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We consider the p(x)-Laplacian equation with a Dirichlet boundary value condition

{

−∆p(x)(u) + |u|p(x)−2u = g(x, u,∇u), x ∈ Ω,

u = 0, x ∈ ∂Ω,

Using the topological degree constructed by Berkovits, we prove, under appropriate assumptions, the

existence of weak solutions for this equation.
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Introduction

The problem studied in this paper concerns the p(x)-Laplacian operator and the variable ex-

ponent p(x). The study of various mathematical problems with variable exponents has received

considerable attention in recent years, as these problems model several physics concerning ther-

morheological fluids [7], image restoration [9], electrorheological fluids [21,22] and elastic mate-

rials [27]. The p(x)-Laplacian is a generalization of the p-Laplacian, and it has more complicated

nonlinearities than the p-Laplacian. Due to its inhomogeneous characteristic, it is reasonable to

expect that the p(x)-Laplacian operator is suitable for modelling inhomogeneous materials. Re-

cently, several works devoted to problems involving the p-Laplacian operator have been extended

to the case of the p(x)-Laplacian operator. We can cite in this context the papers [4, 6, 19, 20, 24]

and the references therein.

Consider the following problem with a Dirichlet boundary condition

{

−∆p(x)(u) + |u|p(x)−2u = g(x, u,∇u), x ∈ Ω,

u = 0, x ∈ ∂Ω,
(0.1)

where −∆p(x)(u) = −div (|∇u|p(x)−2∇u), Ω ⊂ R
N is an open bounded domain, p(·) is a variable

exponent satisfying some conditions to be seen in the paper suite and g is a Carathéodory function

satisfying a growth condition with a variable exponent that is suitably controlled by p(·).
For g independent of ∇u, the authors in [18] have shown the existence of infinitely many pairs

of solutions for this problem by applying the Fountain theorem and the dual Fountain theorem

respectively. When g(x, u,∇u) = |u|q(x)−2u, Alsaedi [5] studied this problem as a perturbed

non-homogeneous Dirichlet problem. Several others have studied the problem (0.1) without the

term |u|p(x)−2u with different methods in both cases where g is dependent or not on ∇u (see

for example [3, 13, 16, 23]). Note that, by passing the term |u|p(x)−2u to the right in (0.1) and

posing f(x, u,∇u) = g(x, u,∇u)−|u|p(x)−2u, we find the problem (1) of [3] and the problem (1)

of [23]. But the growth conditions (f2) in [3] and (Hf) in [23] will no longer be satisfied because

of the presence of an exponent p(·), although we will adopt this condition for g in our paper. For

example, for g ≡ 0, we will have that |f(x, u,∇u)| = |u(x)|p(x)−1 does not satisfy (f2) of [3]
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or (Hf) of [23]: here, the exponent q(·) of these assumptions attains p(·) and we no longer have

q+ < p−. In this paper we prove the existence of weak solutions for problem (0.1) with a growth

condition similar to (f2) in [3] and (Hf) in [23] but only satisfied by g, as part of f and not by

the entire f , despite the appearance of the exponent p(·).

Fan and Han [12] discussed the existence and multiplicity of solutions of the following

p(x)-Laplacian equation in R
N :

{

−∆p(x)(u) + |u|p(x)−2u = f(x, u), x ∈ R
N ,

u ∈ W 1,p(x)(RN).

This problem was later studied by Ge and Lv [15] by adding a potential term and using

the mountain pass theorem and vanishing lemma. They obtained a weak solution uλ of the

perturbation equations. They proved that uλ tends to u, a nontrivial solution of the original

problem, when λ → 0.

In this paper, motivated by the above work, we study the problem (0.1) using another approach

based on the topological degree method constructed by Berkovits [8] for some classes of operators

in Banach reflexive spaces. The reader can refer to [1–3, 8] and the references therein for more

details about this method.

This paper is organized as follows. Section 1 is reserved for some mathematical preliminaries.

In Section 2, we give our basic assumptions, some technical lemmas, and also give and prove our

results of existence.

§ 1. Mathematical Preliminaries

§ 1.1. Definitions and proposition

Let us start with a short reminder of the classes of operators mentioned in the introduction

and of an important proposition which will be the key to proving the existence of at least one

weak solution of the problem (0.1).

Let X be a real separable reflexive Banach space with dual X∗ and with continuous pairing

〈·, ·〉 and let Ω be a nonempty subset of X . The symbol → (⇀) stands for strong (weak)

convergence; (un) denotes a sequence (n ∈ N) and lim sup denotes the superior limit given by,

for a sequence (vn),

lim sup vn := lim
n→∞

(sup
m≥n

vm).

Let Y be a real Banach space. We recall that a mapping F : Ω ⊂ X → Y is bounded, if it takes

any bounded set into a bounded set; F is said to be demicontinuous, if for any (un) ⊂ Ω, un → u

implies F (un) ⇀ F (u); F is said to be compact, if it is continuous and the image of any bounded

set is relatively compact. A mapping F : Ω ⊂ X → X∗ is said to be of class (S+), if for any

(un) ⊂ Ω with un ⇀ u and lim sup〈Fun, un − u〉 ≤ 0, it follows that un → u; F is said to be

quasimonotone, if for any (un) ⊂ Ω with un ⇀ u, it follows that lim sup〈Fun, un − u〉 ≥ 0.

For any operator F : Ω ⊂ X → X and any bounded operator T : Ω1 ⊂ X → X∗ such

that Ω ⊂ Ω1, we say that F satisfies condition (S+)T , if for any (un) ⊂ Ω with un ⇀ u,

yn := Tun ⇀ y and lim sup〈Fun, yn − y〉 ≤ 0, we have un → u. For any Ω ⊂ X , we consider

the following classes of operators:

F1(Ω) := {F : Ω → X∗ | F is bounded, demicontinuous and satisfies condition (S+)},

FT,B(Ω) := {F : Ω → X | F is bounded, demicontinuous and satisfies condition (S+)T}

FT (Ω) := {F : Ω → X | F is demicontinuous and satisfies condition (S+)T}.

16



P r o p o s i t i o n 1.1. Let S : X → X∗ and T : X∗ → X be two operators bounded and

continuous such that S is quasimonotone and T is a homeomorphism, strictly monotone and of

class (S+). If

Λ := {v ∈ X∗ | v + tS ◦ Tv = 0 for some t ∈ [0, 1]}

is bounded in X∗, then the equation

v + S ◦ Tv = 0

admits at least one solution in X∗.

P r o o f. Since Λ is bounded in X∗, there exists R > 0 such that

‖v‖X∗ < R for all v ∈ Λ.

This means that v + tS ◦ Tv 6= 0 for all v ∈ ∂BR(0) and all t ∈ [0, 1], where BR(0) is the ball

of center 0 and radius R in X∗. Thanks to the Minty–Browder Theorem [26, Theorem 26A],

the inverse operator L := T−1 is bounded, continuous and of type (S+). From [8, Lemma 2.2

and 2.4] it follows that

I + S ◦ T ∈ FT (BR(0)) and I = L ◦ T ∈ FT (BR(0)).

Since the operators I , S and T are bounded, I + S ◦ T is also bounded. We conclude that

I + S ◦ T ∈ FT,B(BR(0)) and I ∈ FT,B(BR(0)).

Consider a homotopy H : [0, 1]×BR(0) → X∗ given by

H(t, v) := v + tS ◦ Tv for (t, v) ∈ [0, 1]×BR(0).

Let us apply the homotopy invariance and normalization property of the Berkovits degree (which

we denote by d) introduced in [8], we get

d(I + S ◦ T,BR(0), 0) = d(I, BR(0), 0) = 1,

and hence there exists a point v ∈ BR(0) such that

v + S ◦ Tv = 0.

§ 1.2. Functional framework

In the sequel, Ω is an open bounded domain in R
N (N ≥ 2) with a Lipschitz boundary ∂Ω

(that is ∂Ω is “sufficiently regular” in the sense that it can be thought of as locally being the

graph of a Lipschitz continuous function).

In order to discuss the problem (0.1), we start with the definition of the variable exponent

Lebesgue spaces Lp(·)(Ω) and the variable exponent Sobolev spaces W
1,p(·)
0 (Ω), and some prop-

erties of them; for more details, see [14, 17].

Let us denote

C+(Ω) = {h ∈ C(Ω) : h(x) > 1 for every x ∈ Ω}.

For any h ∈ C+(Ω), we write

h− := min
x∈Ω

h(x), h+ := max
x∈Ω

h(x).
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For any p ∈ C+(Ω), we define the variable exponent Lebesgue space by

Lp(·)(Ω) = {u | u : Ω → R is measurable and ρp(·)(u) < ∞},

where

ρp(·)(u) =

∫

Ω

|u(x)|p(x) dx.

We consider this space to be endowed with the so-called Luxemburg norm:

‖u‖p(·) = inf{λ > 0: ρp(·)

(u

λ

)

≤ 1}.

We define the variable exponent Sobolev spaces W 1,p(·)(Ω) by

W 1,p(·)(Ω) = {u ∈ Lp(·)(Ω) : |∇u| ∈ Lp(·)(Ω)}

equipped with the norm

‖u‖W 1,p(·) = ‖u‖p(·) + ‖∇u‖p(·).

The space W
1,p(·)
0 (Ω) is defined by the closure of C∞

0 (Ω) in W 1,p(·)(Ω). With these norms, the

spaces Lp(·)(Ω),W 1,p(·)(Ω) and W
1,p(·)
0 (Ω) are separable reflexive Banach spaces.

The conjugate space of Lp(·)(Ω) is Lp′(·)(Ω) where 1
p(x)

+ 1
p′(x)

= 1. For any u ∈ Lp(·)(Ω) and

v ∈ Lp′(·)(Ω), the Hölder inequality holds [17, Theorem 2.1]:
∣

∣

∣

∣

∫

Ω

uv dx

∣

∣

∣

∣

≤

(

1

p−
+

1

p
′−

)

‖u‖p(·)‖v‖p′(·) ≤ 2‖u‖p(·)‖v‖p′(·). (1.1)

If p(·), q(·) ∈ C+(Ω), q(·) ≤ p(·) a. e. in Ω then there exists a continuous embedding

Lp(·)(Ω) → Lq(·)(Ω).
In this paper, we suppose that p(·) satisfies the log-Hölder continuity condition, i. e., there

exists C > 0 such that for all x, y ∈ Ω, x 6= y, one has

|p(x)− p(y)| log
(

e+
1

|x− y|

)

≤ C. (1.2)

An interesting feature of generalized variable exponent Sobolev space is that smooth functions

are not dense in it without additional assumptions on the exponent p(·). However, when the

exponent satisfies the log-Hölder condition (1.2), we recall the Poincaré inequality (see [11,

Theorem 8.2.4] and [14, Theorem 2.7]): there exists a constant C > 0 depending only on Ω and

the function p such that

‖u‖p(·) ≤ C‖∇u‖p(·), ∀u ∈ W
1,p(·)
0 (Ω). (1.3)

In particular, the space W
1,p(·)
0 (Ω) has a norm given by

‖u‖1,p(·) = ‖∇u‖p(·),

which is equivalent to the norm ‖ · ‖W 1,p(·). Moreover, the embedding W
1,p(·)
0 (Ω) →֒ Lp(·)(Ω) is

compact (see [17]). The space (W
1,p(·)
0 (Ω), ‖ · ‖1,p(·)) is also a separable and reflexive Banach

space.

The dual space of W
1,p(·)
0 (Ω), denoted W−1,p′(·)(Ω), is equipped with the norm

‖v‖−1,p′(·) = inf{‖v0‖p′(·) +

N
∑

i=1

‖vi‖p′(·)},

where the infimum is taken on all possible decompositions v = v0 − divF with v0 ∈ Lp′(·)(Ω)
and F = (v1, . . . , vN) ∈ (Lp′(·)(Ω))N .
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P r o p o s i t i o n 1.2 (see [14]). Let (un) ⊂ Lp(·)(Ω) and u ∈ Lp(·)(Ω). Then we have

1) ‖u‖p(·) ≥ 1 ⇒ ‖u‖p
−

p(·) ≤ ρp(·)(u) ≤ ‖u‖p
+

p(·);

2) ‖u‖p(·) ≤ 1 ⇒ ‖u‖p
+

p(·) ≤ ρp(·)(u) ≤ ‖u‖p
−

p(·);

3) limn→∞ ‖un − u‖p(·) = 0 ⇔ limn→∞ ρp(·)(un − u) = 0;

4) ‖u‖p(·) ≤ ρp(·)(u) + 1;

5) ρp(·)(u) ≤ ‖u‖p
−

p(·) + ‖u‖p
+

p(·).

In this paper, we will use also the following equivalent norm on W 1,p(·)(Ω):

‖u‖p(·) = inf{λ > 0: ρp(·)

(∇u

λ

)

+ ρp(·)

(u

λ

)

≤ 1}.

If we denote I(u) = ρp(·)(∇u) + ρp(·)(u), then, similar to Proposition 1.2, we have

P r o p o s i t i o n 1.3 (see [10]). Let (un) ⊂ W 1,p(·)(Ω) and u ∈ W 1,p(·)(Ω). Then we have

1) ‖u‖p(·) ≥ 1 ⇒ ‖u‖p
−

≤ I(u) ≤ ‖u‖p
+
;

2) ‖u‖p(·) ≤ 1 ⇒ ‖u‖p
+
≤ I(u) ≤ ‖u‖p

−

;

3) limn→∞ ‖un − u‖ = 0 ⇔ limn→∞ I(un − u) = 0;

4) ‖u‖ ≤ I(u) + 1;

5) I(u) ≤ ‖u‖p
−

+ ‖u‖p
+
.

§ 2. Basic assumptions and main results

In this section, we study the strongly nonlinear problem (0.1) based on the Berkovits degree,

where Ω ⊂ R
N , N ≥ 2, is an open bounded domain with a Lipschitz boundary ∂Ω, p ∈ C+(Ω)

satisfies the log-Hölder continuity condition (1.2) such that 1 < p(x) and g : Ω×R×R
N → R is

a real-valued function such that:

(g1) g satisfies the Carathéodory condition, that is, g(., η, ζ) is measurable on Ω for all (η, ζ) ∈
∈ R× R

N and g(x, ., .) is continuous on R× R
N for a. e. x ∈ Ω;

(g2) g has the growth condition

|g(x, η, ζ)| ≤ c(k(x) + |η|q(x)−1 + |ζ |q(x)−1)

for a. e. x ∈ Ω and all (η, ζ) ∈ R × R
N , where c is a positive constant, k ∈ Lp′(x)(Ω) and

1 < q− ≤ q(x) ≤ q+ < p−.

L e m m a 2.1 (see [3, Lemma 2]). Suppose that assumptions (g1) and (g2) hold. Then the

operator S : W
1,p(x)
0 (Ω) → W−1,p′(x)(Ω) defined by

〈Su, v〉 = −

∫

Ω

(g(x, u,∇u))v dx, u, v ∈ W
1,p(x)
0 (Ω)

is compact.
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Let A : W
1,p(·)
0 (Ω) → W−1,p′(·)(Ω) be the operator defined by

〈A(u), v〉 =

∫

Ω

(|∇u|p(x)−2∇u · ∇v + |u|p(x)−2uv) dx, u, v ∈ W
1,p(·)
0 (Ω). (2.1)

L e m m a 2.2 (see [12, Lemma 3.1]). A is strictly monotone, bounded homeomorphism and

is of type (S+).

Let us first define a weak solution of the problem (0.1).

D e f i n i t i o n 2.1. We say that u ∈ W
1,p(·)
0 (Ω) is a weak solution of (0.1) if

∫

Ω

(|∇u|p(x)−2∇u · ∇v + |u|p(x)−2uv) dx =

∫

Ω

(g(x, u,∇u))v dx ∀v ∈ W
1,p(·)
0 (Ω).

T h e o r e m 2.1. Suppose that the assumptions (g1) and (g2) hold true. Then there exists at

least one weak solution of the problem (0.1) in W
1,p(·)
0 (Ω).

P r o o f. Let A and S : W
1,p(·)
0 (Ω) → W−1,p′(·)(Ω) be as in (2.1) and Lemma 2.1 respectively.

Then u ∈ W
1,p(·)
0 (Ω) is a weak solution of (0.1) if and only if

Au = −Su. (2.2)

Thanks to the properties of the operator A seen in Lemma 2.2 and in view of Minty–Browder

Theorem [26, Theorem 26A], the inverse operator T := A−1 : W−1,p′(·)(Ω) → W
1,p(·)
0 (Ω) is

bounded, continuous and of type (S+). Moreover, note from Lemma 2.1 that the operator S is

bounded, continuous and quasimonotone. Therefore, equation (2.2) is equivalent to

u = Tv and v + S ◦ Tv = 0. (2.3)

To solve equation (2.3), we will apply the Proposition 1.1. It is sufficient to show that the set

Λ := {v ∈ W−1,p′(·)(Ω) | v + tS ◦ Tv = 0 for some t ∈ [0, 1]}

is bounded.

Indeed, let v ∈ Λ and set u := Tv, then, by the equivalence of the norms ‖ · ‖1,p(·) and ‖ · ‖,

there exists α > 0 such that ‖Tv‖1,p(·) = ‖u‖1,p(·) ≤ α‖u‖.
If ‖u‖ ≤ 1, then ‖Tv‖1,p(·) is bounded. If ‖u‖ > 1, then we have by Proposition 1.3

‖Tv‖p
−

1,p(·) ≤ αp−‖u‖p− ≤ αp−I(u).

We get by the growth condition (g2), the Hölder inequality (1.1), the inequality (5) of Propo-

sition 1.2 and the Young inequality the estimate

‖Tv‖p
−

1,p(·) ≤ αp−I(u)

= αp−〈Au, u〉

= αp−〈v, Tv〉

= −tαp−〈S ◦ Tv, Tv〉

= tαp−
∫

Ω

g(x, u,∇u)u dx

≤ const (

∫

Ω

|k(x)u(x)|dx+ ρq(·)(u) +

∫

Ω

|∇u|q(x)−1|u| dx)

≤ const (2‖k‖p′(·)‖u‖p(·) + ‖u‖q
+

q(·) + ‖u‖q
−

q(·) +
1

q′−
ρq(·)(∇u) +

1

q−
ρq(·)(u))

≤ const (‖u‖p(·) + ‖u‖q
+

q(·) + ‖u‖q
−

q(·) + ‖∇u‖q
+

q(·)).
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From the Poincaré inequality (1.3) and the continuous embedding Lp(·) →֒ Lq(·), we can deduct

the estimate

‖Tv‖p
−

1,p(·) ≤ const (‖Tv‖1,p(·) + ‖Tv‖q
+

1,p(·)).

It follows that {Tv|v ∈ B} is bounded. Since the operator S is bounded, it is obvious from (2.3)

that the set Λ is bounded in W−1,p′(·)(Ω). Hence, in virtue of Proposition 1.1, the equation

v + S ◦ Tv has at least one non trivial solution v̄ in W−1,p′(·)(Ω). So, ū = T v̄ is a weak solution

of (0.1).

E x a m p l e 2.1. As examples of functions g satisfying the assumptions (g1) and (g2), we can

take:

• g(x, η, ζ) = g(η) = c|η|q−2η where c is a positive constant and 1 < q < p−.

• g(x, η, ζ) = g(x, η) = |η|q(x)−2η log(1 + |η|) where q ∈ C+(Ω̄) with q+ < p−.

• g(x, η, ζ) = |η|q(x)−2η + |ζ |q(x)−1 or g(x, η, ζ) = k(x) + |η|q(x)−2η + |ζ |q(x)−1 where

k ∈ Lp′(x)(Ω) is positive and q ∈ C+(Ω̄) with q+ < p−.
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Мы рассматриваем уравнение Лапласа с p(x)-лапласианом с граничным условием Дирихле

{

−∆p(x)(u) + |u|p(x)−2u = g(x, u,∇u), x ∈ Ω,

u = 0, x ∈ ∂Ω.

Используя топологическую степень, предложенную Берковицем, мы доказываем, при соответству-

ющих предположениях, существование слабых решений для этого уравнения.
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17. Kováčik O., Rákosnı́k J. On spaces Lp(x) and W 1,p(x) // Czechoslovak Mathematical Journal. 1991.

Vol. 41. P. 592–618.

18. Liang Y., Wu X., Zhang Q., Zhao C. Multiple solutions of a p(x)-Laplacian equation involving critical

nonlinearites // Taiwanese Journal of Mathematics. 2013. Vol. 17. No. 6. P. 2055–2082.

https://doi.org/10.11650/tjm.17.2013.3074

19. Marcos A., Abdou A. Existence of solutions for a nonhomogeneous Dirichlet problem involving p(x)-
Laplacian operator and indefinite weight // Boundary Value Problems. 2019. Article number: 171.

https://doi.org/10.1186/s13661-019-1276-z

20. Nhan L. C., Chuong Q. V., Truong L. X. Potential well method for p(x)-Laplacian equations with

variable exponent sources // Nonlinear Analysis: Real World Applications. 2020. Vol. 56. 103155.

https://doi.org/10.1016/j.nonrwa.2020.103155
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