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Introduction

Advanced differential games constitute the theory of mathematical methods of control pro-
cesses, including dynamism, control, awareness, fighting and other particular properties, and
describe one of the most complex mathematical models of real processes having great practical
significance. At present, there are hundreds of monographs on the theory. Nonetheless, com-
pletely solved problems of differential games are quite few. In the theory of differential games,
problems of pursuit-evasion occupy a special place due to a number of specific qualities. The
works of L. S. Pontryagin [1] and N.N. Krasovskii [2] have a great importance in the construc-
tion of the fundamental theory of differential games. The book of R. Isaacs [3] includes certain
game problems which were investigated comprehensively and devoted for further research. Some
game problems in [3] have been studied in details by L. A. Petrosyan [4]. In the book [4], the
concept of strategy of parallel convergence (briefly, [I-strategy) was first given and applied to
solve the quality problems for the differential game. The Il-strategy suggested in the book [4]
served as the starting point for the progress of the pursuit method in games with multiple pur-
suers (see e.g. B.N. Pshenichnyi [5], B. N. Pshenichnyi, A. A. Chikrii, and 1. S. Rappoport [6],
A.A. Azamov [7], A.A. Azamov and B.T. Samatov [8], N.N Petrov [9, 10], N.N Petrov and
A.Ya. Narmanov [11], A.I. Blagodatskikh and N. N Petrov [12], A. A. Chikrii [13], N. L. Grigo-
renko [14], L. A. Petrosyan [15,16], L. A. Petrosyan and Yu. G. Dutkevich [17], L. A. Petrosyan
and B. B. Rikhsiev [18], L. A. Petrosyan and V. V. Mazalov [19], B. T. Samatov [20-24]).

In the theory of differential games, the problems are mainly considered for the cases when
geometric, integral or mixed constraints are imposed on control functions (N.N Petrov [10],
A.N. Dar’in and A.B. Kurzhanskii [25], D. V. Kornev and N. Yu. Lukoyanov [26], N. Yu. Sati-
mov [27], G.I. Ibragimov [28,29]). Yet, differential type constraints on controls have been
triggering a substantial interest in many applied problems such as technical, economical and
ecological problems (J. P. Aubin and A. Cellina [30], J. S. Pang and D. E. Stewart [31]).
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At the present time, there exists a large interest from the point of practical and theoretical
view to investigate different type problems of optimal control theory for more complicated dy-
namical systems where the controls and system are subject to various kinds of stationary and
non-stationary constraints (for instance, [28,32,33]). Differential games with phase constraints
can be involved in such problems. In solving such problems, an attainability domain of players
takes up a great importance. Constructing the attainability domain of players is considered as
the significant result in the problems of avoidance of meeting [4] and in the conflict problems
too [34-37]. A great deal of optimal control problems including linear and nonlinear dynamical
systems were considered for the cases where stationary and non-stationary constraints are applied
to controls. Furthermore, their applications were provided in details (for instance, [38,39]).

In the work of B. T. Samatov, G. I. Ibragimov and I. V. Hodjibayeva [40], the notion of Gr-con-
straint (Gronwall type constraint) on controls of players, which expresses more general form of
geometric constraints, is first introduced. In the present work, a pursuit-evasion differential game
with Gr-constraints is considered for more generalized cases. In the paper, we will rely on
Pontryagin’s formalization [1] and use the method of resolving functions (see [5,6,13,14,27,40]),
which allows using a much smaller amount of current information for the construction of the
pursuer strategy. In order to solve the pursuit problem, the II-strategy of the Pursuer is defined
and sufficient conditions of pursuit are shown and also, an attainability domain of the players,
which contains the meeting points of the players, is constructed. Besides, in the evasion problem,
a special strategy is suggested to the Evader and sufficient conditions of evasion are obtained.

§ 1. Formulation of the problems

Consider two objects, the Pursuer P and the Evader E, moving in the space R". Suppose that
x and y are the locations of the objects respectively.

Let the movements of the Pursuer P and the Evader £ be based on the following differential
equations

P:i=u, x(0)=xo, (1.1)
E:y=wv, y(0)=uyo, (1.2)

where z, y, xg, Yo, u, v € R", n > 2, xg # yo. In the present paper, we propose a new set of
controls of the Pursuer and the Evader described by the following Gronwall type constraints [40]

t
()] < p? +2k1/ u(s)[2ds, >0, (13)
0
t
lo(t)]? < o + 2]{;2/ lv(s)|*ds, t>0, (1.4)
0

respectively, where p, o are given positive numbers and k;, ko are given non-negative numbers.

Here u is the velocity vector of the Pursuer and the temporal variation of v must be a mea-
surable function u(-): [0,00) — R"™. We denote by Ug, the set of all measurable functions u(-)
that satisfy the Gronwall type constraint (briefly, Gr-constraint) (1.3).

Similarly, v is the velocity vector of the Evader and here the temporal variation of v must
be a measurable function v(-): [0,00) — R™. We denote by V¢, the set of all measurable
functions v(-) that satisfy Gr-constraint (1.4).

Since the problem (1.1)—(1.4) for the case k; = ko was studied enough completely (Samatov
et al., [40]). In the present work, we will assume ki # ko.

Definition 1.1. The measurable functions u(-) € Ug, and v(-) € V¢, are called controls
of the Pursuer and Evader respectively.
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Definition 1.2. For the pairs (xg,u(-)), u(-) € Ug, and (yo,v(+)), v(-) € Vg, the solu-
t t
tions of the equations (1.1), (1.2), that is, z(t) = zo + / u(s)ds and y(t) = yo + / v(s) ds are
0 0
respectively called the trajectories of the Pursuer and the Evader on the interval ¢t > 0.

The goal of the Pursuer is to capture the Evader, i. e., achievement of the equality z(t) = y(¢)
(Pursuit problem) and the Evader E strives to avoid an encounter (Evasion problem), i.e., to
achieve the inequality x(t) # y(t) for all ¢ > 0, and in the opposite case, to delay the instant of
the encounter as long as possible.

We use the following statement.

L emm a 1.1 (Gronwall’s inequality, see [41]). If |y(t)]* < a2+2k/t|fy(s)|2ds, then |y(t)| <
< aek, where v(t), t > 0, is a measurable function and o, k are non-nggative numbers.
By Lemma 1.1, if u(-) € Ug, and v(-) € V¢, then
lu(t)| < pet,  |u(t)| < ettt >0. (1.5)

It can be easily presented that the converse is not satisfied, that is, the inequalities (1.5) do not
mean the inequalities (1.3) and (1.4). To define the notions of optimal strategies of the players
and optimal pursuit time, we will consider two games.

Definition 1.3. Let B(c;r) denote the ball of radius r and centered at the point ¢ € R".
Then we say that the function u(¢, v): R, x B(0; oe*2t) — B(0; pe*t) is a strategy of the Pursuer
if u(t,v) is Lebesgue measurable in t for each fixed v, Borel measurable in v for each fixed ¢.

Let z =x — vy, 20 = ©o — yo. Then from (1.1), (1.2) we have the equation in the form
Z=u—v, 2(0)=z. (1.6)
For solving the pursuit-evasion problems, the following definitions are important.

Definition 1.4. The strategy u(t,v) is called winning for the Pursuer P on the inter-
val [0,7Tg,] in the simple game (1.1)—(1.4) if for every v(-) € Vg, there exists some moment
t* € [0, Tg,| that the solution z(t) of the following Cauchy problem, which follows from (1.6),

Z=u(t,v(t)) —v(t), =2(0)= z, (1.7)

is equal to zero at this moment, i.e., z(t*) = 0, and this implies that x(t*) = y(¢*). Here the
number T, is called a guaranteed capture time.

Definition 1.5. The strategy u(t¢,v) is called a parallel pursuit strategy, or ll-strategy,
if for every v(-) € Vg, the solution z(¢) of the Cauchy problem (1.7) can be represented as

Z(t) = AGT<t7U<'>>Z07 AGT(Ovv(')) =1,

where A, (,v(+)) is some scalar continuous function of ¢, ¢ > 0, that can be called a convergence
function in the pursuit problem.

Definition 1.6. A control function v*(-) € V, for the player E is called winning in the
simple game (1.1)—(1.4) if for every u(-) € Ug, the solution z(¢) of the Cauchy problem

Z=u(t) —v*(t), z(0)= 2z, (1.8)

is different from zero for all t > 0, i.e., z(t) # 0, ¢t > 0.
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This paper is devoted to solving the following problems for Gronwall type constraints on
controls.

1. Solve pursuit problem in the simple game (1.1)—(1.4) with the Gronwall type constraints
(briefly, Gr-Game of Pursuit).

2. Solve evasion problem in the simple game (1.1)-(1.4) with the Gronwall type constraints
(briefly, Gr-Game of Evasion).

3. Construction of an attainability domain of the Pursuer.

§ 2. A solution of the pursuit problem in the case when p > o

In this section, we will construct optimal strategies of players and give a formula for optimal
pursuit time.

Definition2.1. Ifa) p > o and k; > ko, or b) p > o and ky > k;, then the function

uGT<t7 U) =v-= *G’r(tv U)g(h )‘Er(tv U) = <U7£O> + \/<U7£0>2 + p2€2k1t - |U‘2, (2-1)

is called the 11g,-strategy of the Pursuer in the simple game (1.1)—~(1.4), where &, = 2o/|20|, and
(v, &) is the scalar product of the vectors v and &, in the space R".

Proposition2.l. Ifa) p > o and ky > ko, or b) p > o and ky > k; when t € (0,0,

0 = k;kl In 2, then, for all v such that |v| < oe®!, the function N, (t,v) is defined and non-

negative and besides, for ug,(t,v) in (2.1) the following holds

lug, (t,v)| = pet. (2.2)
Lemma 2.1. Let one of the following conditions
(1) p>o0, kg > ko,
(2) p>o0, ki < ko, |20 <A

be valid. Then the following equation

P okt 9 kot O P
Pty T T P 23
TR T TR 23

with respect to t, has at least one positive root and we denote it byT,, where

ko kq 1 1 g 1%
A= prk-kigki-k | — — — —_— = . 2.4
pre Qa @)*@ b .

Proof. 1) Let p > o, k; > ky. Using the equation (2.3) we will form the function

g ag
Fi() = | 20| — k%eklt b ot k%

and analyze it as follows:
a) F1(0) = |z0| > 0;
b) the derivative of the function F}(t) equals F|(t) = gek2! — pett < 0;

¢) the function Fj(t) is decreasing when ¢ > 0;
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d) take the limit of the function F}(t) as t — oo

. o _ |20 — = + £
lim F(t) = lim e <k—2€(k2 Ryt P #) — —00.

t—o0 t—o0 ]{;1

2) Let p > 0, k; < ko. Then the Pursuer should complete the pursuit on the interval [0, 6]
depending on the part b) of Proposition 2.1.
Then we will investigate the function F(¢) as follows:

a) F1(0) = |zl;

b) the function Fj(t) is decreasing on the interval [0,6]. Therefore, F(t) at ¢ = 6 must be
negative for a positive root of (2.3) to exist. From this, we get |zo| < A (see (2.4)). UJ

Theorem 2.1. If one of the conditions of Lemma 2.1 holds, then the 1lg,.-strategy (2.1) is
winning in the Gr-game of pursuit on time interval [0, T, ).

Proof. Assume that the Pursuer applies the Ilg,.-strategy for any control function of the
Evader v(-) € V¢,. Then in accordance with (1.6) we have the Cauchy problem

Z=0—9y=—-Xg,(tv(t)é, 2(0)==z2, 20=z0— Yo,

and write its solution as follows:

A0 = At ol Aaltol) =1 / ds. 2.5)

Now we will study the behavior of the function Ag,(¢,v(-)) of ¢. Using the definition of the
function A}, (¢, v(t)), we have

Agr(t,v(+)) |Zo| / s), &) + \/ V2 + pPe?kis — [u(s )|2> ds.

Since the function f(t,w) = |[v(t)|w + /Jv(t)]2w? + p2e21t — [v(t)[2, w € [—1,1], is mono-
tone increasing with respect to w for every t > 0. Therefore, from the second inequality in (1.5)
we obtain

1
A (t,v(+)) / oef)ds =1 — — (ﬁ(eklt —-1)— i(ek”f — 1)) = A(2).
ol |20] ks
Clearly, the function A;(¢) is monotone decreasing on [0,7,] and A;(Tg.) = 0 (see
Lemma 2.1). Consequently, there exists some time t*, 0 < t* < T, such that Ag,.(t*,v(-)) =0
and hence by (2.5), we obtain that z(¢*) = 0. O

§ 3. A solution of the pursuit problem in the case when p < o

Let p < o, ky < k; be satisfied. Then the inequality pe*'! > gek?! doesn’t hold on the
interval [0, 0), where 6 = - 1 2. Here we assume that the Pursuer begins the pursuit from
the moment ¢ = ¢ and the Evader moves with some control function v(-) € V¢, from the initial

0
state yo to the state y (6) by ¢t = 0, where y (0) = yo + / v(s)ds.
0

Lemma 3.1. For the Evader, the inclusion y(t) € Sg,(yo) holds at every moment t,
t €10,0], where Sg,(yo) is a ball whose center is on the point yo and whose radius is
RQ = O'(ekQG — 1)/1{?2
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Proof Letv(-) € Vg,. Then from (1.2) and (1.4) it proceeds that

0 0
ly(t) — yo| < / lv(s)|ds < / oef*ds = o(e"? — 1) /ky = Ry
0 0

for all t € [0, 6]. O

Corollary3.1. Lemma 3.1 means that for the function z(t), the relation

< = |2
max [=(0)] < J20] + Ro = |3

is satisfied on time interval |0, 0].

Definition 3.1. We call the IIf,,-strategy of the Pursuer the function

0 if 0 <t <6,
wg, (o) =9 s T (3.1)
v— g (tv)&s, if 0 <t
on time interval [, T, ], where
k% * * * Z* *
)\Gr<t7 U) = <U7 §0> + \/<U7£0>2 + p2€2klt - ‘U|27 §0 = |22|7 ZO =To—Y (9)7
0

and T, 1s the first positive root of the equation

g g
P okt _ G kot 1 T kot P kit _ 122 = 0

ky ko ko kq
with respect to t.
Note that the equality (2.2) holds for the strategy (3.1) when ¢ > 6.

Theorem 3.1. Let p < 0 and ki > ko be valid. Then in the simple game (1.1)—(1.4),
the 117, -strategy (3.1) is winning on time interval (0, Tg:], where T = 0 + T,

P roof. Suppose that the Pursuer applies the II7, -strategy (3.1) from the moment ¢ when
the Evader implements any control function v(-) € V,.. Then using the equations (1.1), (1.2) we
obtain the equation

= NG Eo)E, 2(0) = 5.
Integrate both sides of this equation over [0, t]
Z<t) = Azr(t7v('))z>0k7 (32)

where
1 t
Nortv() = 1= T [ N (s.u(9) .
ol Jo

Now we will study the behavior of the function Af,,.(¢,v(-)) of t. Using the definition of the
function AZ.(¢,v(t)), we have

1

|25

Nt 0()) = 1= / (10051, + V)G + P = o 9F) ds.

72



Since the function f(t, ) = [v(t)|u+/|v(t)[2p? + p2e2k1t — |o(t)[2, u € [—1, 1] is monotone
increasing with respect to p for every ¢ > 6. Therefore, from the second inequality in (1.5) we
have

1 t
Age(t0() <1— q / (pe"'* — oe*) ds = Fy(t)/|z5] = Aalt),
0 6

|2

_ k| kit o kot _ o _kof P k10
where F3(t) = |z5] — £e™' + Ze et et

Now we will show that there exists a positive solution for the equation
Ay(t) =0 (3.3)

on the interval [0, T},]. For this purpose, we will analyze the function Fy(t) = |z§|A2(?), that is,
the function has the following properties.

a) Fy(0) = |z5| > 0.
b) It is obvious that %t(t) < 0 forevery t > 0, i.e., the function Fy(t) is decreasing. Moreover,
the limit of this function as ¢ — oo is equal to

k ki — pkoe®? — | zo|k1k
lim Fz(t) = — lim eklt (p 2 + OR1 pPR2€E |ZO| 1h2 €(k2k1)t> — o0

ok okyekit

Hence, we can conclude that the equation (3.3) has at least one positive root on the inter-
val [, +00).

Clearly, the function Ay(¢) is monotone decreasing on [0, 7] and As(7f,) = 0. Conse-
quently, there exists some time ¢}, 0 < t] < T, such that A}, (¢7,v(-)) = 0, and hence, by (3.2)
it follows that z(¢7) = 0.

Next, we will prove the admissibility of the strategies (2.1), (3.1) for all ¢t > 0. Let v(-) € Vg,
be an arbitrary control of the Evader. According to (1.3) and (2.2), we obtain:

2
(1 0(0)7 = 9+ g2 1) = 2k [ ppeinds =
0
= + 2k /t lug, (s, v(s))|*ds,
0
b)
G 00D =+ P~ 1) = 4 2k [ e =
0

t
=2k [ Ju (s, o(s) s
0

§4. A solution of the evasion problem

Definition 4.1. In the simple game (1.1)—(1.4), we call the strategy of the Evader the
function

v, (t) = —oe™E,, >0, (4.1)
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Theorem 4.1. Let one of the following conditions holds: 1) p < o, ko > ki, 2) p > o,
ko > ki, |z0| > A (see (2.4)). Then in the simple game (1.1)—~(1.4), the strategy (4.1) is winning
and the distance between the players changes according to the function

g g
Fl(t) = |Zo| — ]{%let —+ k—2€k2t — ]{;_2 + ]{%

P roof. Let us assume that the Evader implements the strategy (4.1) for any control function
u(-) € Ug, of the Pursuer. Obviously, v¥s,(t) € Vg,. Then for any u(t), it follows the Cauchy
problem (1.8). For the solution z(t) of this problem, we can write the following estimations:

t t t t
20 — / vier(s)ds| — / lu(s)|ds > |zo| + O’/ eM ¢y ds — / lu(s)| ds.
0 0 0 0

Using the first inequality in (1.5) we obtain |z(t)| > Fi(t), where

2(t)] =

P kit | 9 kot 9 P
Fi(t) = |z0| — Dbty Tkt = 7 4 P
1( ) |Zo‘ ]{;16 + ]{;26 k2 + ]{11
1. Let p > o and ky > k.
a) The function Fj(t) is increasing on the interval [0, 00), § = k; —InZ

b) Fl(O) = |Zo| > 0.

If the function F}(t) is positive at value t = 0, i.e., f(f) > 0 or |z9| > A (see (2.4)), then
this function is positive for all ¢, ¢ € [0, c0).

2. Let p=o0 and ky > k.
a) F1(0) = |z] > 0.
b) The function Fi(t) is increasing on the interval [0, co).
Thus the function F;(t) is different from zero and positive for all ¢, ¢t € [0, 00).
3. Let p < o and ky > k.
a) F1(0) = |z| > 0.

b) The function f(t) is increasing on the interval [0, 00), § =

ko—k1

In2 <0.
Thereby the function Fi(t) is positive for all ¢, ¢ € [0, c0).

4. Let p < 0 and k; = ko. This condition was studied in [40].

§ 5. Dynamics of the attainability domain

Suppose that p > o, k; > ko are valid and the Pursuer applies the strategy (2.1) when the
Evader implements any control function v(-) € V(.. In relation to the equations (1.1), (1.2), it
follows that the trajectories of the players are defined, respectively, as

t t
z(t) = xo —i—/ ug-(s,v(s))ds, y(t) =yo +/ v(s)ds.
0 0
For the pair of (x(t),y(t)) we construct the following sets

W (t) = {w: ae™|w — z(t)] > pe"**lw —y ()]}, (5.1)
W(0) =A{w: olw — xo| > plw — yol }-

We can see that the inclusion y(¢) € W () is valid for all ¢, t € [0, T, ).
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Lemma5.1. If p > o, ki > ko, then the set (5.1) can be written as follows:
W(t) = x(t) + Aar(t,v(-))(R(E, 20)S + C(t, 20)),

where

(k1+k2)t 2 2kit

ple
C(t, z0) = p 2okl — 2ok

s Y
p2e2kit — g2c2kat 0l

R(t, z) =

t07

and S is the unit sphere whose center is at the zero point in R".

P r o o f. We introduce the denotation w —xz(t) = w. Substitute w+x(t) for w and the set (5.1)
will take the form

Hence,
W (t) = 2(t) + W*(t), (5.2)

where W*(t) = {w: oe*?!|w| > peft|w + 2(¢)|}.
Here we square the both sides of the inequality in W* ()
o?e™ wf? > p?e™ ! (Jw]” + 2(w, 2(t)) + |2()[*) =

2 2 let 2 2kt t 2
| |2 - Qkp <U},Z(t)>+ pe |’Z( )|
p e 1t 0-262k2t

202k1t (4 202k1t (4 2
|w‘2_'_2 w, pe () 4 p-e () S
2kt __ ~+2,2kot 2kt __ 2kot
p2e o?e ple o2e

2
<< p262k1t (t) ) B p262k1t|z(t)|2

p2€2k1t _ 0-262k2t ’

<0=

p2 62k1t _ 0-2 62k2t

P €2k‘1t — 0 er‘zt
Reduce the right-hand side of the last inequality to the canonical form

p2€2k1t (t)
p e?klt — 0 e?kgt

pae(k1+k2)t|z(t>|

- p2€2k1t _ 0-262]6225.

‘w+

We denote as

po.e(k1+k2)t p262k1t

2(t),  C(t,2(t) = —

R(t, 2(t)) = 2(1).

p erlt _ 0-262k2t p2€2k‘1t _ 0—262k‘2t

Consequently, using (2.5) we can write the set (5.2) in the form
=x(t) + C(t,2(t)) + R(t, 2())S =

=z(t) + Agr(t, v( < pae ek p262k1t )

2015 —

<0
p 62k‘1t _ 0-262k2t p262k1t _ 0-262k2t
This finishes the proof. ]

L e mma 5.2. If the conditions of Lemma 5.1 are valid for all t € [0, Tg,], then the set W (t)
is monotone decreasing with respect to t, i.e., Wi (t) D W(t) for t; < ty, 11, ta € [0, Ti,]-
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Proof. To prove Lemma 5.2 we construct the support function (see Blagodatskikh [42])
F(W (t),1) of the set W (t), where ¢ € R™ and |¢)| = 1.
Now take the derivative of F'(W(t),) in terms of ¢

d

S FOV(D),9) = iF(w(t) + At v()[R

= (t,20)S + C(t, 2), ¥]) =
= ((@(8),) + At 0O R 20) + (Ot 20), )] +

(C
+ A(E0())[R(E 20) + (C(t, 20), )] = P1(t,) + Palt, ¥),
where

(&, v()IR(E 20) + (O, 20), )],

(I)1<t7w> = <4’7(’5)71/1> +A t
v())[R(t; 20) + (C(t, 20), ).

(I)Q(ta ?/’) (

Now we prove that the inequality

is true on t € (0,7g,]. To do this, we first show that ®(¢, ) < 0. Multiply the expression
(pPet) [ (p2e?Mit — g2e?k2t) to the both sides of the inequality |v(t)|? < o?e?2! and reduce to the
simple form

2 2kot

g’e
o0 < g P~ (O, (53)

Considering the equality A(t,v(t))(A(t, v(t)) — 2(v(t),&)) = p*e®™t — |v(t)]?, the inequal-
ity (5.3) can be transformed into the form

0_262k2t

o(®)]* < AL, () (AL v(t) = 2{(t), &) =

p2 e2k1t _ 0-2 e2k2t

0_262k2t 0.262k2t

o)+ 220, 0(0)) gz (0(0). &) < X (t0(0)

p2€2k1t _ 0-262k2t ’

From this, we get

0.262k2t 0.464k2t

() [” + 2X(t, U(t))pge%lt — g2p2kat (v(t), o) + A*(t,v(t)) (pPe2krt — g2¢2kat)2

2(k1 +k2)

pio’e
(p2e2kit — g2c2kat)2”

< M(t, (1)

Hence, we have

2 2kot

(k1 +ha)t
e 26%21550)\(;57@(15))‘ < A(t,v(t))

oe
v(t) + p

p2€2k1t — 0 p2e2k1t _ 0-262k2t :
According to the property of the support function, for any vector v € R”, [¢)| = 1, the
inequality

0.262k2t

U(t) + A(t7v(t))p262k1t _ 02621921560

0.262k2t
(010) + X0ttt ) <
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is valid. Using this we can write the following

0_262k2t

<v(t) - A(t,v(t))pzezklt — 0_262k2t§0>¢> < At (1))

po.e(k:l-i-k‘z)t

p2 e?klt _ 0—2 e2k2t

2 2kqt

(0(t), ) — A(t, (1)) (1 I ) (60,18} < At 0(1))

p2 62k1t — o2 62k2t

po.e(kl +k2)t

p2 62k1t — o2 62k2t

22kt (k1+k2)t
pe poe
<U(t) N )\(t’ U<t))§0’w> - )\(t7v(t>>p2e2k1t — g2e2k2t <£0’ w> B )‘<tvv<t>>p2€2klt — g2p2kot <0=
. )\(t, U(t)) po’e(lier)t p262k1t
(#(0),¥) - | 20| p2e2kit — 52e2hat |20] — PRkt _ 22kt (20,0)| <0 =

(@(8), ) + Alt,v(-)[R(t, 20) + (C(t, 20), )] <0,

This inequality means that ®4(¢,) < 0.
Now we will show ®4(¢,1) < 0. Firstly, the function ®(¢,1)) is rewritten in the following
form

Do (t, 1) = At v())[R(E, 20) + (C(t, 20), )] = At v(-)) s(t, ),
where
(ky+k2)t ! 2 2kt !
)= () (o) o)

Because of A(¢,v(+)) > 0ont € (0,Tg,], it is enough to the prove ®3(¢, 1) < 0.
First, calculate the second derivative in ®3(¢, ) and according to the conditions of Lemma 5.1,
we have

< ple?kit )/ _ 2p%02e2kitka)t (o) — ) <0

p2€2k1t _ 0-262k2t (p262k1t _ 0-262k2t)2 —

for all ¢t € [0, Ti,|. From this

/
p262k1t - 0
p262k1t _ 0-262k2t -

According to the definition of the support function, the inequality (&y,%) < 1 holds, and
multiply the expression (—(p?e?1")/(p?e?f1t — o%¢?%2!))" to the both sides of this inequality

p2€2k1t / p2€2k1t !
- o, V) < — .
<p2€2k1t _ 0—262k2t) < ) > <p2€2k1t _ 0-262k2t)

Add the expression ((poe*1+k2)t) /(p2e2it — g2e2k2t)) to the last inequality

k1+ko)t ! 2 2kt /
poetTr N (__ret (60, ) <
p2e2hit — g2e2kat p2e2hit — g2e2kat 0 =

<< poelkitka)t )’ < p2ekit )’_ poe®ith)t (o — f,)

p2€2k‘1t _ 0—262k2t p2€2k‘1t _ 0—262k‘2t (pek‘lt + Jek‘zt)Q

(5.4)

This is negative for all £, ¢ > 0, in accordance with the conditions of Lemma 5.1. Therefore
the left-hand side of the inequality (5.4) is negative too, i.e.,

(k1+k2)t / 1t /
( poe )—( pre” )<§o,w>so. (5.5)

p262k1t _ 0-262k2t p262k1t _ 0-262k2t
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Multiply |zo| to the both sides of the inequality (5.5)

pzezkltzo !
B (p262k1t _0-262k2t) ¥ ) <0.

pae(k1+k2)t\zo|

/
Qs (t, 1) = (p262k1t — 02621@5)

So we can write the relation

O(1,9) = At v())[R(E 20) + (C(t 20), )] = At v(-)) (L, ) <0

for the function ®y(t,1)).
creasing for all » € R, || =1, i.e.,

Hence, we have shown that the support function F'(W(t), ) is de-

d
—F(W(t <0.
SF(V (1), 9) <
On the other hand, the set W (¢) is monotone decreasing in ¢ € [0, T,]. This completes the proof.
O
§ 6. Individual cases for the pursuit-evasion games with Gr-constraints
Pursuit game
Ne | Capture conditions | Resolving | Duration | Guaranteed capture time
function | of the
strategy
ki=ky | p>0 | Aa(tv) |[0,00) yn@+i@)
2 ki > ko p>0 [07 OO)
3 |ki<ka | p > o, N(t,v) |]0,0] the first positive root of Fi(t) =0
20| < A
4 | ky>ky |p=0 [0, 00)
5 |ki>k |p<o Mg (t,v) | [0, 00) the first positive root of F5(t) =0
where

/\Gr(ta U) = <U7 §0> + \/<U7 $0>2 + 562kt7 0= p2 - 027
)\Er<t7 U) = <U7£0> + \/<U7£0>2 + p2e2k1t - ‘U|27

NG (4 0) = (0,6 + 1/ (0, §0)? + p2ehat — ]2

Evasion game
Ne | Evasion conditions | Strategy of the | Duration | The distance function between the
Evader of the | players
strategy
[ [Fi=F [p=0 FON= T2l + (0 — ) — Dk
ki=ky | p<o vi(t) = —oeflE,
3 |ki<ky |p > o, t€0,00) | |2(t)] > |z0| — A
‘ZQ| > A
4 | ki<ky |p=o0 [2(t)] > [20] =M+ Zem =24 F
5 ki < ks p<o
where
_ etignts (L oLy o
A= pron (kl kg) ok
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b. T. Camamos, A. X. Axbapos, b. H. Kypaes
Juddepennmnanbubie HIpsl NpeciaenoBannsa-yoeranus npu Gr-orpaHnYeHUsIX Ha YIPaBJIeHUS

Kurouesvie crosa: muddepeHnnansHas Urpa, HEpaBEeHCTBO | poHyosia, mpecieoBaHne, yOeraHue, ONTH-
MaJjbHasl CTPaTerusi, BpeMs MOUMKHU.

VJIK: 517.977
DOI: 10.35634/2226-3594-2022-59-06

B aroii cTatbe uccnenyercs auddepeHnnanbHas urpa MpeciieOBaHusI—yOeraHus, KOTraa Ha YIpaBJICHUS
UTPOKOB Hajararorcs nuddQepeHraibHble OrpaHUYCHUs] BUIA WHTETPAILHOTO HepaBeHCTBa [poHyosia.
OTMeTHM, 9TO CTpaTerus MapauieIbHOTO TIpeciienoBanus (kopoue, II-cTparerns) Oblna BBeJCHA M UCTIONb-
3oBa"a JI. A. TlerpocsHOM I pemieHHs 3agad MPOCTOrO MpeciefoBaHus NpH (a30BBIX OTPAHHUYSHHIX
Ha COCTOSIHMH MTPOKOB UIsl Cydasi, Korga (YHKIUH YIpaBieHHss 000UX UTPOKOB BBIOMPAIOTCS M3 Kiacca
L. B HacTosimerr pabote i pemreHus 3afaqd IMPOCTOTO TpeciiefoBanus mocrpoena lI-crparerus, xo-
raa QyHKUUU YOpaBIeHHS 0OOMX MTPOKOB BBIOMPAIOTCS M3 PA3IMYHBIX KIACCOB C OTPaHMYCHUSMH THIIA
I'poryomna u I 3TOTO Citydasi HAlACHBI JOCTAaTOYHBIE YCIOBHS MOWMKH M ONITUMAIIEHOE BPEMS TIOUMKH.
Hns perieHust 3amauun yoeraHus mpeiaraetcss QyHKOUS yNpaBiIeHHs A YOeraromero M HaxonsTcs JO-
CTaTo4yHbIe yciIoBus yoeranus. Kpome Toro, moctpoeHa o0acTh JOCTHKUMOCTH UTPOKOB U IaHBI YCIIOBHS
BIIOXKCHUS €€ 10 BpeMeHH. [lomydyeHHble pe3ylbTaThl SBISIOTCS Pa3sBUTUEM H MIPOAODKeHueM pabot P. Aii-
3ekca, JI. A. Ilerpocsana, b. H. ITmenuunoro, A. A. Uukpus, A. A. A3zamoBa U Apyrux HccienoBaresei,
BKJIFOYast aBTOPOB 3TOW PabOTEHI.
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