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Introduction

Systems of ordinary differential equations with delay effect, including distributed ones, occur
in many mathematical models, for example, predator—prey [1]. Modern mathematical models
use, among other things, systems of partial differential equations with delay, including those with
Neumann boundary conditions [2]. In recent years systems of fractional differential equations
[3,4] have become more and more popular. These papers also use the Neumann boundary
conditions.

Due to the complexity of analytical studies of fractional equations, the development of
adequate numerical methods becomes relevant. Numerical algorithms for solving equations,
both time-fractional and space-fractional, are the subject of a huge number of works, we note
some [5—-14]. But they consider the Dirichlet boundary conditions.

In this work, we use numerical algorithms developed and studied earlier for the Dirichlet
problem for partial differential equations with delay [15] and for diffusion equations with a
fractional derivative with respect to space without delay [17].

§ 1. Problem definition

Let us consider a system of equations of the superdiffusion type with fractional Riesz deriva-
tives with respect to space and with a functional delay of the form

WD _ p, T Fa e, t) wle, ) o0, . ),
¢ Ol (1.1)
av(@? 2 = Dvaa;ra + [ tou(a, ), w(z, ), v(a, 1), vz, ),

where 0 < t < 7T, 0 < = < X are independent variables, u(z,t), v(z,t) are the required
functions, u¢(x,-) = {u(z,t +s), 7 < s < 0} and v (x, ) = {v(z,t+s), 7 < s < 0} are
prehistories of desired functions by the time ¢, 7 > 0 is the value of delay, 1 < a < 2, D, > 0,
D, > 0.
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Riesz derivatives of order « are defined by the relations [16, p. 3]

0u 0u(z,t)  O0%u(z,t) B 1
8|x|a_K< O x® * o_x> )’ K= 2 cos(am/2)’

where the left and right Riemann-Liouville partial derivatives of order o are defined respectively
as

aQU(l’,t) o 1 d_2 /J: (f t) dg
Oz T(2—a)ds? J, (xz—§&o1
0“u(w,t) 1 d_2 /X u(&,t) &t e
o_xx  TR2—-a)ds? J, (z—E&)°
(0% (0% 163 t
Derivatives o , RGN and (. 1) are defined similarly.
dlz|*”  Opx~ 0_z®
Initial conditions are given
u(z,t) = p(z,t), 0<zr<X, —7<t<0, (1.2)
U(l‘,t :@Z)(l‘,t), 0<x <X7 -7 <t<0. '

Homogeneous boundary conditions of the second type (Neumann conditions) are also set

t t
oulz, )|m:o =0, oulz, )L,,:X =0, 0<t<T,
ox ox (1.3)
ov(z,t) (z,t) '
—|a=0 = 0, loex =0, 0<t<T.

o0x ox

We assume that the solution to the problem (1.1)—(1.3) exists and is unique. Moreover, when
proving the convergence of numerical algorithms, we will assume the necessary smoothness of
the solution u(z,t), v(zx,t).

Denote by @@ = Q[—,0) the set of functions w(s), piecewise continuous to [—7,0) with a
finite number of discontinuity points of the first kind, at discontinuity points continuous on the
right. We define the norm of functions on Q [[w(*)||q = sup,e(_,0) [w(s)|. Additionally, we will
assume that the functionals f(x,t,w,v(-)) and f(z,t, w,v(-)) are defined on Q x [0, 7] x R x Q
and are Lipschitz in the last two arguments, i.e., there exists a constant Ly, such that for all
reNtel0,T],w! e R, w?e€ R, w'(-) € Q, w?(-) € Q the following inequalities are satisfied:

[z, twh w' () = fla, b, w?, w())
|[fl,t,wh w' () = fla b, w?, w?())

| < Ly(jw' —w?| + w' () = w*()]q),
| < Ly(jw' —w?| + [w' () = w*()]l)-

We introduce the vector notation

then the system (1.1) can be written as

oU (z,t) oU
—-D
ot M

+F(l’,t,U(l’,t>,Ut(l’,')), (14)

. . ai1u . a
where A ¢ U denotes the vector with coordinates <alv), if A= (al).
2 2
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§ 2. Difference scheme

Introduce the time step A = 37, where Mj is a natural number and let M = [%] Introduce
points t; = jA, j = —My,..., M. Let us divide the segment [0, X] into parts with a step
h = X/N, N is an integer, N > 2, by introducing the points z; = ¢h, i = 0,..., N.

The approximation of the vector function U(z;,t;) at the grid nodes will be denoted by the

vector V; with coordinates v;‘

For every fixed i« = 0,..., N we introduce a discrete prehistory to the moment ¢,,, m =
07"'7M: {‘/;]}m = {‘/i]am_MO <.] gm}

The operator interpolation (with extrapolation by half a step) of a discrete prehistory is a
mapping I: that associates a discrete prehistory {V;},, with a vector function V"™ (t); defined on
[ty — 7ot + 5.

We will say that the interpolation operator has the order of error p on the exact solution
U(z,t), if there are constants C; and Cy such that for all ¢, m and ¢ € [t,, — 7,t,, + %] the
following inequality holds:

V™ (1) = Ui, )| O max_ ||V = Ulai, 1)) + CoA”.
m—Mo<j<m
Here and in what follows, the norm in two-dimensional space is determined by the relation
|U]| = max]ul, o]}
In what follows, for the methods under consideration, we will use piecewise linear interpola-

tion
1

V) = 1 ((t - VI (=t )V, t <t<t;, j<m, 2.1)
with extrapolation by continuation
m 1 m—1 m A
Vm(t); = Z((tm—t)vi + (t—tm-1)V™), tm gtgtm+§. (2.2)

This interpolation operator is of second order if the exact solution U(x,t) is twice continuously
differentiable with respect to ¢ [18, p. 98, 102].

To approximate the left and right fractional Riemann-Liouville derivatives, we will use the
shifted Griinwald formulas

8“U(:Ui,tj) 1 A

~ Ta [} U i— 7t’ RJ) 2.3
Oy~ hakzzog”“ (@i, t) + B (2.3)
8QU l’i,t‘ 1 Nt .
a(xa ) s Z JakU(Tipr—1,1;) + Q7. (2.4)
- k=0

where the normalized weights are defined as

(@) (a—=1)...(a—k+1)
k! ’

Go,0 = 17 ga,k:(_l)k /{7:1,2,3,....

Note some properties of normalized weights [17]
Jap == 1>ga32>gasz>...>0; > Gosk =0; 0<Y gar<1l, m=>1.
k=0 k=0

If the exact solution U(z,t) is four times continuously differentiable with respect to z, then
[16, p. 56] | |
175l < Ch%, Q]| < Ch.
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From (2.3)—(2.4) for the Riesz derivative we get the representation

Ui, tj) _ K — N }
a|x‘a ha ZgakU Ti—kt1,1 Z gakU Titk—1,1 )) +P (25)

If the exact solution U(z, t) is four times continuously differentiable with respect to x, then
|P|| < Ch. (2.6)

Let us discretize (1.4) at the nodes (z;,%m+1/2), applying a two-site approximation to the
middle for the time derivative, using the shifted formulas (2.5) for the Riesz derivative with
respect to space on the m-th and m + 1-th time layers and using piecewise linear interpolation
(with extrapolation by half a step) of the prehistory of the discrete model, we obtain an analogue
of the Crank—Nicolson scheme

Verl ym i+1 i+1

7 R m 1

S po g (it Yo

N—i+1 N—i+1
+ Z ga,sVz‘Ts—l + Z Ja sVszll) + Fz‘erQ
s=0 s=0
m+3 A m m
F;' QZF(I‘Z,tm—F?,V (thré)“‘/t 1()@)7 Z:L ,N—l, m:O, .,M—l,
2.7)

where V™(t, +%)z is the result of piecewise linear interpolation (2.1) with extrapolation by con-
tinuation (2.2) at the point t,,, + 5, V™ ()i is the history of interpolation with extrapolation at
m+5
this point. i
Using the formulas for numerical differentiation by the boundary and the Neumann boundary
conditions (1.3), we supplement the scheme (2.7) with the equalities

m+1 m+1
\ =V

0 COVET =L V=T OV =R (2.8)

then the scheme (2.7) will take the form

Verl Vm ' 1
RN DO—(Z%S P VY 0V
s=0
N—i N—i (2 9)
+ Gaitt VI D Gas Vit + Gan it VL + ) Ga s ViEE + '
s=0 s=0
1
+ga7N7@'+1V]GLj11>+F;~m+2, izl,...,N—l, sz,...,M—l.
Scheme (2.9) is completed with initial conditions from (1.2)
. J— L) » .
W:(“@ ‘P(x“]), i=0,...,N, j=—M,,...,O0. (2.10)
;= Y(wi,t))

The scheme (2.9-2.10) represents, for each fixed m, two systems of linear algebraic equations of
order NV — 1. Let us consider the question of their solvability and stability of the method.
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§ 3. Solvability and stability of the method

We introduce vectors of size 2(N — 1)

1
m m+§
Vi Fy
vr=| s |, P |
v me}
N-1 FN—l

and matrices A, A, A = A+ A of size (N — 1) x (N — 1), whose elements satisfy the relations

r .
_2904,17 S =1,

—(9a2 + gao), s=i—1,

Az‘,s =9 (900 + Go2), s=i+1,
_ga,iferl, s <1— 1,
\ _gOé,S—i-i-la S > Z + 1,
_ga,’i-f—l) S = 1,
Ais =1 —YanN—i+1, s=N—1,
0, l<s<N-—1,
then (2.9) can be rewritten as
Vm+1 _ Vm K
= Do~ AV — AV 4
A ° opa +
or A N
K K
V' 4 Do St AVTH = VT - Do o DAV 4 AFT 3.1)

Lemma 3.1. The eigenvalues of the matrix A have positive real parts.

Proof Let us show the diagonal dominance of the matrix A = A + A. Its elements A s
satisfy the relations

N—-1 N-2
|A171| - Z |A1,S| = | — 2941 _goz,2| - | - (goc,O +ga72)| - Z | - ga,8| - | — GJa,N-1 — ga,N| =
s=2 s=3
N-2 N
- _2904,1 — 90,2 7 9a,0 — Ga,2 — Z Ga,s — Ja,N—-1 — Ga,N = —Ga,1 — Ga,2 — Zga,s < 07
s=3 s=0
N-1 N-1
‘A2,2| - |A2,1‘ - Z |A2,s‘ = —290,1 — 290,0 — 2902 — Ya,3 — Z Go,s—1 —
s=3 s=4
3 N-1
—Jo,N-1 = — Zga,s - Z Ga,s < 0;
s=0 s=0
N-3 N—4
|AN_on—2| — Z |An—2s| = |AN—2.n-1] = 2001 — Ja.n-1 — Z Joa,N—1—s —
s=1 s=1
3 N-1
- 2904,0 - 2904,2 —Ga3 = — Zga,s - Z Ga,s < 07
s=0 s=0
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N-2
‘ANfl,N71| - Z ‘ANfl,s‘ = _2ga,1 — a2 — (ga,O - ga,2> - Z | - ga,Nfs‘ - ga,N| =

s=1
N
= _goz,l — Ga2 — Zga,s < Oa
s=0
Ifi#1,i4#2,i%N—2i% N — 1, then
N-1
| Ais] — Z |A1Ls| = =29a1 — 2(ga0 — 29a2) — Zga,z‘—sﬂ — Ga,i+1 —
s=2 —
N-1 i+1 N—i+1
- Z 9a,s—i+1 — Ja,N—i+1 = — Zga,s - Z Ja,s < 0.
s=1i+2 s=0 s=0

Since there is diagonal dominance and all elements of the principal matrix A are positive, then
by the Gershgorin theorem, see for example [19, p. 78], the real parts of the matrix eigenvalues
are positive. [J

For further study of the solvability and stability of the method (3.1), we rewrite it in the form
of two systems of dimensions /N — 1, typing vector

m m Fmtg Fmts
Uy U1 R fi § f1
um — . ’ vm — . ’ fm — . , fm — ,
R W e R
where ) A
Fmtg r m m
fi = f(xiatm+_vv (thrl)iv‘/t l(')i)a
2 2 m+3
m+ A m .
f; = f(zi,tm +—Vm(m+ )i, V, +1(~)Z-), i=1,....N—=1, m=0,..., M—1.
mTy
Then the system (3.1) can be written as
KA KA
mtl 4 D, ——Au"! = — D,—Au"™ + Af™ 3.2
u™ 4 Sha AU ugga AU +Af™, (3.2)
KA KA
o™t Dvavm+1 =" — 2h°‘ Av™ + Af™. (3.3)

Theorem 3.1. System (3.2)—~(3.3) has a unique solution.

Proof By Lemma 3.1, the real parts of the eigenvalues of the matrix A are positive, then
the real parts of the matrix D, %2 e 2 A are also positive, hence the real parts of the eigenvalues of
the matrix £ + D,, gﬁA is greater than one, where F is the identity matrix.

But then the absolute values of all elgenvalues of the matrix £+ D, %4 e A A are greater than one,
which implies that the matrix F + D, Z2 A is nondegenerate, i.e., the system (3.2) is uniquely
resolvable.

The unique solvability of the system (3.3) is shown similarly. [J

By virtue of the theorem (3.1), the system (3.2)—(3.3) can be rewritten as

u2h0<

= Su™ + AS; F1™,
= Sov™ + AS, f2™,
KA KA KA
A —1
S, = (E + D, e —ZA)YE-D, Wi ——4), S =(E+D, S )7L
KA KA KA |
Sy = (E + Dy~ A)” YE - D, v A); Sy =(E+ D, S
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Theorem 3.2 (stability of the method). The eigenvalues of the matrices Sy and S5 are less
than 1 in absolute value.

Proof. Let A = A\(A) = Re A + ilm A be an eigenvalue of the matrix A and k£ > 0. Then

\(E—FA 11— kAMA)
E+kA) 1+ kNA)

|1 —EX? = (Re (1 —kX))? + (Im (1 — k)))? = 1 — 2kRe A + (kRe A\)? + (kIm \)?,
11+ kMN? = (Re (14 EX)? + (Im (1 + EX)? =1+ 2kRe XA + (kRe \)? + (kIm \)?,

whence, by virtue of the lemma 3.1, it follows |1 — kA? < |1+ kM|, or [1 — kA| < |1+ KA.
From here, by the definition of the matrices S; and Ss,, the conclusion of the theorem follows.[]

§ 4. Error analysis
Denote the vector value of the error at the nodes E! = Ul(x;,t;)—V/ = (¢/,€]),i =0,..., N,

j=—My,..., M. By definition ¢/ =&/ = O foralli =0,...,N, j = —M,...,0.

We say that the method converges with order h? + A?, if there exists a constant C' such that
IE/| < C(h? + A9 foralli =0,...,N, j=1,..., M.

Forany m = 0,1,....M —1land ¢ = 1,..., N — 1, the residual of the method (2.9) is the
value

Ui, tms1) — U, )

g — _
! A
_DO%<Zgas Xi— s+17 )+9a,i+1U($17tm)+
N—i
+Zgo¢s xz s+1y m+1)+gaz+1U(x17 m+1 +Zgas xz—i—s 17t )+
s=0 s=0
N—i
~m4-1
+ goz,N—i—i—lU(xN—la tm) + Z ga,sU(xi—l—s—la tm—i—l) + ga,N—i—i—lU(xN—la tm-l—l)) F 2
s=0
Al A
F’Z_ 2 :F(l’i’tm—FE,U(xi,thr%),Utm+%(aj‘i7~)).

Lemma 4.1. If the exact solution u(x,t), v(z,t) of the problem (1.1)~(1.3) is four times
continuously differentiable with respect to x and twice continuously differentiable with respect to
t, then for the residual of the method the following is true:

07| < Cs(h+A?), i=0,....,N, m=0,...,M—1.

The proof is carried out using the Taylor decomposition of the residual at the nodes
(%4, tmi1/2) using (2.6) and the fact that the piecewise linear interpolation is of the second order.
Approximation (2.8) of homogeneous Neumann boundary conditions is also used.

Theorem 4.1. Let the conditions for the smoothness of the solution formulated in the
Lemma 4.1 be satisfied, then the error of the method (2.9) has order h + A>.

The assertion of the theorem is verified by embedding method (2.9) into the general difference
scheme with aftereffect [15] using the Lemma 4.1 and the Theorem 3.2.
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§ 5. Numerical experiments

ExampleS5.1. Consider the system

(Ou 0% 3 2 .
O o) e O o) — D) )
_sin(z —7/2 + am/2) cos(t) — cos(x) cos(t — 1),
2 cos(am/2) (5.1)
o = g+l ol 0| cos(o)] — A F @ D) + ol =)
_sin(az —7/2 4 an/2)

sin(t) — cos(x) sin(t — 7),

2 cos(am/2)

\

where = € [0, 7], t € [0,47], « = 1.8, 7 = 1. The Neumann boundary conditions are set

=0, =0, 0<t<T,

and initial conditions
u(z,t) = cos(z)cos(t), 0<z<m, —71<t<0,

v(x,t) = cos(x)sin(t), 0<z<m —717<t<O0.

The exact solution is u = cos(x) cos(t), v = cos(x) sin(t).

M=N € €

23 1.615026 1.413223

21 1.302408 | 7.381870 x 10!
25 1.109274 | 4.852900 x 10!
20 1.035347 | 3.171708 x 10!
27 1.010894 | 1.935689 x 107!
28 1.003349 | 1.116905 x 101
29 1.001074 | 6.225966 x 102
210 1.000374 | 3.405036 x 102

Table 1. Error of the numerical solution of system (5.1) based on the proposed scheme when
M = N.

M| N € €

24 1 2% 11.012499 | 4.972836 x 10"
2° | 26 1 1.004089 | 3.191082 x 107!
26 1 27 11.001382 | 1.938703 x 10~ *
271 28 11.000607 | 1.117390 x 10~*
28 129 11.000310 | 6.226816 x 1072
291 219°11.000166 | 3.405202 x 102

Table 2. Error of the numerical solution of system (5.1) based on the proposed scheme for
different values of M and N.
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M| N € €

2° | 241 1.440611 | 6.650061 x 10~*
20 1 2% | 1.156315 | 4.722424 x 10~*
27 1201 1.050867 | 3.150544 x 10~*
28 1271 1.015641 | 1.932433 x 107!
29 128 11.004720 | 1.116410 x 10"
210°192911.001456 | 6.225190 x 102

Table 3. Error of the numerical solution of system (5.1) based on the proposed scheme for
different values of M and N.

Example 5.2. Consider the system
ou 0% ~

A + fa

ot O|x|* (5.2)
dv 0% L7 '
ot Ox|e 77

where x € [0,1],t € [0,1], « = 1.2, 7 = 0.5. The Neumann boundary conditions are set

ou(z,t)

8‘T z=0 8[[’ =X

and initial conditions

2 cos(an/2) \T(2.8) T(3.8)

+ I?ja?) (@*% + (1 —2)*®) - Fr(é% (" + (1 x)“)) e<t+7i<):§;§)_(1ﬂ_ ot v(w, t) +u(z, ),
Pt @)1= o = g (S (-0 - T ()

+ fj(rg)) (195 + (1 — 2)*%) — FF(% (245 + (1 :L’)4'8)> e_(tjj(;z;;)_( 7 v+ u(a).

The exact solution is: u = e~ (z%)(1 — 2), v = —e~t(2%)(1 — z)?
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€

€

4.788462 x 10~%

4.806325 x 1079

2.665764 x 1079

2.672903 x 1079

1.390116 x 10~%

1.393004 x 107

7.288451 x 107%

7.301299 x 1079

3.856764 x 107

3.862954 x 1079

1.099096 x 10~%

1.100758 x 107%

6.395759 x 1079

6.409708 x 10796

2.374209 x 107Y%

2.381952 x 1079

Table 4. Error of the numerical solution of system (5.2) based on the proposed scheme when

M= N.

M| N € €

23 1 2% | 3.185572 x 107% | 3.194584 x 10~%
241 25 | 1.457558 x 107% | 1.461059 x 107%
2% | 26 | 7.436044 x 107% | 7.450573 x 10~
26 | 27 ] 3.894708 x 107% | 3.901345 x 1079
27 1 28 12.063072 x 1079 | 2.066324 x 10~
28 129 11.099096 x 1079 | 1.100758 x 10~%
29 1 2191 6.100022 x 107% | 6.111265 x 107%

Table 5. Error of the
different values of M and N.

numerical solution of system (5.2) based on the proposed scheme for

€

€

4.773200 x 10794

4.788415 x 1079

2.594554 x 1079

2.600584 x 107%

1.366533 x 107

1.369104 x 10~%

7.221225 x 107%

7.233228 x 107%

3.838352 x 107%

3.844318 x 107%

29

1.587867 x 107%

1.605439 x 107%

210

8.174771 x 107

8.194037 x 1079

Table 6. Error of the numerical solution of system (5.2) based on the proposed scheme for

different values of M and N.
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M. Hopazum, B.I. ITumenos
YuceHHBIH MeTO ISl CHCTEMBbI JPOOHBIX 110 IPOCTPAHCTBY YPaBHeHMIl cynepau(dy3uOHHOIO TUIIA
¢ 3ama3JbIBaHHeM M rpaHMYHbIMHU ycaoBusamu Heiimana

Kniouegvie crosa: cynepanddy3noHHble ypaBHeHus, ycinosus HelimaHna, QyHKIIMOHAIBHOE 3ara3AblBaHuE,
npousBoaHble Pucca, annpokcumanus ['pronBanbaa—JlerHukosa, Mmeton Kpanka-HukonbCcoH, mopsaok cxo-
JUMOCTH.

YIK: 519.63
DOI: 10.35634/2226-3594-2022-59-04

PaccmarpuBaercs cuctemMa IByX IpOOHBIX IO MPOCTPAHCTBY ypaBHEHHH cynepanddy3un ¢ pyHKIHOHAIb-
HBIM 3ara3JpIBaHieM OOIIero BHIa U KpaeBbIMH ycioBusaMu HelimaHa. [l oTo# 3ajmaum KOHCTpympyerT-
cst aHaior Meroga Kpanka—HukonbcoH, ocHOBaHHBIH Ha CIBUHYTHIX (opmynax I'pronBaibaa—JleTHukoBa
JUTSL arpoKCUMAIli| APOOHBIX MPOM3BOAHBIX Pricca 1Mo mpocTpaHCTBEHHOW MEepeMEeHHOW W MPUMEHEHUH
KyCOYHO-JIMHEWHO! UHTEPIOJSALUN JUCKPETHOU NIPENBICTOPHH € SKCTPAIOIALUEH IIPONOJDKECHUEM JUIsl yde-
Ta 3¢ dexra 3anazapBanus. C moMouIpo TeopeMsl ['epuropusa gokasaHa pa3pelinMoCcTh Pa3HOCTHOI cxe-
MBI U €€ YCTOMYMBOCTh. [lonydyeH nopsaok cxonuMoctd Metoaa. IlpencraBieHsl pe3ynbTaTbl YUCIEHHBIX
JKCIIEPUMEHTOB.

®dunancupoBanue. VcciaenoBanus BTOPOro aBTopa BBIIOJIHEHBI Npu nogaepxke Poccuiickoro Hayunoro
®onpa, nmpoekt Ne 22-21-00075.
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