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�àññìàòðèâàþòñÿ âîïðîñû îáîáùåííîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ íåëèíåéíîãî èíòåãðî-äè��åðåí-

öèàëüíîãî óðàâíåíèÿ ñ ïñåâäîïàðàáîëè÷åñêèì îïåðàòîðîì ïðîèçâîëüíîé íàòóðàëüíîé ñòåïåíè è ñ âûðîæäåí-

íûì ÿäðîì. Èñïîëüçóåòñÿ ïîäõîä Â. À. Èëüèíà äëÿ îïðåäåëåíèÿ ñëàáîãî îáîáùåííîãî ðåøåíèÿ ïîñòàâëåííîé

çàäà÷è ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè. Ïðèìåíÿåòñÿ ìåòîä ðÿäà Ôóðüå, îñíîâàííûé íà ðàçäåëåíèå ïå-

ðåìåííûõ. Ïîëó÷àåòñÿ ñ÷åòíàÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé ñ èñïîëüçîâàíèåì âûðîæäåííîñòè ÿäðà è èí-

òåãðèðîâàíèåì ïðè íà÷àëüíûõ óñëîâèÿõ. Äëÿ ðåøåíèÿ ñ÷åòíîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé è âûâîäà

èñêîìîé �óíêöèè èç çíàêà îïðåäåëèòåëÿ ìîäè�èöèðóåòñÿ èçâåñòíûé ìåòîä Êðàìåðà. Ýòî ïîçâîëÿåò ïîëó÷èòü

ñ÷åòíóþ ñèñòåìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ïðè ðåãóëÿðíûõ çíà÷åíèÿõ ñïåêòðàëüíîãî ïàðàìåòðà.

Äîêàçûâàåòñÿ ëåììà îá îäíîçíà÷íîé ðàçðåøèìîñòè â áàíàõîâîì ïðîñòðàíñòâå ýòîé ñ÷åòíîé ñèñòåìû íåëèíåéíûõ

èíòåãðàëüíûõ óðàâíåíèé ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé. Äîêàçûâàåòñÿ òåîðåìà î ñõîäèìîñòè ðÿäà Ôóðüå,

ïîëó÷åííîãî êàê �îðìàëüíîå ðåøåíèå ïîñòàâëåííîé ñìåøàííîé çàäà÷è. Ïðè äîêàçàòåëüñòâå ëåììû è òåîðåìû

ìíîãîêðàòíî ïðèìåíÿþòñÿ íåðàâåíñòâà �åëüäåðà, Ìèíêîâñêîãî è Áåññåëÿ.
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� 1. Ïîñòàíîâêà çàäà÷è

Çàäà÷è äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, êîòîðûå ïî îäíîé ïåðå-

ìåííîé ÿâëÿþòñÿ íà÷àëüíûìè, à ïî äðóãèì ïåðåìåííûì � ãðàíè÷íûìè, ÷àñòî íàçûâàþòñÿ ñìå-

øàííûìè. Ñìåøàííûå çàäà÷è â òåîðèè óïðóãîñòè âîçíèêàþò ïðè ðàñ÷åòå ðàçëè÷íûõ äåòàëåé

ìàøèí è ýëåìåíòîâ êîíñòðóêöèé, íàõîäÿùèõñÿ âî âçàèìîäåéñòâèè, ïðè ðàñ÷åòå �óíäàìåíòîâ

è îñíîâàíèé ñîîðóæåíèé [1℄. Ñìåøàííûìè çàäà÷àìè òàêæå ÿâëÿþòñÿ ìíîãèå çàäà÷è êîíöåíòðà-

öèè íàïðÿæåíèé â îêðåñòíîñòè âñåâîçìîæíûõ òðåùèí, èíîðîäíûõ âêëþ÷åíèé, ïîäêðåïëÿþùèõ

ñòðèíãåðîâ è íàêëàäîê. Ìíîãî ñìåøàííûõ çàäà÷ è â ãèäðîäèíàìèêå. Ïðåäñòàâëÿþò áîëüøîé

èíòåðåñ ñ òî÷êè çðåíèÿ �èçè÷åñêèõ ïðèëîæåíèé äè��åðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðî-

èçâîäíûõ áîëåå âûñîêèõ ïîðÿäêîâ [2,3℄. Èçó÷åíèå ìíîãèõ çàäà÷ ãàçîâîé äèíàìèêè, òåîðèè óïðó-

ãîñòè, òåîðèè ïëàñòèí è îáîëî÷åê ïðèâîäèò ê ðàññìîòðåíèþ äè��åðåíöèàëüíûõ óðàâíåíèé

â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà. Äè��åðåíöèàëüíûå è èíòåãðî-äè��åðåíöèàëüíûå

óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà ðàññìàòðèâàëèñü â ðàáîòàõ ìíîãèõ àâòî-

ðîâ, â ÷àñòíîñòè â [4�8℄.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îáîáùåííîé ðàçðåøèìîñòè ñìåøàííîé çàäà-

÷è äëÿ íåëèíåéíîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ ïñåâäîïàðàáîëè÷åñêèì îïåðàòî-

ðîì ïðîèçâîëüíîé íàòóðàëüíîé ñòåïåíè è ñ âûðîæäåííûì ÿäðîì. Èíòåãðî-äè��åðåíöèàëüíûå

óðàâíåíèÿ ñ âûðîæäåííûì ÿäðîì ðàññìàòðèâàëèñü â [9�12℄.

Â ïðÿìîóãîëüíîé îáëàñòè D ðàññìàòðèâàåòñÿ óðàâíåíèå

(

∂

∂ t
+

∂ 4m+1

∂ t ∂ x 4m
+

∂ 4m

∂ x 4m

)n

U (t, x)− µ

∫ T

0
K(t, s)U(s, x) ds = f(t, x, U(t, x)) (1)

ñ íà÷àëüíûìè óñëîâèÿìè

U(t, x)∣
∣t=0

= ϕ1(x),
∂ j−1

∂ t j−1
U(t, x)∣

∣t=0
= ϕj(x), j = 2, n,
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è ãðàíè÷íûìè óñëîâèÿìè Áåíàðà:

U(t, x)∣
∣x=0

= Uxx(t, x)∣
∣x=0

= . . . =
∂ 2 (2nm−1)

∂ x 2 (2nm−1)
U(t, x)∣

∣x=0
=

= U(t, x)∣
∣x=l

= Uxx(t, x)
∣

∣x=l
= . . . =

∂ 2 (2nm−1)

∂ x 2 (2nm−1)
U(t, x)∣

∣x=l
= 0,

(2)

ãäå f(t, x, U) ∈ C(D×R), ϕ j(x) ∈ C 4nm+1(D l), ϕ j(x)∣
∣x=0

= ϕ′′

j(x)
∣

∣x=0
= . . . = ϕ

(4nm−2)
j (x)∣

∣x=0
=

= ϕ j(x)∣
∣x=l

= ϕ′′

j(x)
∣

∣x=l
= . . . = ϕ

(4nm−2)
j (x)∣

∣x=l
= 0, j = 1, n, K(t, s) =

k
∑

i=1
a i(t) b i(s), a i(t),

b i(s) ∈ C(DT ), µ � äåéñòâèòåëüíûé ñïåêòðàëüíûé ïàðàìåòð, D ≡ DT × D l, DT ≡ [0;T ],
D l ≡ [0; l], 0 < T < ∞, 0 < l < ∞, n, m � �èêñèðîâàííûå íàòóðàëüíûå ÷èñëà. Çäåñü ïðåäïî-

ëàãàåòñÿ, ÷òî �óíêöèè a i(t) è b i(s) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè.

Â äàííîé ðàáîòå âîñïîëüçóåìñÿ ìåòîäîì Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ, îñíîâàííûì íà

ïîèñêå ðåøåíèÿ ñìåøàííîé çàäà÷è (1)�(2) â âèäå

U(t, x) =
∞
∑

i=1

u i(t)ϑ i(x), (3)

ãäå �óíêöèè ϑ i(x) =

√

2

l
sinλ ix îïðåäåëåíû êàê ñîáñòâåííûå �óíêöèè ñïåêòðàëüíîé çàäà÷è

ϑ′′(x) + λ 2ϑ(x) = 0, ϑ(0) = ϑ(l) = 0, 0 < λ, è îáðàçóþò ïîëíóþ ñèñòåìó îðòîíîðìèðîâàííûõ

�óíêöèé

{

ϑ i(x)
}

∞

i=1
â L 2(D l), à λ i =

i π

l
� ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ.

Îòìåòèì, ÷òî ìåòîä Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé

â ÷àñòíûõ ïðîèçâîäíûõ ïðèìåíåí âî ìíîãèõ ðàáîòàõ, â ÷àñòíîñòè â [13�20℄.

Â äàëüíåéøåì âîñïîëüçóåìñÿ ñëåäóþùèìè èçâåñòíûìè áàíàõîâûìè ïðîñòðàíñòâàìè.

�àññìàòðèâàåòñÿ ïðîñòðàíñòâî B 2(T ) ïîñëåäîâàòåëüíîñòåé
{

u i(t)
}

∞

i=1
íåïðåðûâíûõ íà îò-

ðåçêå DT �óíêöèé ñ íîðìîé

∥

∥u(t)
∥

∥

B 2(T )
=

√

√

√

√

∞
∑

i=1

(

max
t∈D T

|u i(t)|

) 2

< ∞.

�àññìîòðèì êîîðäèíàòíîå ãèëüáåðòîâî ïðîñòðàíñòâî ℓ 2 ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé

{

ϕ i

}

∞

i=1
ñ íîðìîé

∥

∥ϕ
∥

∥

ℓ 2

=

√

√

√

√

∞
∑

i=1

|ϕ i | 2 < ∞.

�àññìîòðèì òàêæå ïðîñòðàíñòâî L 2(D l) ñóììèðóåìûõ ñ êâàäðàòîì �óíêöèé íà îòðåçêå D l

ñ íîðìîé

∥

∥ϑ(x)
∥

∥

L 2(D l)
=

√

∫ l

0
|ϑ(y)| 2 dy < ∞.

Ñëåäóÿ [13,21℄, îïðåäåëèì îáîáùåííîå ðåøåíèå ñìåøàííîé çàäà÷è (1)�(2). Îáîçíà÷àåòñÿ ÷å-

ðåç Ŵ n
2 (D) êëàññ íåïðåðûâíûõ �óíêöèé U(t, x) äâóõ ïåðåìåííûõ â çàìêíóòîì ïðÿìîóãîëüíèêå

D è èìåþùèõ â íåì ÷àñòíûå ïðîèçâîäíûå

∂ U(t, x)

∂ x
,
∂ 2 U(t, x)

∂ x 2
, · · · ,

∂ 4nm−1 U(t, x)

∂ x 4nm−1
,
∂ U(t, x)

∂ t
,
∂ 2 U(t, x)

∂ t 2
, · · · ,

∂ n−1 U(t, x)

∂ tn−1
,

êàæäàÿ èç êîòîðûõ ïðèíàäëåæèò íå òîëüêî L 2(D), íî è L 2(D l) ïðè �èêñèðîâàííîì t ∈ DT ,

à òàêæå ïðèíàäëåæèò L 2(DT ) ïðè �èêñèðîâàííîì x ∈ D l, ãäå

L 2(D) =







U(t, x) :

√

∫ T

0

∫ l

0

∣

∣U(t, y)
∣

∣

2
dy dt < ∞







.
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Î ï ð å ä å ë å í è å 1.1. Ôóíêöèÿ U(t, x) ∈ Ŵ n
2 (D) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì ñìå-

øàííîé çàäà÷è (1)�(2), åñëè îíà óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

∫ T

0

∫ l

0

{

U(t, y)

[

∂ n

∂ tn
Φ+ n

∂ n+4m−1

∂ tn−1 ∂ y 4m
Φ+

n (n− 1)

2

∂ n+4m

∂ tn−2 ∂ y 4m+2
Φ+ · · · +

+
n (n− 1)

2

∂ 4nm−2

∂ t 2 ∂ y 4nm−4
Φ+ n

∂ 4nm−1

∂ t ∂ y 4nm−2
Φ+

∂ 4nm

∂ y 4nm
Φ+

+

(

∂ n+4m

∂ tn ∂ y 4m
Φ+ n

∂ n+8m−1

∂ tn−1 ∂ y 8m
Φ+

n (n− 1)

2

∂ n+8m

∂ tn−2 ∂ y 8m+2
Φ+ · · · +

+
n (n− 1)

2

∂ 4nm+4m−2

∂ t 2 ∂ y 4nm+4m−4
Φ+ n

∂ 4nm+4m−1

∂ t ∂ y 4nm+4m−2
Φ

)]

− FΦ

}

dy dt =

=

∫ l

0
ϕ 1(y)

[

∂ n−1

∂ tn−1
Φ+ n

∂ n+4m−2

∂ tn−2 ∂ y 4m
Φ+

n (n− 1)

2

∂ n+4m−1

∂ tn−3 ∂ y 4m+2
Φ+ · · · +

+
n (n− 1)

2

∂ 4nm−3

∂ t ∂ y 4nm−4
Φ+ n

∂ 4nm−2

∂ y 4nm−2
Φ+

(

∂ n+4m−1

∂ tn−1 ∂ y 4m
Φ+ n

∂ n+8m−2

∂ tn−2 ∂ y 8m
Φ+

+
n (n− 1)

2

∂ n+8m−1

∂ tn−3 ∂ y 8m+2
Φ+ · · · +

n (n− 1)

2

∂ 4nm+4m−3

∂ t ∂ y 4nm+4m−4
Φ+ n

∂ 4nm+4m−2

∂ y 4nm+4m−2
Φ

)]

t=0

dy −

−

∫ l

0
ϕ 2(y)

[

∂ n−2

∂ tn−2
Φ+ n

∂ n+4m−3

∂ tn−3 ∂ y 4m
Φ+

n (n− 1)

2

∂ n+4m−2

∂ tn−4 ∂ y 4m+2
Φ+ · · · +

+
n (n− 1) (n − 2)

3!

∂ 4nm−5

∂ t ∂ y 4nm−6
Φ+

n (n− 1)

2

∂ 4nm−4

∂ y 4nm−4
Φ+

(

∂ n+4m−2

∂ tn−2 ∂ y 4m
Φ+

+ n
∂ n+8m−3

∂ tn−3 ∂ y 8m
Φ+

n (n− 1)

2

∂ n+8m−2

∂ tn−4 ∂ y 8m+2
Φ+ · · · +

+
n (n− 1) (n − 2)

3!

∂ 4nm+4m−5

∂ t ∂ y 4nm+4m−6
Φ+

n (n− 1)

2

∂ 4nm+4m−4

∂ y 4nm+4m−4
Φ

)]

t=0

dy +

+ · · · −

∫ l

0
ϕn−2(y)

[

∂ 2

∂ t 2
Φ+ n

∂ 4m+1

∂ t ∂ y 4m
Φ+

n (n− 1)

2

∂ 4m+2

∂ y 4m+2
Φ+

+

(

∂ 4m+2

∂ t 2 ∂ y 4m
Φ+ n

∂ 8m+1

∂ t ∂ y 8m
Φ+

n (n− 1)

2

∂ 8m+2

∂ y 8m+2
Φ

)]

t=0

dy +

+

∫ l

0
ϕn−1(y)

[

∂

∂ t
Φ+ n

∂ 4m

∂ y 4m
Φ+

∂ 4m+1

∂ t ∂ y 4m
Φ+ n

∂ 8m

∂ y 8m
Φ

]

t=0

dy −

−

∫ l

0
ϕn(y)

[

Φ+
∂ 4m

∂ y 4m
Φ

]

t=0

dy

äëÿ ëþáîé �óíêöèè Φ(t, x) ∈ C n, 4nm(D), ïîä÷èíåííîé ñëåäóþùèì óñëîâèÿì:

Φ(t, x)∣
∣x=0

= Φxx(t, x)∣
∣x=0

= . . . =
∂ 2 (2nm−1)

∂ x 2 (2nm−1)
Φ(t, x)∣

∣x=0
=

= Φ(t, x)∣
∣x=l

= Uxx(t, x)∣
∣x=l

= . . . =
∂ 2 (2nm−1)

∂ x 2 (2nm−1)
Φ(t, x)∣

∣x=l
= 0,

lim
t→T

∫ l

0
Φ(t, y) dy = lim

t→T

∫ l

0

∂

∂ t
Φ(t, y) dy = . . . = lim

t→T

∫ l

0

∂ n−1

∂ tn−1
Φ(t, y) dy = 0,

ãäå

F Φ =

[

µ

∫ T

0
K(t, s)U(s, x) ds + f(t, x, U(t, x))

]

Φ(t, x).

� 2. Ñ÷åòíàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ)

Â èíòåãðàëüíîì òîæäåñòâå ó÷òåì ðàçëîæåíèå (3). Ïîëîæèì Φ(t, x) = h(t)ϑ i(x) ∈Cn,4nm(D),
ãäå �óíêöèè ϑ i(x) îáðàçóþò ïîëíóþ ñèñòåìó îðòîíîðìèðîâàííûõ �óíêöèé â L 2(D l). Òîãäà èç
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îïðåäåëåíèÿ îáîáùåííîãî ðåøåíèÿ ñìåøàííîé çàäà÷è (1)�(2) ïóòåì èíòåãðèðîâàíèÿ ïî ÷àñòÿì

ñëåäóåò, ÷òî

∫ T

0
h(t)

[

u
(n)
i (t) + nλ 4m

i u
(n−1)
i (t) +

n (n− 1)

2
λ 4m+2
i u

(n−2)
i (t) +

+
n (n− 1) (n − 2)

3!
λ 4m+4
i u

(n−3)
i (t) + · · · +

n (n− 1) (n − 3)

3!
λ 4nm−6
i u′′′i (t) +

+
n (n− 1)

2
λ 4nm−4
i u′′i(t) + nλ 4nm−2

i u′i(t) + λ 4nm
i u i(t) +

+

(

λ 4m
i u

(n)
i (t) + nλ 8m

i u
(n−1)
i (t) +

n (n− 1)

2
λ 8m+2
i u

(n−2)
i (t) +

+
n (n− 1) (n − 2)

3!
λ 8m+4
i u

(n−3)
i (t) + · · · +

n (n− 1) (n − 2)

3!
λ 4nm+4m−6
i u′′′i (t) +

+
n (n− 1)

2
λ 4nm+4m−4
i u′′i(t) + nλ 4nm+4m−2

i u′i(t)

)

−

− µ

∫ T

0
K(t, s)u i(s) ds−

∫ l

0
f

(

t, y,

∞
∑

j=1

u j(t)ϑ j(y)

)

ϑ i(y) dy



 dt = 0.

(4)

Òàê êàê u i(t) èìåþò îáîáùåííûå ïðîèçâîäíûå ïîðÿäêà n ïî t â ñìûñëå Ñîáîëåâà íà îòðåçêå

DT è h(t) 6= 0 äëÿ âñåõ t ∈ DT , òî èç (4) ñëåäóåò

u
(n)
i (t) + nλ 4m

i u
(n−1)
i (t) +

n (n− 1)

2
λ 4m+2
i u

(n−2)
i (t) +

+
n (n− 1) (n − 2)

3!
λ 4m+4
i u

(n−3)
i (t) + · · · +

n (n− 1) (n − 3)

3!
λ 4nm−6
i u′′′i (t) +

+
n (n− 1)

2
λ 4nm−4
i u′′i(t) + nλ 4nm−2

i u′i(t) + λ 4nm
i u i(t) +

+

(

λ 4m
i u

(n)
i (t) + nλ 8m

i u
(n−1)
i (t) +

n (n− 1)

2
λ 8m+2
i u

(n−2)
i (t) +

+
n (n− 1) (n − 2)

3!
λ 8m+4
i u

(n−3)
i (t) + · · · +

n (n− 1) (n − 2)

3!
λ 4nm+4m−6
i u′′′i (t) +

+
n (n− 1)

2
λ 4nm+4m−4
i u′′i(t) + nλ 4nm+4m−2

i u′i(t)

)

=

= µ

∫ T

0
K(t, s)u i(s) ds+

∫ l

0
f

(

t, y,

∞
∑

j=1

u j(t)ϑ j(y)

)

ϑ i(y) dy.

(5)

Ñ ó÷åòîì âûðîæäåííîñòè ÿäðà óðàâíåíèå (5) ïåðåïèøåì â ñëåäóþùåì âèäå:

[

(

1 + λ 4m
i

) ∂

∂ t
+ λ 4m

i

]n

u i(t) =

= µ

∫ T

0

k
∑

j=1

a j(t) b j(s)u i(s) ds +

∫ l

0
f

(

t, y,

∞
∑

j=1

u j(t)ϑ j(y)

)

ϑ i(y) dy.

(6)

�åøàÿ ñ÷åòíóþ ñèñòåìó (6) ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, 
 ïîìîùüþ îáî-

çíà÷åíèÿ

c ji =

∫ T

0
b j(s)u i(s) ds (7)

èç (6) ïîëó÷àåì

u i(t) =
(

C 1i + C 2i t+C 3i t
2 + C 4i t

3 + · · · + Cni t
n−1

)

exp
{

− θ 1i t
}

+

+

∫ t

0



µ

k
∑

j=1

a j(s) c ji +

∫ l

0
f

(

s, y,

∞
∑

j=1

u j(s)ϑ j(y)

)

ϑ i(y) dy



P i(t, s) ds,
(8)
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ãäå

P i(t, s) =
(n− 1) ! (t − s)n−1

θ n
0i

exp
{

− θ 1i (t− s)
}

,

0 < θ n
1i =

λ 4nm
i

θ n
0i

< 1, θ n
0i =

(

1 + λ 4m
i

)n

.

Äëÿ îïðåäåëåíèÿ êîý��èöèåíòîâ C ji (j = 1, n) â (8) èñïîëüçóþòñÿ óñëîâèÿ

u i(0) = ϕ 1i, u
′

i(0) = ϕ 2i, u
′′

i(0) = ϕ 3i, . . . , u
(n−1)
i (0) = ϕni.

Òîãäà èç (8) ïîëó÷àåì ñëåäóþùóþ ñ÷åòíóþ ñèñòåìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

(ÑÑÍÈÓ):

u i(t) = w i(t) + µ

k
∑

j=1

c ji

∫ t

0
P i(t, s) a j(s) ds+

+

∫ t

0

∫ l

0
f

(

s, y,

∞
∑

j=1

u j(s)ϑ j(y)

)

P i(t, s)ϑ i(y) dy ds,

(9)

ãäå

w i(t) =

n
∑

k=1

ϕ ki

t k−1

(k − 1) !

n
∑

j=k

θ
j−k
1i

t j−k

(j − k) !
exp

{

− θ 1i t
}

.

Ïîäñòàíîâêà âûðàæåíèÿ (9) â (7) äàåò ñ÷åòíóþ ñèñòåìó èç k àëãåáðàè÷åñêèõ óðàâíåíèé

(ÑÑÀÓ):

c ji + µ

k
∑

η=1

A jηi c ηi = B ji(u i), j = 1, k, (10)

ãäå

A jηi = −

∫ T

0
b j(s)

∫ s

0
P i(s, ξ) a η(ξ) dξ ds,

B ji(u i) =

∫ T

0
b j(s)

[

w i(s) +

+

∫ s

0

∫ l

0
f

(

ξ, y,

∞
∑

j=1

u j(ξ)ϑ j(y)

)

P i(s, ξ)ϑ i(y) dy dξ

]

ds, j = 1, k. (11)

ÑÑÀÓ (10) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáûõ êîíå÷íûõ B ji, åñëè âûïîëíÿåòñÿ ñëåäóþùåå

óñëîâèå:

∆ i(µ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + µA11i µA12i . . . µA1ki

µA21i 1 + µA22i . . . µA2ki
.

.

.

.

.

.

.

.

.

.

.

.

µAk1i µAk2i . . . 1 + µAkki

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0. (12)

Îïðåäåëèòåëè ∆ i(µ) â (12) åñòü ìíîãî÷ëåíû îòíîñèòåëüíî µ ñòåïåíè íå âûøå k. Êàæäàÿ

èç ñ÷åòíîé ñèñòåìû óðàâíåíèé ∆ i(µ) = 0 èìååò íå áîëåå k ðàçëè÷íûõ êîðíåé. Ýòè êîðíè

ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëàìè ÿäðà èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (1). ×åðåç Λ
îáîçíà÷èì ìíîæåñòâî êîðíåé ñ÷åòíîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ∆ i(µ) = 0. ßñíî, ÷òî
ýòî ìíîæåñòâî èìååò ñ÷åòíîå ÷èñëî ýëåìåíòîâ. Ïðè äðóãèõ çíà÷åíèÿõ ïàðàìåòðà, òî åñòü ïðè

µ ∈ (−∞;∞)�Λ, óñëîâèå (12) âûïîëíÿåòñÿ. Ýòè çíà÷åíèÿ ïàðàìåòðà µ íàçîâåì ðåãóëÿðíûìè.

Ñëåäîâàòåëüíî, äëÿ òàêèõ ðåãóëÿðíûõ çíà÷åíèé µ ñèñòåìà (10) èìååò åäèíñòâåííîå ðåøåíèå

ïðè ëþáîé êîíå÷íîé ïðàâîé ÷àñòè.

Òîãäà ðåøåíèÿ ÑÑÀÓ (10) çàïèñûâàþòñÿ â âèäå

c ji =
∆ ji(µ, u i)

∆ i(µ)
, j = 1, k, (13)
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ãäå ∆ ji(µ, u i) =

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + µA11i . . . µA1(j−1)i B 1i(u i) µA1(j+1)i . . . µA1ki

µA21i . . . µA2(j−1)i B 2i(u i) µA2(j+1)i . . . µA2ki
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

µAk1i . . . µAk(j−1)i B ki(u i) µAk(j+1)i . . . 1 + µAkki

∣

∣

∣

∣

∣

∣

∣

∣

∣

, j = 1, k. (14)

Ñðåäè ýëåìåíòîâ îïðåäåëèòåëåé ∆ ji(µ, u i) íàõîäÿòñÿ B ji. Â ñâîþ î÷åðåäü, â ñîñòàâå B ji

íàõîäÿòñÿ íåèçâåñòíûå �óíêöèè u i(t).

Ôóíêöèþ (11) çàïèøåì â ñëåäóþùåì âèäå:

B ji(u i) = B ji(w i) +B ji(f i),

ãäå

B ji(w i) =

∫ T

0
b j(s)w i(s) ds,

B ji(f i) =

∫ T

0
b j(s)

∫ s

0

∫ l

0
f

(

ξ, y,

∞
∑

j=1

u j(ξ)ϑ j(y)

)

P i(s, ξ)ϑ i(y) dy dξds, j = 1, k.

Â ýòîì ñëó÷àå ñîãëàñíî ñâîéñòâó îïðåäåëèòåëÿ èìååì

∆ ji(µ, u i) = ∆ ji(µ,w i) + ∆ ji(µ, f i),

ãäå îïðåäåëèòåëè ∆ ji(µ,w i) è ∆ ji(µ, f i) ïîëó÷àþòñÿ èç (14) ïóòåì çàìåíû ñòîëáöà B ji(u i) íà
B ji(w i) è B ji(f i) ñîîòâåòñòâåííî. Òîãäà âìåñòî (13) èìååì

c ji =
∆ ji(µ,w i)

∆ i(µ)
+

∆ ji(µ, f i)

∆ i(µ)
, j = 1, k.

Ïîäñòàâëÿÿ ïîñëåäíåå ðàâåíñòâî â (9), èìååì ñëåäóþùóþ ÑÑÍÈÓ:

u i(t) = ℑ(t;u i) ≡ F i(t) + µ

k
∑

j=1

∆ ji(µ, f i)

∆ i(µ)
G ji(t) +

+

∫ t

0

∫ l

0
f

(

s, y,

∞
∑

j=1

u j(s)ϑ j(y)

)

P i(t, s)ϑ i(y) dy ds, (15)

ãäå

F i(t) = w i(t) + µ

k
∑

j=1

∆ ji(µ,w i)

∆ i(µ)
G ji(t), G ji(t) =

∫ t

0
P ji(t, s) a j(s) ds.

� 3. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ÑÑÍÈÓ (15)

Ë å ì ì à 3.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ äëÿ ðåãóëÿðíûõ çíà÷åíèé:

1) ×èñëîâûå ïîñëåäîâàòåëüíîñòè
{

ϕ i

}

∞

i=1
, j = 1, n, òàêèå, ÷òî

∥

∥F (t)
∥

∥

B 2(T )
6 γ 1 < ∞;

2)

∥

∥

∥

∥

1

∆(µ)

∥

∥

∥

∥

ℓ 2

= β 0 < ∞ ;

∥

∥∆ j(µ, γ 1)
∥

∥

ℓ 2

< ∞;

3) δ 0 = maxt∈D T

∫ t

0

∥

∥f(s, x, u)
∥

∥

L 2(D l)
ds < ∞, 0 < δ 0 = const;

4)
∣

∣f(s, x, u)− f(s, x, ϑ)
∣

∣ 6 δ 1(t, x) |u − ϑ|;

5) δ 2 = maxt∈D T

∫ t

0

∥

∥δ 1(s, x)
∥

∥

L 2(D l)
ds < ∞, 0 < δ 2 = const;

6) ρ = γ 2
2 δ 2

[

1 + β 0

∣

∣µ
∣

∣

k
∑

j=1
β 2j γ 3j

∥

∥

∥
∆ j(µ)

∥

∥

∥

ℓ 2

]

< 1,
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ãäå

∆ ji(µ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + µA11i . . . µA1(j−1)i γ 31 µA1(j+1)i . . . µA1ki

µA21i . . . µA2(j−1)i γ 32 µA2(j+1)i . . . µA2ki
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

µAk1i . . . µAk(j−1)i γ 3k µAk(j+1)i . . . 1 + µAkki

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

γ 2 =
∥

∥P (t, s)
∥

∥

B 2(T )
, γ 3j =

∫ T

0

∣

∣b j(t)
∣

∣ dt, j = 1, k.

Òîãäà ÑÑÍÈÓ (15) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå B 2(T ).

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:

{

u 0
i (t) = F i(t), t ∈ DT ,

u τ+1
i (t) = ℑ

(

t;u τ
i

)

, t ∈ DT ,
(16)

τ = 0, 1, 2, . . ..

Â ñèëó ïîñòàíîâêè çàäà÷è è óñëîâèé ëåììû ñïðàâåäëèâû îöåíêè

∥

∥P (t, s)
∥

∥

B 2(T )
6 M

√

√

√

√

∞
∑

i=1

1

θ 2n
0i

= γ 2 < ∞, θ n
0i =

(

1 + λ 4m
i

)n

,

ãäå

0 < M = (n− 1) ! max
(t, s)∈D T×D T

(t− s)n−1 exp
{

− θ 1i (t− s)
}

< ∞, 0 < θ 1i < 1;

∥

∥

∥

∥

∆ j(µ, F (t))

∆(µ)

∥

∥

∥

∥

ℓ 2

6

∥

∥

∥

∥

∆ j(µ, γ 1)

∆(µ)

∥

∥

∥

∥

ℓ 2

6
∥

∥∆ j(µ, γ 1)
∥

∥

ℓ 2

∥

∥

∥

∥

1

∆(µ)

∥

∥

∥

∥

ℓ 2

= β 1j < ∞;

∥

∥G j(t)
∥

∥

B 2(T )
6

∥

∥P (t, s)
∥

∥

B 2(T )

∥

∥

∥

∥

∫ t

0
a j(s) ds

∥

∥

∥

∥

C

6 γ 2 β 2j < ∞.

Èñïîëüçóÿ íåðàâåíñòâà �åëüäåðà è Áåññåëÿ, â ñèëó óñëîâèé ëåììû ïîëó÷àåì îöåíêó

∥

∥B j(f)
∥

∥

ℓ 2

6

∣

∣

∣

∣

∣

∫ T

0
b j(t)

∞
∑

i=1

max
t∈D T

∫ t

0

∫ l

0
f
(

s, y, u
)

P i(t, s)ϑ i(y) dy ds dt

∣

∣

∣

∣

∣

6

6
∥

∥P (t, s)
∥

∥

B 2(T )
max
t∈D T

∫ t

0

√

√

√

√

∞
∑

i=1

[
∫ l

0

∣

∣f
(

s, y, u
)
∣

∣ ·
∣

∣ϑ i(y)
∣

∣ dy

] 2

ds

∫ T

0

∣

∣b j(t)
∣

∣ dt 6

6 γ 2 δ 0

∫ T

0

∣

∣b j(t)
∣

∣ dt = γ 2 δ 0 γ 3j < ∞, j = 1, k, (17)

ãäå γ 3j =
∫ T

0

∣

∣b j(t)
∣

∣ dt.

Îòñþäà ñëåäóåò, ÷òî èìååò ìåñòî è ñëåäóþùàÿ îöåíêà:

∥

∥

∥

∥

∆ j(µ, f(t))

∆(µ)

∥

∥

∥

∥

ℓ 2

6
∥

∥∆ j(µ, f(t))
∥

∥

ℓ 2

∥

∥

∥

∥

1

∆(µ)

∥

∥

∥

∥

ℓ 2

= β 3j < ∞, j = 1, k. (18)

Äëÿ îöåíêè ïî íîðìå ïåðâîé ðàçíîñòè ñ ó÷åòîì (17) è (18) èç (16) ïîëó÷àåì îöåíêó

∥

∥u 1(t)− u 0(t)
∥

∥

B 2(T )
6

∣

∣µ
∣

∣

k
∑

j=1

∥

∥

∥

∥

∆ j(µ, f(t))

∆(µ)

∥

∥

∥

∥

ℓ 2

∥

∥G j(t)
∥

∥

B 2(T )
+

+
∥

∥P (t, s)
∥

∥

B 2(T )
max
t∈D T

∫ t

0

√

√

√

√

∞
∑

i=1

[
∫ l

0

∣

∣f
(

s, y, u
)∣

∣ ·
∣

∣ϑ i(y)
∣

∣ dy

] 2

ds 6
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6 γ 2

(

∣

∣µ
∣

∣

k
∑

j=1

β 3j β 2j + δ 0

)

. (19)

Ñ ó÷åòîì ïðåäûäóùèõ îöåíîê ïî íîðìå äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà ïîëó÷èì

îöåíêó

∥

∥u τ+1(t)− u τ (t)
∥

∥

B 2(T )
6 β 0 γ 2

∣

∣µ
∣

∣

k
∑

j=1

β 2j

∥

∥∆ j(µ, u
τ )−∆ j(µ, u

τ−1)

∥

∥

∥

∥

ℓ 2

+

+ γ 2 max
t∈D T

∫ t

0

√

√

√

√

∫ l

0

∣

∣

∣

∣

f

(

s, y,

∞
∑

i=1

u τ
i (s)ϑ i(y)

)

− f

(

s, y,

∞
∑

i=1

u τ−1
i (s)ϑ i(y)

)
∣

∣

∣

∣

2

dy ds. (20)

Êàæäîå ñëàãàåìîå â ïðàâîé ÷àñòè (20) áóäåì îöåíèâàòü îòäåëüíî. Àíàëîãè÷íî (17), èñïîëü-

çóÿ íåðàâåíñòâà �åëüäåðà è Áåññåëÿ, â ñèëó óñëîâèé ëåììû ïîëó÷àåì îöåíêó

∥

∥

∥
B j

(

f τ − f τ−1
)

∥

∥

∥

ℓ 2

6

6 γ 2 γ 3j max
t∈D T

∫ t

0

√

√

√

√

∫ l

0

∣

∣

∣

∣

f

(

s, y,

∞
∑

i=1

u τ
i (s)ϑ i(y)

)

− f

(

s, y,

∞
∑

i=1

u τ−1
i (s)ϑ i(y)

)
∣

∣

∣

∣

2

dy ds 6

6 γ 2 γ 3j max
t∈D T

∫ t

0

∞
∑

i=1

∣

∣

∣
u τ
i (s)− u τ−1

i (s)
∣

∣

∣

∫ l

0
δ 1(s, y)

∣

∣ϑ i(y)
∣

∣ dy ds 6

6 γ 2 γ 3j max
t∈D T

∫ t

0

∥

∥

∥
u τ
i (s)− u τ−1

i (s)
∥

∥

∥

B 2(T )

√

√

√

√

∞
∑

i=1

[
∫ l

0
δ 1(s, y)

∣

∣ϑ i(y)
∣

∣ dy

] 2

ds 6

6 δ 2 γ 2 γ 3j

∥

∥

∥
u τ
i (t)− u τ−1

i (t)
∥

∥

∥

B 2(T )
, j = 1, k. (21)

Òîãäà äëÿ ðàçíîñòè ∆ j(µ, u
τ )−∆ j(µ, u

τ−1) ñ ó÷åòîì (21) ñïðàâåäëèâà îöåíêà ïî íîðìå

∥

∥

∥

∥

∆ j(µ, u
τ )−∆ j(µ, u

τ−1)

∥

∥

∥

∥

ℓ 2

6

6 δ 2 γ 2 γ 3j

∥

∥

∥
u τ
i (t)− u τ−1

i (t)
∥

∥

∥

B 2(T )

∥

∥∆ j(µ)
∥

∥

ℓ 2

, (22)

ãäå

∆ ji(µ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + µA11i . . . µA1(j−1)i γ 31 µA1(j+1)i . . . µA1ki

µA21i . . . µA2(j−1)i γ 32 µA2(j+1)i . . . µA2ki
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

µAk1i . . . µAk(j−1)i γ 3k µAk(j+1)i . . . 1 + µAkki

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

γ 3j =
∫ T

0

∣

∣b j(t)
∣

∣ dt, j = 1, k.
Ïîäñòàíîâêà (22) â (20) è ó÷åò (21) ïðè ýòîì äàþò

∥

∥u τ+1(t)− u τ (t)
∥

∥

B 2(T )
6

6 β 0 δ 2γ
2
2

∣

∣µ
∣

∣

k
∑

j=1

β 2j γ 3j

∥

∥∆ j(µ)
∥

∥

ℓ 2

∥

∥u τ (t)− u τ−1(t)
∥

∥

B 2(T )
+

+ δ 2γ
2
2

∥

∥u τ (t)− u τ−1(t)
∥

∥

B 2(T )
= ρ

∥

∥u τ (t)− u τ−1(t)
∥

∥

B 2(T )
, (23)

ãäå ρ = γ 2
2 δ 2

[

1 + β 0

∣

∣µ
∣

∣

k
∑

j=1
β 2j γ 3j

∥

∥

∥
∆ j(µ)

∥

∥

∥

ℓ 2

]

.
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Òàê êàê ïî óñëîâèþ ëåììû ρ < 1, òî äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà τ èç (23)

ïîëó÷àåì îöåíêó

∥

∥u τ+1(t)− u τ (t)
∥

∥

B 2(T )
<

∥

∥u τ (t)− u τ−1(t)
∥

∥

B 2(T )
. (24)

Â ñèëó ïîñëåäíåãî óñëîâèÿ òåîðåìû, èç îöåíêè (24) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷à-

ñòè (15) ÿâëÿåòñÿ ñæèìàþùèì. Èç îöåíîê (19) è (24) çàêëþ÷àåì, ÷òî äëÿ îïåðàòîðà â ïðàâîé

÷àñòè (15) ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷êà (ñì., íàïðèìåð [22, ñ. 389�401℄). Ñëå-

äîâàòåëüíî, ÑÑÍÈÓ (15) èìååò åäèíñòâåííîå ðåøåíèå: u(t) ∈ B 2(T ).

� 4. �àçðåøèìîñòü ñìåøàííîé çàäà÷è (1)�(2)

Ïîäñòàíîâêà CÑÍÈÓ (15) â ðÿä Ôóðüå (3) äàåò �îðìàëüíîå ðåøåíèå ñìåøàííîé çàäà÷è

(1)�(2):

U(t, x) =

∞
∑

i=1

ϑ i(x)

[

F i(t) + µ

k
∑

j=1

∆ ji(µ, f i)

∆ i(µ)
G ji(t) +

+

∫ t

0

∫ l

0
f

(

s, y,

∞
∑

j=1

u j(s)ϑ j(y)

)

P i(t, s)ϑ i(y) dy ds

]

. (25)

Ïîêàæåì, ÷òî ðÿä (25) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî â îáëàñòè D. Ñ ýòîé öåëüþ, ïðè-

ìåíÿÿ ê (25) íåðàâåíñòâà Ìèíêîâñêîãî è ó÷èòûâàÿ îöåíêè (17) è (18), ïîëó÷àåì

∣

∣U(t, x)
∣

∣ 6

∞
∑

i=1

∣

∣ϑ i(x)
∣

∣

∣

∣

∣

∣

F i(t) + µ

k
∑

j=1

∆ ji(µ, f i)

∆ i(µ)
G ji(t)

∣

∣

∣

∣

+

+

∣

∣

∣

∣

∫ t

0

∫ l

0
f

(

s, y,

∞
∑

j=1

u j(s)ϑ j(y)

)

P i(t, s)ϑ i(y) dy ds

∣

∣

∣

∣

6

6

√

2

l







∥

∥F (t)
∥

∥

B 2(T )
+

∣

∣µ
∣

∣

k
∑

j=1

∥

∥

∥

∥

∆ j(µ, f(t))

∆(µ)

∥

∥

∥

∥

ℓ 2

∥

∥G j(t)
∥

∥

B 2(T )
+

+
∥

∥P (t, s)
∥

∥

B 2(T )
max
t∈D T

∫ t

0

√

√

√

√

∞
∑

i=1

[
∫ l

0

∣

∣f
(

s, y, u
)∣

∣ ·
∣

∣ϑ i(y)
∣

∣ dy

] 2

ds







6

6

√

2

l



γ 1 + γ 2

(

∣

∣µ
∣

∣

k
∑

j=1

β 3j β 2j + δ 0

)



 < ∞.

Òàêèì îáðàçîì, íàìè äîêàçàíî, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû. Òîãäà ñìåøàííàÿ çàäà÷à (1)�(2) îä-
íîçíà÷íà ðàçðåøèìà äëÿ âñåõ ðåãóëÿðíûõ çíà÷åíèé µ â îáëàñòè D. Îáîáùåííîå ðåøåíèå ýòîé

çàäà÷è ïðåäñòàâëÿåòñÿ â âèäå ðÿäà Ôóðüå (25).
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This paper is 
on
erned with the generalized solvability of a mixed problem for a nonlinear integro-di�erential equation

with a pseudo-paraboli
 operator of an arbitrary natural degree and with a degenerate kernel. V.A. Il'in's approa
h

to the de�nition of a weak generalized solution of the problem posed with initial and boundary 
onditions is used.

A Fourier series method based on the separation of variables is applied. A 
ountable system of algebrai
 equations

is obtained using the degenera
y of the kernel and by integration under initial 
onditions. The well-known Cramer

method is modi�ed to solve the 
ountable system of algebrai
 equations and to derive the desired fun
tion from the

sign of the determinant. This makes it possible to obtain a 
ountable system of nonlinear integral equations for regular

values of the spe
tral parameter. First, a lemma on the unique solvability of this 
ountable system of nonlinear integral

equations in a Bana
h spa
e is proved by the method of 
ontra
ting mappings. Next, a theorem on the 
onvergen
e

of the Fourier series obtained as a formal solution of the given mixed problem is proved. In the proofs of the lemma

and the theorem, the Holder, Minkowski and Bessel inequalities are repeatedly applied.
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