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MIXED TYPE INTEGRO-DIFFERENTIAL EQUATION WITH FRACTIONAL ORDER
CAPUTO OPERATORS AND SPECTRAL PARAMETERS

The issues of unique solvability of a boundary value problem for a mixed type integro-differential equation
with two Caputo time-fractional operators and spectral parameters are considered. A mixed type integro-
differential equation is a partial integro-differential equation of fractional order in both positive and negative
parts of multidimensional rectangular domain under consideration. The fractional Caputo operator’s order
is less in the positive part of the domain, than the order of Caputo operator in the negative part of
the domain. Using the method of Fourier series, two systems of countable systems of ordinary fractional
integro-differential equations with degenerate kernels are obtained. Further, a method of degenerate kernels
is used. To determine arbitrary integration constants, a system of algebraic equations is obtained. From
this system, regular and irregular values of spectral parameters are calculated. The solution of the problem
under consideration is obtained in the form of Fourier series. The unique solvability of the problem for
regular values of spectral parameters is proved. To prove the convergence of Fourier series, the properties
of the Mittag—Leffler function, Cauchy—Schwarz inequality and Bessel inequality are used. The continuous
dependence of the problem solution on a small parameter for regular values of spectral parameters is also
studied. The results are formulated as a theorem.
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Introduction

Fractional calculus plays an important role for the mathematical modeling in many scientific
and engineering disciplines (see more detailed information in [1]). In [2], some basic prob-
lems in continuum and statistical mechanics are considered. In [3], the mathematical problems
of Ebola epidemic model are studied. In [4,5], the fractional model for the dynamics of tuber-
culosis infection and novel coronavirus (nCov-2019), respectively, is studied. The construction
of various models of theoretical physics problems by the aid of fractional calculus is described
in [6, vol. 4, 5], [7,8]. A specific physical interpretation of the Hilfer and Caputo fractional
derivatives, describing the random motion of a particle moving on a real line at Poisson paced
times with finite velocity is given in [9]. A detailed review on the application of fractional calcu-
lus in solving applied problems is given in [6, vol. 6-8], [10]. More detailed information as well
as a bibliography related to the theory of fractional integro-differentiation, including the Hilfer
and Caputo fractional derivatives can also be found in [11].

Applications for the equations of mixed type were studied in [12-14]. In particular,
in the work [12] I. M. Gel’fand considered an example of gas motion in a channel surrounded
by a porous medium and at that, gas motion in the channel was described by a wave equation,
while outside the channel a diffusion equation was posed. Ya.S. Uflyand in [13] considered
a problem on propagation of electric oscillations in compound lines, when the losses on a semi-
infinite line were neglected and the rest of the line was treated as a cable with no leaks. He
reduced this problem to a mixed parabolic-hyperbolic type equation. In [14], a hyperbolic-
parabolic system arising in pulse combustion is investigated. Mixed type fractional differential
equations are studied in many works of scientists, in particular in [15-24].
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One of the important sections of the theory of integral and differential equations is the theory
of integro-differential equations. The presence of an integral term in differential equations of the
first and second orders has an important role in the theory of dynamical systems with automatic
control [25,26]. Mixed type integer order integro-differential equations with degenerate kernels
and spectral parameters are studied in [27,28].

In the present paper we study the issues of unique solvability of a boundary value problem for
a mixed type integro-differential equation with two Caputo time-fractional operators and spectral
parameters in multidimensional rectangular domain. We note that boundary value problems for
integro-differential equations with spectral parameters have singularities in studying the questions
of one value solvability [29,30].

§ 1. Statement of the problem

In multidimensional domain Q@ = {-T <t < T, 0 < xy,...,2, < [} a mixed integro-
differential equation of the following form is considered

/Klts (s,x)ds, t>0,
(1.1)
/ths (s,x)ds, t<0,

where

1+ sgn(t o AN
A() = 1B [cDOt ~3 g g, DR Ut +

1 —sgn -
+T[ Z

Ut ),

Z@x 8% >0,

Bw(U) = ;1
t<0
; xz&vl <5

T and [ are given positive real numbers, w is positive spectral parameter, £ is positive
small parameter, x € )", v is real non-zero spectral parameter, 0 # K;(t,s) = a;(t)b;(s),
a;(t) € C?[=T;T), b;(s) € CI-T;T), Q"= [0;|", 0< 81 <1 < 1,1 < By < g < 2.

Problem. Find in the domain €2 an unknown function

Ult,z) € C(Q)NC™2 () NC* Q) N O ) N C22(Qo) N
N Ca1+2+0+ +O(Q ) N Ca2+2+0+ +0(Q ) N Ca1+0+2+0+ +O(Q+) N (12)

t,x1,22,..., Tom t,x1,x9,..., Tm t,xr1,22,23,..., T

N Ca2+0+2+0+ +0(Q_) NO...N Oa1+0+ +0+2 (Q+) N Oa2+0+ +0+2 (Q_)

t,21,22,T3,...,Tm 6,21, Tm—1,Tm 6,21, Tm—1,Tm
satisfying the mixed integro-differential equation (1.1) and the following boundary conditions
U(_T7$) = 901(‘%)’ CDgtU(_Tax) = @2(.1'), S Q;na (1.3)
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U(t,0,29,23,...,2y) =U(t,l,x9,23,...,Tp) =
=U(t,x1,0,23,...,0) =U(t,x1,l, 23, ..., Tpp) = ... =
=U(t,z1,...,2;m1,0) =U(t,z1,...,Tm_1,1) =
= Upyz, (6,0, 29,23, . .., Tp) = Uy (4, 1,20, 23, ..., ) =
=Upyay (t,21,0,23, ..., Tp) = Uy, (621, L2, o) = .00 = (1.4)
=Uppo, (6,21, Tn1,0) = Uy (8,21, ooy q, 1) = ... =

=Upu,, (6,0, 20,23, .. ) = Uy, o, (8,1, 29,23, ..., Tp) =
=Uspo,, (6,21,0,23, .. T) = Uy, o, (L x1, lxg, 0y y) = 0 =

= Uxmxm(t,l’l, R ,Im_l,O) = Ummxm(t,l’l, e ,l’m_l,l) = 0, -T<t< T,

where 0 < 6 < 1, p;(x) are given smooth functions, ¢;(0) = ¢;(1) = 0, ¢ = 1,2,
C"(9) is a class of functions U (¢, z1, ..., z,,) with continuous derivatives %Y, g;l{, . g;g in Q,
C’[j(Q) is a class of functions U(t, 1, ..., x,,) with continuous derivatives ‘?;T(,f, %7 e g;g
in Q, C/Iri-40(Q) is a class of functions U(t,z1,...,2,,) with continuous derivative
a(zf—:')g; in Q, ..., C{f%T " (Q) is a class of functions U(t,z,...,x,) with continu-
ous derivative aff;g% in ), r, s are positive real numbers, Q = {-T <t < T, z € A"},

Q_={-T<t<0,0<z,....,2;, <1}, Qs ={0<t<T, 0< xy,...,2, <}

§ 2. Expansion of the solution of the problem (1.1)-(1.4) into Fourier series

The solution of the mixed integro-differential equation (1.1) in domain {2 is sought in the form
of a Fourier series

Ult,x) = Z ui,...,nm () VUny,oinim (z), (2.1)

where

T:ll:l, ,nm(t) = (2.2)
uil sTim (t) = / U(t’ .’,L') 19,”1 ..... Nm (.’,U) d«r, t < 0,
o
l l
/ U(t7x)/l9n1, nm<I> dr = U(t,l’)ﬁnl nm(,]}) drq- ... .d$m7
o 0 0
2\ " -
19"7/1,---,nm (Z’) = < 7) Sinﬂ-mel tee ‘Siﬂ%xm; nyy...,Nm = 1, 2,

Substituting series (2.1) into equation (1.1), we obtain two fractional countable systems of or-
dinary integro-differential equations

Dyl o () +epd, o eDput () pE k() =

s m o Nls--Mm

T 2.3)
= y/ al(t)bl(s)uzh__’nm(s) ds, t>0,
0
ay  — 2 B2 — 2 2 - _
CDOtunl,...,nm (t) + Elunl,...,nmcDOtun1,...,nm (t) + :unl,...,nmw U’n1,...,nm (t) -
0 (2.4)
= 1// CLQ(t>b2(S>U;1’M,nm<S) ds, t<0,
-T

where fin, . pn, = T/ + ...+ n2,.
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By the aid of notations

T
= [ (S (s @5)
0
0
= / bo(s)us, . (s)ds 2.6)
T

we present the countable systems of equations (2.3) and (2.4) as follows

CDSZ;u'r—i_l,u.,nm <t> —I— 8#’7211,...,'rlmCDg%uj‘L_l,...,nm (t) + M?Ll,...,nm U’:L—h...,nm (t) =

2.7

= Val(t)ﬁ[h_',nm, t>0, @7

DR O €D O =
=vay(t)7,,  n., t<0.

The solutions of the countable systems of differential equations (2.7) and (2.8), satisfying
conditions

W (0)=CF W . (0)=Cr d

N1, 1n1,...,nm? 1n1,...;nm? %Uﬁl,...,nm(()) = C;rzl,...,nm
have the form:
ut (t) = v X

N yeeey i, N yeeey i,

t
X / ar(t — 3)3a1_1E(a1—51,a1),a1 (_5M?L1,..‘,nm3a1_617 _Hil,..‘,nm‘gm) ds + (2.9)
0

+ 2 a1—p1 2 aj
+ Clnl,...,nmE(alfﬁl,Oél)J <_€lun1,...,nmt 7_#n1,...,nmt ) ) > O’
Upy o (U) = VT ) X

0
8 / Clz(S - t)(_S)QQ_lE(azfﬁz,az)@Q'
t

(et ()2 il W (=) ds +
+ Cﬂzl,...,nmE(azfﬁzyom),l (_guil,...,nm(_t)QQ_&» _Mil,...7nm WQ(_t)OQ) -

2n1,...,nmtE(C¥2*527042),2 (_Elu’il,...,nm(_t)az_ﬁ27 _Mil,...,anQ(_t)OQ) ) t<0.

(2.10)

where C}, vy Cingomns (1= 1,2) are for us unknown constants to be uniquely determined
and
— 21 2y
Ewpyy(21,22) = Z 0 T amy 1 B zi,a, 3,7 €C, Re(a) >0, Re(f8)>0
m1,m2=0

is Mittag—Leffler function of two variables.

From the nature of the statement of the problem (properties in (1.2)) it follows that the con-
tinuous conjugation condition is fulfilled: U (0+0,z) = U(0—0, ). So, taking the formula (2.2)
into account, we have

uy o (040) = / U0 +0,2)0, . n,(z)de =
o 2.11)
_ / U(0 = 0,2) ... (¢)dz = u;. . (0—0).

l
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Analogously, taking (2.2) into account from the conditions (1.3) we obtain

uy o (~T) = / U(=T,2)0hs.. () dz =
" (2.12)
= /m 901(5[)19711,---,%1(5@ dx = Pling,...;nm>»

l

Dbt T) = [ DBUT ) () i =
o (2.13)
=/ ©2(2) V... (T) A = Oopy s

l

where
soml,...,nm:/ 0i() Uy () dzy, i =1,2.
i

By the aid of continuous conjugation condition (2.11) from (2.9) and (2.10) we have that

Chovonns = Ciny.m- To find unknown coefficients Cp, . and C3, , in (2.10) we use
the conditions (2. 12) and (2.13) and come to the system of linear algebralc equatlons
( 1_711 .,’I’LmE(OQ*BZyaQ)vl (_gﬂ’il ..... anOQ_BQ’ _/“Lnly---,nmszOéz) +
+ 2711, »T mTE(Oé27B2’a2)’2 (_guila---vana2_ﬁ27 _M72"Lla-..7n7nW2Ta2) =
- ¢1n1, Mm?
1 (2.14)
- -0 2 « 2 2«
Crngroonin T N Blos—r.0m1-0 (=i, o T2 —pil, P T) )
+ 2n1 Tl_eE(ag*ﬁz,az),QfG <_5 Mil,...,n,nTa2_52a _:uzzl,...,anQTaz) =
\ ¢2n1, )
where
winl ----- Nm, = Spinl,...,nm - yTn—l 77777 Nmainl,...,nm7 7/ — 17 2,
0
22— as(s +T) (—s)*1 x
Punreonn = | aals+T) (=9 ors)

X E(Ocz—ﬁz,az)p@ (_Eﬂil,...,nm(_s)ag_@? _:uil,..,,nm w2(_8)a2) ds’

— -2 2 — 2 2
Pontnm — QZ(O) 7 E(a2—527a2),a2—1 (_gum,...,anQQ ﬁQa Mg, W TOQ) +

dao(§ — s)

+ ds

—1 2 — 2 2
T E(Oéz*ﬁzyaz),az*l (—gp,m ..... anOQ 62’ My ,.onm W Taz) +
E=s

’ az—1 2 az—f2 2 2 s (2.16)
+ (_5) E(a2—52,a2),a2 (_5/Ln1,...,nm(_€> » T Hng g W (_5) )d£ X

-
P 1 d*ay (€ — s)
></E (5= gyort 1 ds.

If we assume that

_9 _
Jnlv"'7”M<w) =T E(a2—52,a2)71 (_‘L::ufu,...ana2 B2> _Mih...,nmwQTaz) X
X E(a2—52,042)72—6’ (_Euih...,anaQiﬁzv _Mil,.,.anQTQQ) -
- TlieE(azfﬁz,az)Q (_5/57211,...7an&27§27 _Mil,,..,nmw2Ta2) X (2.17)

1
#0,

X E(QQ—ﬁQ,O(Q),l—e (_eﬂil’...,ana2_627 _Milw"vnT?LWQTaQ) - F (1 — 9)
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then the system with respect to C7,,, , ~and Cy, , is uniquely solvable. Solving this sys-
tem (2.14) we arrive at the following presentations for these unknown coefficients

1
— o 1-0 2 ag— 2 2 2o
1ni,ec,im [¢1n1,...,an E(a2*52»0¢2)72*9 (_glunl,...,an 7_:un1,...,nmw T ) -
O-nla"-vnm ((JJ)

2 - 2 2
o w2n1,‘..,an ) E(a2—527042)72 (_Eﬂn1,-..,ana2 527 _l'l/nlm..,nmw TOQ)} )

— 1 2 — 2 2
2n1,...,nm - [w2n17~~~7"mE(a2—527a2)11 <_E:un1,...,ana2 527 _/Lnl,...,nmw TOQ) -
O-nlwwnm (W)

1
—0 2 oo — 2o
- 7vblru,...,nmiz—’ E(az*ﬁz,az),lfe (_glunl,...,an : 52’ Mg, W T 2) - m:” :

Substituting these results into (2.10) and taking into account C’f;“wnm = C1,,.om, 10 (2.9),
we obtain the following representations:

urtl,‘..,nm (t7 &, W, V) = (plnl,...,nlelnl,...,nm (t, g, w) - (p2n1,...,nmN12n1,.‘.,nm (tv g, w) + (2 18)
+ VTT:V“’nle?ml,...nm (t, £, CU)7 t> 07 '

u;1,~~~,nm (t> = (Plnl,...,nmNQInl,...,nm (t, ng) - ()02n1,...,nmN22n1,...,nm (t7 57(")) + (2 19)
+ V7-n_17,,_7nmN23n17...,nm (ta g, CU), < 07 '
where
T1_9 2 2 2

Nllnh---ﬂm(tv&w) = ————~ Blar—pran) 20 (_gfj’m ..... anOQ_BQa “Hny @ Ta2) X

Ony,.c.onm (w)
X E(Oél—ﬁl,al),l (_guil,...,nmtmiﬂla _Mil,...,nm al) )
T _
Nizny,.in (1, €, w) = )E(az—ﬂz,az)ﬂ (_guih...,anaQ ﬁg, _Nil,...,anZTQQ) X

o (2
X E(a1—517041)71 (_gluil,...,nmtal_ﬂla _:U’il,.,.,nmtal) )
N13n1,..,,nm (ta g, CU) - Mllnl,...,nm (ta 8) - M12n1,...,nm (ta g, w) + M13n1,...,nm (ta g, w)?

t
Miin,...n,(te) = / ay(t — s)s"‘l_lE(oq,ﬁlm),a1 (—a?,tj,n1 _____ nmsal_ﬁl, —p,il _____ nmsal) ds,
0

M12n1,...,nm

(t,6,w) = Prny. i Ni1ny,ooinm (5 €, W),
Mizn,,... (
Notng o (B, €,0) = Morg, o (8 6,w) + Mogpy o (B, €, W),
Noony oo (B, €,0) = Magp, o (8 6,w) + Motn, . (B, €, W),
Nogn, .o (8, €,0) = Mosp, o n (t,6,0) = Brpy o [Motnyony, (8 €,0) — Moo, o,y (€, 0)] +

+ ¢2n1,...,nm [M23n17---,nm (t’ €, w) - M24n1,---,nm (t’ g, w)] )

T179 B
M217L17--~7nm (tagv(*)) = o (w) E(a2—52,a2),2—6 (_5/Lil,.‘.,ana2 627 _:U'il,...,nmw2Ta2) X
N1,
X E(az—ﬁmaz),l (_5M?L1,...,nm(_t)a2_627 _Mil,...,anQ(_t)w) )
M. (t ) T X
m 78’ w =
22’)7,1, Pz O_nl’ o ((,(j)
_ 1
X E(O‘2_527a2)71_9 (_e’uilwwanaz 627 _Mily-uynmwQTaQ) N m 8
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Xt E(a2*1327042),2 <_51u37,1,...,nm(_t)a2_/327 _Mil,...,nnLWQ(_t)QQ) )

T _
M23n17---7nm (tv€>w) = o (w) E(a2*527a2),2 (_Eﬂil,..-ynnLTaz 62’ _Mih-..,nmszaz) X
N1y sNm
X E(az—ﬁzytm),l (_5uil,...,nm<_t)a27527 _uil,...,nMWQ(_t)a2) )
1 _
M24n1,..~,nm (t787w> = o (w> E(a2—62,042)71 (_5:u1211,-..,ana2 627 _Nil,...,anQTw) X
N1ye-sNm

xXt- E(a2—,32,a2),2 <_6lu311,...,nm(_t)a2_627 _Mil,...,nmw2(_t)a2) )
0
M25n1,‘..,nm (ta g, W) = / a2(8 - t)(_S)OQil X
t

X E(a2—527a2)7042 (_5/~L1211,..‘,nm(_3)a27ﬁ27 _/vbil,...,anQ(_S)az) d57

the quantity ©,,,, , andp,, ., - are defined from (2.15) and (2.16), respectively.
Substituting these presentations (2.18) and (2.19) into (2.5) and (2.6), we obtain

T
7-7—l~_1,..-77zm {1 - V/ bl(S)ngnh_”,nm(S,S,w) d3:| =
0

T T (2.20)
= (Plnh...,nm / bl(s) Nllnl,...,nm(sa g, w) dS - 802n1,...,nm / bl (5>N12n1,...,nm (57 g, C«J) dS,
0 0
0
Tt [1 — 1// ba(5)Nagny,...nm (8, €, W) ds] —
-T
0
Pt [ B Natn o 512,0) s 221)
-7
0
- @in,...,nm / bQ(S)N22n1,...,nm(Sa g, CU) dS.
-T
If the following conditions are fulfilled
T 0
1// b1(s) Nisny...n (S, 6,w) ds # 1, I// ba(s) Nogny . np (S, 6,w) ds # 1, (2.22)
0 -T
then, by virtue of (2.20) and (2.21), from the presentations (2.18) and (2.19) we derive
o (128,00, ) = (2.23)
= Splnl,...,anllnl,...,nm (t7 &,Ww, V) - ()02n1,...,nm@12n1,...,nm (t, g,w, V)u t > 07
U, t,e,w,v) =
S ) (2.24)

- Splnl,...,anZInl,...,nm (t, &,Ww, V) - <)02n1,...,an22n1,...,nm <t7 g,w, V)a t < 07
where
Qllnl,...,nm (t, g,w, V) - Nllnl,...,nm (tu £, LU) +

Nign, (1€, g
+v T 13-, (1 €, &) / b1(5)Nitny,...nm (5,6, w) ds,
L—v [, bi(s) Nign,... )ds Jo

Q12n1,...,nm (ta €,Ww, V) = Nl?nl,...,nm (ta g, (U) +

N n n ta ) T
14 - 13n1,..., m( € (JJ) / bl(s)N12n1,...,nm(S7€,W) d87
L= Vfo b1(8)Nisny....nm (S,6,w) ds Jo

Q21n1,...,nm (ta g, w, V) = N21n1,...,nm (ta £, (.U) +

o (8,6, W
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Nogny....m (£, €, °
U : 23n1,..., m( € w) / 62(3)N21n1 ..... nm(s,g,w) dS,
L —v ["b2(5) Nogn,,..on (8,6, W) ds

Q22n1 ..... Nm (ta €,w, V) - N22n1 ..... Nom (t7 g, C«)) +

Nagny....n (t, €, 0
+v 2n1,anm (£ ,) / ba(5)Noon, ... (8, €, w) ds.
1— Vf b2(8) Nozny....n, (8,6, w) ds

.....

Now we substitute presentations (2.23) and (2.24) into the Fourier series (2.1) and obtain the
following formal solution of the problem (1.1)—(1.4)

[e.e]

N1y nm=1 (2.25)
X [901711 ..... Nom Qllnl ..... (t7 &w V) @2711 ..... an12n1 ..... nm(t7 g,Ww, V)] ) t> 07
Ult,z,e,w,v) Z Doy (T) X
[ ST nm=1 (226)
X [Solnl ..... an21n1 ..... Nom, (t, g,w, l/) + Ponq,..., an22n1 ..... Nom (ta €, W, V)] ) t<0.
§ 3. The uniqueness of the solution of the problem (1.1)—(1.4)
Let condition (2.17) be violated. Then we suppose that
0-711 ----- N'm ((U) = TI_GE(OQ_ﬁQ,OQ),l (_€M12’L1 ..... anOQ_[-h? _ILL727,1 ,,,,, nmw2Ta2) X
X E(QQ—ﬂQ,Oé2)72—9 (_6M1211 ..... anOQ—ﬁQ’ _:uil ,,,,, nmw2Ta2) -
- Tl_aE(az—/BQ,az),Q (_5M31 ..... anCQ_BQ: _Mil ..... nm("JQTOQ) X (31)
1
2 g — 2 2o
X | Blas—paany1—o0 (=€ figy s T2 =i P T0%) = -9~ 0
for some values of w, where i, . =7 ni+...+n2.

The set of positive solutions of thls equation (3.1) with respect to the spectral parameter w is
denoted by ;. We call the values w € & irregular because the condition (2.17) is violated for
them. The set A; = (0; 00)\S is called the set of regular values of the spectral parameter w, for
which condition (2.17) is fulfilled.

If conditions in (2.22) are violated, then the kernels of the mixed integro-differential equa-
tion (1.1) have for each value of nq,...,n,, two values of v; and v,

Vo = )

_fTbl(s)ngm o (8,8,w)ds f bo(8) Nagny...m (8, €, w) ds

..........

T 0
/ b1(s) Nisny,...npm (S, 6,w) ds # 0, / ba(8)Nagny,..nm (8, €,w) ds # 0.
0 By

We regard these real nonzero numbers as irregular kernel numbers of the mixed integro-
differential equation (1.1) and denote their set {11, 15} by 3y We take away the values 14 and v,
of the spectral parameter v from the set of nonzero real numbers (—oo; 0) U (0; 00). The resulting
set Ay = (—00;0) U (0; 00)\ Sy is called a set of regular values of the parameter v. For all values
of v € A, condition (2.22) is satisfied. We use the following notation

N:{nl,...,anN; WEAl;l/EAQ},
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where N is the set of natural numbers. This is the case when all values of the spectral param-
eters w and v are regular. Therefore, in this case, the solution of the problem (1.1)—(1.4) in the
domain €2 is represented in the form of series (2.25) and (2.26).

To establish the uniqueness of the function U (¢, z, &, w, ) we show that, under the zero condi-
tions y;(z) =0,z € Q}", i = 1,2, the problem (1.1)-(1.4) has only a trivial solution. We suppose
that @;(z) = 0, ¢ = 1,2. Then @, .pn,, = 0,7 = 1,2, and from formulas (2.25) and (2.26) it
implies that

.....

Hence, by virtue of completeness of systems of the eigenfunctions

lsm l x1p, lsm l T pyen., lsm l T

in the space L, (2]") we deduce that
U(t,z,e,w,v) =0

for all x € [0,]]™ and ¢t € [—T;T)]. Therefore, for the (ni,...,n,,w,v) € N the solution of the
problem (1.1)—(1.4) is unique, if this solution exists in the domain 2.

§ 4. Convergence of series (2.25) and (2.26)

We show that under certain conditions with respect to the functions ¢;(x) (i = 1,2) the
series (2.25) and (2.26) converge absolutely and uniformly in the domain €. In this order we use
the following well known properties of the Mittag—Leffler function:

1) forall k > 0, a, 8,7 € (0; 2], B < a <, t > 0 the function t* 1 Eg o, (—kt?, —kt*) is
completely monotonous and there holds

(—1)° [t Epays (=K%, —kt)] ¥ >0, s=0,1,2,...; (4.1

2) for all a, B € (0,2), v € R and arg z; = 7 there takes place the following estimate

Cy

L 42
¥ ] (4.2)

| Ega)y (21, 22)| <

|Eg.a) (€121, 22) — E(ga)y (8221, 22)| < |e1 — 2 1&» (4.3)
+ |z
where 0 < C; = const do not depend from z, ¢; € (0;¢), 0 < gy = const, i =1,2.

Indeed, according to the properties of the Mittag—Leftler function (formulas (4.1) and (4.2))
the functions Q;jn,,..n.(t, €,w,v) (i,j = 1,2) are uniformly bounded on the segment [—T7; 7.
So for any positive integers ny, ..., n,, there exist finite constant numbers Cy; (i = 1,2), that the
following estimates take place

S o eN {tre%(?:% ’Qllnq ..... Nm (t, €,w, V)‘ ; Mmax |Q12n1 ,,,,, Nom (t7 &g,w, V)’} g C017 (44)

max {ten[ﬂa%xo]@ml ..... nm (t, €, w, V)| 5 max  |Qagn, . nm(t,87w7y>’}<002’

where Cy; = const, i = 1, 2.
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Condition A. We suppose that the functions ¢;(z) € C?[0;1]™, i = 1,2, on the domain [0; []™
have piecewise continuous third order derivatives. Then integrating by parts the following inte-

grals three times with respect to each of variables x, o, ..., x,, we derive [28]
l 3m sz(n:n:.)..,nm
|in, | < = . (4.5)
where 5 ()
(3m) "pi(e 9 —
= — i (@) dr,  1=1,2
sznl ..... Nm am 81“1;81“23 8 ;,n 1yeees m( )

Here the Bessel inequalities are true

[e) m 2
(3m) 2 < g / agmgpz(l‘) C_
Z _ [%"1 """ ”’"} = (l> am 0x30x3 ... 03, dz, i=1,2. (4.6)

Taking formulas (4.4)—(4.6) into account and applying the Cauchy-Schwarz inequality and
Bessel inequality, for series (2.25) and (2.26) we obtain

[o.o]

Utz ewn) < Y0 Jug, o, (8w 0)] - Wy n (2)] <

'''''

S (4.7)

Pm, () 2
\//m 81‘ 3013 .. 8x3} do +
O™ o) 2
\//m 8x38x2 8x3] do| < oo,

where v;; = (ﬂ) Coi (%)37”, i=1,2.
It follows from estimate (4.7) that the series (2.25) and (2.26) are convergent absolutely and
uniformly in the domain €2 for the (ny,..., 1y, w, v) € N.

§ 5. Possibility of term differentiation of series (2.25) and (2.26)

For the (ny,...,nm,w,v) € X functions (2.25) and (2.26) formally differentiate in Q) the
required number of times

N1,y Nnm=1 (51)
X [901n1 ..... nmC'D thlnl ..... (tagawa V) + ©ona,..., nmC'D th?nl ..... (t €,W, V)] ) t> 07

(5.2)
X [Solnl ..... nmC'DOtQQMLl ..... (t,€,(.d,l/) +S02n1 ..... nmCDOtQQin ..... (ta€7w> V)] ) t < 07



™y 2

Upyoo (L, 2, 6,0, 0) = — i <T> Uiy (X)X

N1,... D=1 (53)
X [(plnh...,anilnl,...,nm (ta &, W, V) + 902n1,...,ani2n1,...,nm (ta g,w, I/)] ) _T < t < T7
> TNy 2
UI2$2<Z€,$,€,W,V) = - Z (T) ﬁnl,...,nm(x) X
Nni,...,Nm=1 (54)

X [@lnl,...,anilnl,...,nm (t, €,Ww, V) +
+ 802n1,...,nm@i2n1,...,nm (ta €,w, V)]a =T <t < Ta 1= 17 2.

The expansions of the following functions into Fourier series are defined in the domain §2 in
a similar way

Ussas(t,x, 6 w0,0), ..., U,

TmTm

(t,fE,EﬂU, V)7CD3%U$1$1(1:’$787W7V)7

(0%
cD§ Uy 2, (66,0, 1), ¢ DS Uy, (B, x,8,0,0), 0oy 0 DG Uy, (8,0, 1),
(03 «
CDO%UImxm@?xv&w? V)7 CDOfomxm(tuxygaWaV>-

The convergence of series (5.1) and (5.2) is proved similarly to the proof of the convergence
of series (2.25) and (2.26). So, we show the convergence of series (5.3) and (5.4). Taking into
account formulas (4.4)—(4.6) and estimate (4.7) and applying the Cauchy—Schwarz inequality and
Bessel inequality, we obtain

oo
TNy 2
Unnltzew ) < D (F7) |uh @) [ @) <

Nny,... =1

2\ /N2 =
<< 7) (7) Coi D 13 ] P2 l] <

N1,yeeeyNm=1

o0 (e.)
< [ ‘90 3m) 1 S
X /2 E 3 1ng,. 3 3 2n1,...,Nm

yeeesm =1 niy...;Nm=

2 " s aSmgol ) 2
< — .
X ( l) Y2i nh,__,znml n n2 [\//m 8.1':138%2 a dx +

aSm(p2 )
\//m 8x38x2. (f)x?’} dac] =0

where 79; = (\/?)mcm (%)3m_2, i=1,2;

o]
TN\ 2
|U$2332 (t7 ZT,&,W, V)’ < Z <_2) uimnm(t,a,w, V) | : ’ﬁnh...,nm (l‘)’ <

2 " ™\ 2
<< 7) (7) Co D0 M3l tmmmnl + [ @20s ) <

o
X 12 § : 3 3 3 1ng,...,nm
n1n2n3 e TLm

N1y Nm=

ningni ... nd, S

2ny, m
niye.;Nm=
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5 m 00 1 a3mg01($) 2
< - . —_———
\( z) w2 wEg [\// o o)

ni,...,Nm=1

83m¢2 ) 2
\//m 81::{’(%2 8x3} do| < oo

The convergence of Fourier series for functions

Uy (L, 2,8 w0,0), ..., Ul

a1
ﬁ?miﬂm(t?xag?way)vCD()t xlxl(t,l’,éf,w,l/),
Qs a1 .
CDOt xwl(t,l',&w V)aCDot xzmz(t,l',c‘:,w,l/),...,cDOt ngg(t7x7€,way),---
o

TmTm

(t,x,e,w,v),cDyiUs, 2. (L, 2,6, w0, 1).

is proved in a similar way in the domain 2. It follows from these last estimates that the func-
tions (2.25) and (2.26) possess properties (1.2) for regular values of spectral parameters w and v.

§ 6. Continuous dependence of the solution on a small parameter

We consider the continuous dependence of the solution of the problem (1.1)—(1.4) on a small
parameter ¢ for regular values of spectral parameters w and v. Let ¢; and 5 be two different

values of a small positive parameter . It is easy to check from (4.3), that the following estimates
hold

max max |len1, ,nm(t €1,Ww, V) Qlin1,...,nm (ta €2, W, V)| < Oli |€1 - 62| ) (61)
n1,...,nm ENtE[0;T]

max  max |Qin,,...n,, (1,61, W, V) — Q2iny,..onpp (B, €2, 0, V)| < O |1 — €2, (6.2)
n1,... nm ENte[—T;0]

where C; = const, j,i=1,2, ¢ € (0;¢9), 0 < ¢gp = const, i =1,2.
Then, taking formulas (4.5), (4.6) and estimates (6.1), (6.2) into account and applying the
Cauchy-Schwarz inequality and Bessel inequality, for series (2.25) and (2.26) we obtain

\U(t,x,e1,w,v) —U(t,x,e9,w, V| <

< Z |ur:|z:1,...,nm (t’ €1, W, V) - u?z:l,...,nm <t7 €2, W, V)| ' |19n17---,nm (l’)| <

2\ " o0
s ( 7 ) (CatColer—el 30 [ormmml + loom,nnl] <
nl,...,nmzl
N —_—_ (3m . 1 3m
< 731 ler — &9 Z 3 ‘Wlm) Z 3 3 @gnl,)...,nm < (63
n1,...,nm=1 ny. = ny...ng,

o0

<< %) le1 — e2| V3 Z
'

Pmp, () 2
\//m ax3ax2 00 } de -+
,...,nmfl
+ / | Oo(a) de =|e1 — &2 - A
m | 023023 ... 03, SR

1

where 73; = (ﬁ) (Ci1 + Ci2) (%)37”, i =1,2, A = const < oo.
It follows from estimate (6.3) that |U (¢, z,e1,w,v) — U(t, 2, e2,w,v) | is small, if |e; — &2 is
small in the domain () for the (ny, ..., 0y, w,v) € N.
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§ 7. Statement of the theorem

As a conclusion, we will formulate a theorem that we have already proved in this article.
Thus, the following theorem is true.

Theorem 7.1. Let conditions of A be fulfilled. Then for the possible numbers ny, ..., n,,
and regular values of spectral parameters w and v from the set N the problem (1.1)-(1.4) is
uniquely solvable in the domain () and this solution is represented in the form of series (2.25)
and (2.26). Moreover, it is true that

IimU(t, z,e,w,v) =U(t,z,0,w,v),

e—0

where U (t, z,0,w, V) is the solution of a mixed fractional integro-differential equation of the form

/Klts (s,z)ds, t>0,

Ao(U) =
/ Ky(t,s)U(s,x)ds, t <0,
1 (t) 1 (t) 2 Ve 820
+ sgn o — sgn a i
Ap(U) § oDyt + Tchoi] Ult,z), B,(U)= o
WQZUMN t <0,
i=1

with boundary value conditions (1.3) and (1.4) under consideration.
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T. K. Onoawes, 3. T. Kapumos
CMmemannbie uHTerpo-auddepeHunaabubie ypaBHeHusi ¢ oneparopamu Kanyro npodHoro mopsiaka
U CHEKTPAJIbHBIMH MapaMeTpaMu

Kniouegvie cnosa: naterpo-nuddepeHnnanbHoe ypaBHEHHE, YPaBHEHHE CMEIIaHHOTO THIIA, MBI Tapa-
MeTp, CIIEKTpaJIbHBIE TapaMeTPhl, IPOOHBIE onepaTopsl KamyTo, oqHO3HaUHAS pa3pelInMOCTb.

VIK: 517.956
DOI: 10.35634/2226-3594-2021-57-10

PaccmarpuBaroTcss BOIIPOCHI OAHO3HAYHON pa3penImMOCTH KpaeBOW 3amadu Uis MHTErpo-auddepeHn-
aIbHOTO YPAaBHEHHUS CMEIIAHHOTO THMAa C AByMs omeparopamu KamyTo npoOHOro mopsiika M creKTpasb-
HBIMH TapameTpamu. MHTerpo-guddepeHnnaipHoe ypaBHEHHE CMEINIaHHOTO THITA SBISETCS HHTETPO-
T QepeHIIMaTbHBIM YPaBHEHUEM C YaCTHBIMU TPOHM3BOAHBIMH JPOOHOTO TOPSAKA KaK B IMOJOXKHTENb-
HOM, TaK ¥ B OTPHIIATSIHHON YaCcTSIX paccMarpruBaeMOil MHOTOMEPHOU MPSMOYTONIbHOHM obnactu. [lopsmok
IpoOHoro oneparopa KamyTo MeHbIe B OJI0KUTEIBHOW YacTH 00JIACTH, YeM MOPSAIOK COOTBETCTBYIOIIE-
TO oreparopa B OTpULATEIbHON YacTu obmactu. Mcmonesys meron psnoB Pyphbe, MOITydeHbl 1BE CUCTEMBbI
CUETHBIX CHCTEM OOBIKHOBEHHBIX APOOHBIX WHTErpo-Iu(depeHINaTbHBIX YPABHEHHH C BBIPOXKIESHHBIMHU
spaMu. Jlanee uCHonb3yeTcs METO] BRIPOXKACHHBIX sifep. s onpeneneHns MPOU3BOIbHBIX MTOCTOSHHBIX
WHTETPUPOBAHUS TOJTydeHa CHUCTeMa aireOpandecknx ypaBHeHWH. M3 3TON cucTembl ObUTH BBIYHCIICHBI
peryssipHbIE U HEperyaspHble 3HAYeHUS CHEKTPalbHBIX MapaMeTpoB. PemeHue paccmarpuBaeMoil 3amadn
[OJIy4€HO B BUJE psanoB Dypre. Jloka3zaHa OAHO3HAYHASI PAa3pELIMMOCTh 3a7addl Uil PEryJIsIpHBIX 3Hade-
HUH CIIeKTpalbHBIX MapaMeTpoB. Ilpu nokazarenbcTBe CXOAMMOCTH psiioB Dypbe HCNONB3YIOTCA CBOM-
ctBa ¢ynkun Murrar-Jlegdnepa, Hepasencteo Komm-11IBapiia u HepaBencTBo beccens. Taxke nzydeHa
HEIpephIBHAS 3aBHUCUMOCThH PELICHUS 3aJadyd OT Majoro mapaMmerpa HpU PEeryaspHBIX 3HAYCHUSIX CIICK-
TpaJbHBIX TTapaMeTpoB. Pe3ynmsrarsl chopMyTHpOBaHBI B BUAE TEOPEMBI.
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