ+ ξν‖ = 2:

ξ1,2 =
−〈l0;λ〉 − 〈ν;λ〉 ±

√(
〈l0;λ〉+ 〈ν;λ〉

)2
− (‖λ‖2 − 4)(‖l0‖2 + ‖ν‖2 + 2〈l0; ν〉)

‖l0‖2 + ‖ν‖2 + 2〈l0; ν〉
.

Çäåñü è äàëåå 〈·; ·〉 � ñêàëÿðíîå ïðîèçâåäåíèå â ñîîòâåòñòâóþùåì ïðîñòðàíñòâå.

Èñïîëüçóÿ áèíîìèàëüíîå ðàçëîæåíèå è ðàçëîæåíèå êâàäðàòíîãî êîðíÿ ïðè ìàëîì çíà÷åíèè

ïàðàìåòðà, ìû ïîëó÷èì êîðíè ξ1, ξ2:

ξ1,2 = ±
2

‖l0‖
−

〈l0;λ〉

‖l0‖2
∓

2〈l0; ν〉

‖l0‖3
+O

(
‖λ‖2 + ‖ν‖2

)
.

Èíòåãðàë èç âòîðîãî óðàâíåíèÿ ñèñòåìû (1.13) ìîæíî äîîïðåäåëèòü â òî÷êå ξ = 1:

∫ β(ε)

−1

ξl0 + λ+ ξν

S (‖ξl0 + λ+ ξν‖)
dξ =

∫ 1

−1

ξl0 + λ+ ξν

S (‖ξl0 + λ+ ξν‖)
dξ +O = 2ε(l0 − λ+ ν).

Ââåäÿ â ðàññìîòðåíèå âåêòîð-�óíêöèþ F (λ, ν, ε) :=



F1(λ, ν, ε)

F2(λ, ν, ε)


, ïåðåïèøåì ñèñòåìó óðàâ-

íåíèé (1.13) â âèäå F (λ, ν, ε) = 0, ãäå

F1(λ, ν, ε) := l0 + λ+ ν + x0 + εy0 +O+ ε2(l0 + ν − λ) + ε

(∫ ξ2

−1

ξ

(1− ξ)
·
ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

)
+

+ ε

(∫ ξ1

ξ2

ξ

(1− ξ)
·
ξl0 + λ+ ξν

2
dξ +

∫ α(ε)

ξ1

ξ

(1− ξ)
·
ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

)
= 0, ε→ 0, (1.14)

F2(λ, ν, ε) := ε(λ− l0 − ν) +O+

+
1

2

(∫ ξ2

−1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ +

∫ ξ1

ξ2

ξl0 + λ+ ξν

2
dξ +

∫ 1

ξ1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

)
= 0, ε→ 0, (1.15)

ãäå ξ1, ξ2 � òî÷êè ïåðåêëþ÷åíèÿ óïðàâëåíèÿ u(t).

Óñòðàíèì îñîáåííîñòü â òî÷êå ξ = 1, ðàçáèâ èíòåãðàë èç ïåðâîãî óðàâíåíèÿ ñèñòåìû íà äâà

èíòåãðàëà: ∫ β(ε)

ξ1

ξ

1− ξ
·
ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ =
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=

∫ β(ε)

ξ1

ξ

1− ξ
·

(
ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
−

l0 + λ+ ν

‖l0 + λ+ ν‖

)
dξ +

∫ β(ε)

ξ1

ξ

1− ξ
·
l0 + λ+ ν

‖l0 + λ+ ν‖
dξ.

Ïîñ÷èòàåì âòîðîé èíòåãðàë:

l0 + λ+ ν

‖l0 + λ+ ν‖

∫ β(ε)

ξ1

ξ

1− ξ
dξ =

l0 + λ+ ν

‖l0 + λ+ ν‖
·

(
−
(
1− 2e−

T

ε − ξ1

)
−

(
ln 2−

T

ε
− ln(1− ξ1)

))
.

�àçëîæèì ñëàãàåìûå 1− ξ1 è ln(1− ξ1) ïðè ìàëîì çíà÷åíèè ïàðàìåòðà:

1− ξ1 = 1−
2

‖l0‖
+

〈l0;λ〉

‖l0‖2
+

2〈l0; ν〉

‖l0|3
+O

(
‖λ‖2 + ‖ν‖2

)
,

ln(1− ξ1) = ln

(
1−

2

‖l0‖

)
+

〈l0;λ〉

‖l0‖(‖l0‖ − 2)
+

2〈l0; ν〉

‖l0‖2(‖l0‖ − 2)
+O

(
‖λ‖2 + ‖ν‖2

)
.

Âû÷èñëèâ ïðîèçâîäíóþ ïî �àòî �óíêöèè

ρ
‖ρ‖ , ïîëó÷èì

D

(
ρ

‖ρ‖

) ∣∣∣∣
ρ=ρ0 6=0

(△ρ) =
△ρ‖ρ0‖

2 − 〈△ρ; ρ0〉ρ0
‖ρ0‖3

. (1.16)

Ôîðìóëó (1.16) áóäåì èñïîëüçîâàòü äëÿ íàõîæäåíèÿ ÷àñòíûõ ïðîèçâîäíûõ

∂F1(λ,ν,ε)
∂λ

∣∣∣∣
λ,ν,ε=0

(△λ),

∂F1(λ,ν,ε)
∂ν

∣∣∣∣
λ,ν,ε=0

(△ν).

Ñ ó÷åòîì òîãî, ÷òî åäèíñòâåííîå ñëàãàåìîå â ïðàâîé ÷àñòè óðàâíåíèÿ (1.14) íå èìååò ïîðÿ-
äîê o(1), è ñîãëàñíî �îðìóëå (1.16) èìååì

∂F1(λ, ν, ε)

∂λ

∣∣∣∣
λ,ν,ε=0

(△λ) = △λ+ T ·
△λ‖l0‖

2 − l0〈l0;△λ〉

‖l0‖3
,

∂F1(λ, ν, ε)

∂ν

∣∣∣∣
λ,ν,ε=0

(△ν) = △ν + T ·
△ν‖l0‖

2 − l0〈l0;△ν〉

‖l0‖3
.

Ôóíêöèÿ F2(λ, ν, ε) èç âòîðîãî óðàâíåíèÿ (1.15) ïåðåïèøåòñÿ â âèäå

F2(λ, ν, ε) =
1

2

(∫ ξo
2

−1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ +

∫ ξ2

ξo
2

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ +

∫ ξ1

ξ2

ξl0 + λ+ ξν

2
dξ

)
+

+
1

2

(∫ ξo
1

ξ1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ +

∫ 1

ξo
1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

)
+ ε(λ− ν − l0),

ãäå ξo1,2 = lim
ε→0

ξ1,2.

Ïîñ÷èòàåì òðåòèé èíòåãðàë:

∫ ξ1

ξ2

ξl0 + λ+ ξν

2
dξ =

2λ

‖l0‖
−

2l0〈l0;λ〉

‖l0‖3
,

è âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå îò òðåòüåãî èíòåãðàëà:

1

2

∂

∂λ

(
2λ

‖l0‖
−

2l0〈l0;λ〉

‖l0‖3

) ∣∣∣∣
λ,ν,ε=0

(△λ) =
△λ

‖l0‖
−
l0〈l0;λ〉

‖l0‖3
,
1

2

∂

∂ν

(
2λ

‖l0‖
−

2l0〈l0;λ〉

‖l0‖3

) ∣∣∣∣
λ,ν,ε=0

(△ν) = 0.
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Âû÷èñëèì ïðîèçâîäíûå îò ïåðâîãî è ïÿòîãî èíòåãðàëîâ, âîñïîëüçîâàâøèñü �îðìóëîé (1.16):

∂

∂λ

(∫ ξo
2

−1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

) ∣∣∣∣
λ,ν,ε=0

(△λ) =
∂

∂λ

(∫ 1

ξo
1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

) ∣∣∣∣
λ,ν,ε=0

(△λ) =

=
△λ‖l0‖

2 − 〈l0;△λ〉l0
‖l0‖3

·

(
− ln

2

‖l0‖

)
,

∂

∂ν

(∫ ξo
2

−1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

) ∣∣∣∣
λ,ν,ε=0

(△ν) =
△ν‖l0‖

2 − 〈l0;△ν〉l0
‖l0‖3

·

(
2

‖l0‖
− 1

)
,

∂

∂ν

(∫ 1

ξo
1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

)∣∣∣∣
λ,ν,ε=0

(△ν) =
△ν‖l0‖

2 − 〈l0;△ν〉l0
‖l0‖3

·

(
1−

2

‖l0‖

)
.

Ïîñ÷èòàåì ïðîèçâîäíûå îò âòîðîãî è ÷åòâåðòîãî èíòåãðàëîâ, ó÷èòûâàÿ �îðìóëó

(
∂

∂λ

∫ β(λ)

α(λ)
f(t, λ) dt

) ∣∣∣∣
λ=λ0

(△λ) =

=

∫ β(λ)

α(λ)

∂f

∂λ
(△λ) dt+ f(β(λ), λ) ·

∂β

∂λ

∣∣∣∣
λ=λ0

(△λ)− f(α(λ), λ) ·
∂α

∂λ

∣∣∣∣
λ=λ0

(△λ). (1.17)

Ïîñêîëüêó êàæäûé èíòåãðàë ñîäåðæèò òîëüêî îäèí ïåðåìåííûé ïðåäåë è èíòåãðàë îò ÷àñò-

íîé ïðîèçâîäíîé ïîäûíòåãðàëüíîé �óíêöèè ðàâåí íóëþ, ñîãëàñíî �îðìóëå (1.17) ïîëó÷èì

∂

∂λ

∫ ξ2

ξo
2

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

∣∣∣∣
λ,ν,ε=0

(△λ) =
∂ξ2
∂λ

∣∣∣∣
λ,ν,ε=0

(△λ)·
ξ2l0 + λ+ ξ2ν

‖ξ2l0 + λ+ ξ2ν‖

∣∣∣∣
λ,ν,ε=0

(△λ) =
l0〈l0;△λ〉

‖l0‖3
,

∂

∂λ

∫ ξo
1

ξ1

ξl0 + λ+ ξν

‖ξl0 + λ+ ξν‖
dξ

∣∣∣∣
λ,ν,ε=0

(△λ) = −
∂ξ1
∂λ

∣∣∣∣
λ,ν,ε=0

(△λ) ·
ξ1l0 + λ+ ξ1ν

‖ξ1l0 + λ+ ξ1ν‖

∣∣∣∣
λ,ν,ε=0

(△λ) =
l0〈l0;△λ〉

‖l0‖3
.

�àññóæäàÿ àíàëîãè÷íûì îáðàçîì, ìû ïîëó÷èì

∂

∂ν

∫ ξ2

ξo
2

ξl0 + λ+ ξν

ξl0 + λ+ ξν
dξ

∣∣∣∣
λ,ν,ε=0

(△ν) = −
2l0〈l0;△ν〉

‖l0‖4
,

∂

∂ν

∫ ξo
1

ξ1

ξl0 + λ+ ξν

ξl0 + λ+ ξν
dξ

∣∣∣∣
λ,ν,ε=0

(△ν) =
2l0〈l0;△ν〉

‖l0‖4
.

Âûïèøåì, ÷åìó ðàâíû ÷àñòíûå ïðîèçâîäíûå

∂F2(λ,ν,ε)
∂λ

∣∣∣∣
λ,ν,ε=0

(△λ), ∂F2(λ,ν,ε)
∂ν

∣∣∣∣
λ,ν,ε=0

(△ν):

∂F2(λ, ν, ε)

∂λ

∣∣∣∣
λ,ν,ε=0

(△λ) =
△λ

‖l0‖
− ln

2

‖l0‖

(
△λ‖l0‖

2 − 〈l0;△λ〉l0
‖l0‖3

)
,
∂F2(λ, ν, ε)

∂ν

∣∣∣∣
λ,ν,ε=0

(△ν) = 0.

Ìû ïîëó÷èì, ÷òî F1(0, 0, 0) = 0, F2(0, 0, 0) = 0 è �óíêöèè F1(·, ·, ·), F2(·, ·, ·) áåñêîíå÷íî
äè��åðåíöèðóåìûå ïî λ, ν, ε â íåêîòîðîé îêðåñòíîñòè òî÷êè (0; 0; 0). Ïîêàæåì, ÷òî îïåðàòîð

F(△λ,△ν) := D

(
F1

F2

) ∣∣∣∣
λ,ν,ε=0

=

=




△λ+ T
△λ‖l0‖

2 − l0〈l0;△λ〉

‖l0‖3
+△ν + T

△ν‖l0‖
2 − l0〈l0;△ν〉

‖l0‖3

△λ

‖l0‖
− ln

2

‖l0‖

(
△λ‖l0‖

2 − 〈l0;△λ〉l0
‖l0‖3

)



, (1.18)

íåïðåðûâíî îáðàòèì.
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�àññìîòðèì óðàâíåíèå F(0, 0)(△λ,△ν) =: (g1, g2). Ñêàëÿðíî óìíîæèâ ïåðâûå è âòîðûå

êîîðäèíàòû âåêòîðà (1.18), íàéäåì íåèçâåñòíûå ïàðû ñêàëÿðíûõ ïðîèçâåäåíèé:

〈l0;△λ〉 = ‖l0‖〈l0; g2〉, 〈l0;△ν〉 = 〈l0; g1 − ‖l0‖g2〉.

Âûïèøåì, ÷åìó ðàâåí îáðàòíûé îïåðàòîð F−1(g1, g2):

F−1(g1, g2) =

=




(
g1 + T l0〈l0;g2〉

‖l0‖2
+ T l0〈l0;g1−‖l0‖g2〉

‖l0‖3

)
‖l0‖

‖l0‖+T −
(
g2 − ln 2

‖l0‖
l0〈l0;g2〉
‖l0‖2

)
‖l0‖

1−ln 2

‖l0‖(
g2 − ln 2

‖l0‖
l0〈l0;g2〉
‖l0‖2

)
‖l0‖

1−ln 2

‖l0‖


 . (1.19)

Òàêèì îáðàçîì, ïðèìåíèìà òåîðåìà î íåÿâíî çàäàííîé �óíêöèè, èç êîòîðîé ñëåäóåò, ÷òî

âåêòîðû lε, rε (êàê �óíêöèè îò ε) áåñêîíå÷íî äè��åðåíöèðóåìû ïî ε ïðè âñåõ ìàëûõ ε è ïîýòî-
ìó lε, rε ðàçëàãàþòñÿ â ñòåïåííîé àñèìïòîòè÷åñêèé ðÿä. Êîý��èöèåíòû ýòèõ ðÿäîâ íàõîäÿòñÿ

ïî ñòàíäàðòíîé ïðîöåäóðå: ïîäñòàâèâ ðÿä â óðàâíåíèå F(λ, ν, ε) = 0, ðàçëîæèâ âåëè÷èíû, çàâè-
ñÿùèå îò ε, â àñèìïòîòè÷åñêèå ðÿäû ïî ñòåïåíÿì ε è ïðèðàâíÿâ ñëàãàåìûå îäèíàêîâîãî ïîðÿäêà
ìàëîñòè ïî ε, ïîëó÷èì óðàâíåíèÿ âèäà F(△λk,△νk) = (g1,k, g2,k) ñ èçâåñòíûìè ïðàâûìè ÷à-

ñòÿìè. Ïîñëå ýòîãî ïî �îðìóëå (1.19) íàéäåì lk, rk.

Ò å î ð å ì à 1.3. Ïóñòü ‖x0‖ > T + 2. Òîãäà âåêòîðû lε, rε, îïðåäåëÿþùèå îïòèìàëüíîå

óïðàâëåíèå â çàäà÷å (1.1), ïðè ε→ 0 ðàñêëàäûâàþòñÿ â ñòåïåííûå àñèìïòîòè÷åñêèå ðÿäû:

lε
as
= l0 +

∞∑

k=1

εklk, rε
as
= r0 +

∞∑

k=1

εkrk.

Çàìå÷àíèÿ

Ç à ì å ÷ à í è å 1. È â ïåðâîì, è âî âòîðîì èç ðàññìàòðèâàåìûõ ñëó÷àåâ èç (1.14), (1.15) è àñèìï-

òîòè÷åñêîãî ðàçëîæåíèÿ lε ñòàíäàðòíî ïîëó÷àþòñÿ àñèìïòîòè÷åñêèå ðàçëîæåíèÿ è �óíêöèîíàëà êà-

÷åñòâà, è îïòèìàëüíîãî óïðàâëåíèÿ, è îïòèìàëüíîãî ñîñòîÿíèÿ ñèñòåìû. Ïðè ýòîì àñèìïòîòè÷åñêèå

ðàçëîæåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ è ñîñòîÿíèÿ ñèñòåìû áóäóò èìåòü ýêñïîíåíöèàëüíî óáûâàþùèå

ïîãðàíè÷íûå ñëîè â îêðåñòíîñòè òî÷êè t = 0. Áîëåå òîãî, åñëè t > εβ è β ∈ (0, 1), òî îïòèìàëüíîå

óïðàâëåíèå uo(t) åñòü êîíñòàíòà ïëþñ àñèìïòîòè÷åñêèé íîëü.

Ç à ì å ÷ à í è å 2. Èç �îðìóë F1(λ, ν, ε) = 0, F2(λ, ν, ε) = 0 ñëåäóåò, ÷òî λε ëåæèò â ïîäïðîñòðàí-

ñòâå Π, ïîðîæäåííîì âåêòîðàìè x0 è y0. Ïîýòîìó ïðè âñåõ t ∈ [0, T ] è uoε(t), è xε(t), è yε(t) ëåæàò â ýòîì

æå ïîäïðîñòðàíñòâå Π. Òàêèì îáðàçîì, çàäà÷à (1.1) ýêâèâàëåíòíà ñîîòâåòñòâóþùåé äâóìåðíîé çàäà÷å.
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The paper deals with the problem of optimal 
ontrol with a 
onvex integral quality index for a linear steady-state


ontrol system in the 
lass of pie
ewise 
ontinuous 
ontrols with smooth 
ontrol 
onstraints. In a general 
ase, to solve

su
h a problem, the Pontryagin maximum prin
iple is applied as the ne
essary and su�
ient optimum 
ondition. The

main di�eren
e from the pre
eding arti
le [5℄ is that the terminal part of the 
onvex integral quality index depends

not only on slow, but also on fast variables. In a parti
ular 
ase, we derive an equation that is satis�ed by an initial

ve
tor of the 
onjugate system. Then this equation is extended to the optimal 
ontrol problem with the 
onvex integral

quality index for a linear system with the fast and slow variables. It is shown that the solution of the 
orresponding

equation as ε → 0 tends to the solution of an equation 
orresponding to the limit problem. The results obtained are

applied to study a problem whi
h des
ribes the motion of a material point in R
n
for a �xed interval of time. The

asymptoti
s of the initial ve
tor of the 
onjugate system that de�nes the type of optimal 
ontrol is built. It is shown

that the asymptoti
s is a power series of expansion.
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