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Introduction

One of the basic concepts of a number of mathematical disciplines (function theory, opti-
mization theory, theory of inequalities, etc.) is the concept of convexity. This concept is closely
related to the estimation of the mean value of a function given on an interval. The definition of
convexity of a function and the central inequality used to estimate the mean value of a function
are given in the literature as follows:

Definition 0.1. The function ¢: [vy, V9] — R, is said to be convex, if we have

¢ler+(1—e)y) <ep(x) +(1—¢)o(y)
V x,y € [u1, 9] and € € [0, 1].

For convex functions on the interval [v;,v;] at the end of the 19th century, the Hermite—
Hadamard inequality

¢<U1+U2) < — /ch(s)dsgw

2 Vo — U1 2

v1

widely known in the theory of inequalities, was established. Both inequalities hold in the reversed
direction if ¢ is concave.

Today, in the literature there are quite a few different convexity classes of functions that are
defined to refine, extend and improve estimates of the mean value of a function. A rather wide
spectrum of convexity classes and their relations are given in [27].

Many researchers (see [2,4-6,11,13,14,22,25,27,28,30,33,38-40] and references therein)
have considered inequalities of the Hermite-Hadamard type with the use of integral operators for
the purpose of generalization, refinement, and improvement.

For example, Bayraktar et al. in [4], Bayraktar and Ozdemir in [5], by dividing the inter-
val of integration into subintervals, obtained generalized inequalities for convex and s-convex
functions were obtained in terms of fractional integration operators. Bessenyei and Péles in [6]
studied generalized convex functions of high order, and, as a result, obtained extensions of the
classical Hermite-Hadamard inequality. Using k-fractional integrals Butt et al. in [9] for the
s-Godunov-Levin, quasi-convex and 7-quasi-convex functions, new integral inequalities were
obtained. Du et al. in [12] introduced the concept of generalized semi-(m, h)-preinvex functions
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and obtained some estimates for the trapezoid inequality. Napoles et al. in [25] obtained new
integral inequalities of the Hermite-Hadamard type for convex and quasi-convex functions in a
generalized context. In [26], Népoles and Bayraktar established these inequalities for h-convex
functions in the framework of a certain generalized integral. Xi and Qi in [39] and Yildiz et
al. in [40] obtained new integral inequalities for s-convex, (o, s)-convex and extended s-convex
functions.

We presented the following definitions.

Definition 0.2. Let h: [0,1] — R be a nonnegative function, h # 0 and ¢: [ =
= [0, +00) — [0, 4+00). If inequality
¢ (€ +m(l —e)) < h*(e)e(§) +m(1 — h*(e))d(<)

is fulfilled for all {,¢ € I and ¢ € [0, 1], where m € [0, 1], s € (0, 1], then it is said that function ¢
is (h, m)-convex modified of first type on /.

Definition0.3. Let h: [0,1] — R nonnegative functions, h # 0 and ¢: I = [0, +00) —
— [0, 400). If inequality
¢ (6 +m(l —e)s) < h*(e)(§) +m(l = h(e)) d(s)

is fulfilled for all {,¢ € I and £ € [0,1], where m € [0,1], s € [—1,1], then it is said that
function ¢ is (h, m)-convex modified of second type on I.

Remark 0.1. From Definitions 0.2 and 0.3 we can define N;  [v1, v2], where vy, vs € [0, +00), as
the set of (h, m)-convex modified functions, for which ¢(v1) > 0, characterized by the triple (h(c),m, s).
Note that if:

1. (h(g),0,0), then we have increasing functions [8].
2. (&,0,s), then we have s-starshaped functions [8].
3. (g,0,1), then we have starshaped functions [8].
g,1,1), then ¢ is a convex function on [0, +0o0) [8].

g,m, 1), then ¢ is an m-convex function on [0, +00) [36].

g,1,s) and s € [—1,1], then ¢ is an extended s-convex function on [0, +00) [39].
g,m,s) and s € (0, 1], then ¢ is an (s, m)-convex function on [0, +00) [30].

(e

9. (% m,1) with a € (0, 1], then ¢ is an («, m)-convex function on [0, +00) [23].

10.

(
(
(
(
(
6. (¢,1,s) and s € (0, 1], then ¢ is an s-convex function on [0, +00) [7, 15].
(
(
(
(e*,m, s) with o € (0, 1], then ¢ is an s-(a, m)-convex function on [0, +00) [38].
(

11. (h(g),m, 1), then we have a variant of an (h, m)-convex function on [0, +00) [28].

Remark 0.2. In the different notions of convexity, if the direction of the inequality changes, it will
be called concave.
In our work, we use the Euler Gamma functions I' (see [32]) and ', (see [10]):

['(2) :/ e te®de, Re(z) >0,
0

w(2) :/ e e " de, k> 0.
0

4



Here lim [.(2) =T(2), Tu(z) = (k)= 'T (2) and Tw(z + k) = 2T,(2).
K—
To encourage comprehension of the subject, we present the definition of Riemann-Liouville

fractional integrals (with 0 < v; < € < vy < o0). The first one is the classical Riemann-Liouville
fractional integral.

Definition 0.4. Let ¢ € Li[vy,v5]. Then the Riemann-Liouville fractional integrals of
order € C, Re (o) > 0 are defined by (right and left respectively):

°L,. f(r) = ﬁ / (r—)* f(e)de, >,
I f(r)= ﬁ /U2 (e —1)*1f(e)de, 1 < s

Next we present the weighted integral operators, which will be the basis of our work.

Definition 0.5. Let ¢ € L (v, vs]) and let w be a continuous and positive function,
w: [0,1] — [0, 4+00), with first order derivatives piecewise continuous on /. Then the weighted
fractional integrals are defined by (right and left respectively):

o) = o (52 ooy e

T o(r) = / W (Zi - i) o(e) de,

with v; < r < v,.

Remark 0.3. To have a clearer idea of the amplitude of the Definition 0.5, let’s consider some
particular cases of the kernel w':

1. Putting w’(¢) = 1, we obtain the classical Riemann integral.

2. If w'(e) = %, then we obtain the right-sided Riemann-Liouville fractional integral, and the

left-sided one can be obtained similarly.

3. With convenient kernel choices w’ we can get the right and left k-Riemann-Liouville fractional
integrals of [24], the right-sided fractional integrals of a function ¢ with respect to another function h
on [v1,v9] (see [2]), the right and left integral operator of [17], the right and left sided generalized
fractional integral operators of [34] and the integral operators of [18] and [19], can also be obtained
from above Definition by imposing similar conditions to w’.

Of course there are other known integral operators, fractional or not, that can be obtained as
particular cases of the previous one, but we leave it to interested readers.

One of the most dynamic areas in Mathematical Sciences today is that of Integral Inequalities,
mainly linked to the classical Hermite—-Hadamard Inequality with the use of different integral,
fractional or generalized operators. In particular, we can find different works with various partic-
ular operators (for example, see [1,2,9,12,16,19,21,22,26]). The advantage of using weighted
integral operators is that it provides a unified and general formulation of various results that can
be obtained as particular cases of ours. If we add to the above the definition of convexity used,
we can realize the breadth and generality of the results obtained.

The main objective of this work is to obtain new variants of the classical Hermite—Hadamard
Inequality, in the context of the weighted integrals of the Definition 0.5. We will show that our
results complement or generalize several of those known from the literature.



§ 1. Results

To prove our theorems, we will need the following result.

Lemma 1.1. Let ¢: [v1,v5] — R be a differentiable function, v < r < vy, vy > 0. If
¢ € L' ([u1,v3)), then we have:

(WD)~ wO)G + o) 1, )
2 o oy ) £ 6 (0)

_ T;“l/g w(l — &) — w(e)] ¢ (o1 + (1 — &)r) de.

Proof. From known properties we have for the right member:

/0 [w(l —¢) —w(e)] ¢ (evy + (1 —e)r)de

_ /0 w(1 =)o (cvr-+ (1= ) de = [ w(@)d! (evn + (1)) de

= L — L.

For the first integral we have:

1
I = / w(l—e)¢ (ev1+ (1 —¢e)r)de
0
u=w(l—¢)=du=—w'(l—¢)de
dvz¢’(gvl+(1—e)r)dsz>vzv T¢(€U1+(1_5)T)
L —
Cw(l—e)g(evi + (1 —e)r)|* 1 L,
- . 0—|—UI_T/Ow(1—5)¢(avl+(1—5)7*)d5
0 —w(l 1 b
— w( )Qﬁ(vi — :;U( Jo(r) + P /0 w(l—e)p(evy+ (1 —e)r)de
and changing the variable: cv; + (1 —¢)r = z,
. Z_T:>de: dz 7
v —r v —r

zZ—r vl — 2 Z—U
1—8 —= 1— —= —= s
v —r v —r T — U

we get

L, =

w(O)s() ~wD)er) 1 /“1w,(z—vl)¢(z) dz

w@e) —we) 1 [ (amey
n r—uy (vl—'r)Q/v1 <r—v1)¢<)d
o w(l)ﬁb(rz : Z(O)ﬁb(vl) o (r _lvl)Q o+ (r).

Similarly, for the /5, we have

I, = /1 w(e)d' (evy + (1 —e)r)de
_w(1)¢(vl) — w(O)gb(r) 1 Jw,¢<vl)-

r—u; (r —wvy)




Thus, we get

w(0)p(v1) — w(1)¢(r) 1

L -1, = — — g
o r— v (r—uvp)2 (r)
w(l)o(vy) —w(0)p(r 1
+ ( )¢( 1) ( )(b( ) _ 2<]T1.U_¢('U1)
r—u (r—wvy)
[p(v1) + ¢(r)] [w(1) — w(0)] 1
— — J g, :
r— (T — U1)2 |: Ul-{-(b(,r) + r—(b(,Ul)]

From I; — I, we obtain the desired result. This completes the proof. OJ
Remark 1.1. Putting w'(¢) = ﬁsa_l, we obtain the Lemma 3 of [29], if = v5 the above result
reduces to the Lemma 2 of [35]. With the kernel w'(g) = krkl(a)e%fl if we put r = vy we get Lemma 2.3

of [14] (also see Lemma 2.1 of [37]).

Remark 1.2. The main advantage of the previous result, over others known from the literature,
in addition to the variety of “weights” w’ () that we can consider (which can lead us to different integral
operators), is the fact of the variability of the point » € (v1,v2), which obviously ensures a greater
generality and strength of it.

Remark 1.3. If we consider, r = UlTJr“Q we obtain the following results, not reported in the
literature.

Lemma 1.2. Let ¢: [u1,v3] — R be a differentiable function, vi < r < vy, v9 > 0. If
¢ € L' ([u1,v9]), then we have:

Vo — U1 2

: Hw(O)aﬁ(Ul ) - w<1>¢<m>] - {w(l)as(vl) - w<o>¢<”1§”2>]}
S <J“’_ _d(vn) + Jg+¢<“1'g“2>)

(’Uz — U1)2 2

- /01 [w(l —¢) —w(e)] ¢ (m t(1-e) ‘5 “2) de.

Lemma 1.3. Let ¢: [u1,v3] — R be a differentiable function, vi < r < vy, v9 > 0. If
¢ € L' ([ug,v9]), then we have:

v1+vg

¢(U1)+¢(L2U2) . 1 /Ul ? ¢<5) de = Y2 — 4 /;1(1—28)(b(8’l}1+ Ul;UQ(l —E)) de.

2 Vg — U1 4

Considering w(e) = ¢, i.e., working with the classical Riemann integral.

Theorem 1.1. Let 0 < vy < vy, and ¢ € Cl(vy,vy), where vi,vy € R such that v, <
< r < vy, and ¢ be a function defined on the interval [vi,v5). If ¢' € Llvy,vs] and |¢| is a
(h, m)-convex modified function of second type on [v1, V] for some fixed m,s € (0,1], then the
inequality

1 w —JY (v
A_m(%ﬁam T o n)‘

<
- 2

/01 (w(1 = &) + (@) [|#/ (o) (e) +m |6/ ()] (1 = h(e))] de,

with A = (w(l)—w(O))2(¢(7")+¢(v1)), is fulfilled.



Proof From Lemma 1.1 and taking into account the properties of modulus, we obtain

U1_ﬁ( 1+¢() ¢(U1))'
< 52| [ - - u@ld o+ 1 - ands D
_ 7’—21}1 {/{; w(1_€)|¢/(€vl+(1_5)7«)|d5+/0 w(€)|¢’(el}1‘|‘(1—5)7‘)|d€}

since |¢'| is an (h, m)-convex modified function of second type we have |¢' (cv; + (1 — e)r)| <

< 1 (00| 12(2) + m ]/ ()] (1 — h(e)), so
{/ w(l—ce)|¢ (evy + (1 —¢)r )|d€—|—/ w(e) |’ (evr + (1 —e)r )|d5}

g|¢m/ (1—e)h*(e) ‘/ (1= e)(1 — h(e))* de (12)

4 |¢ (0 |/ )/ (€))* de.

Substituting (1.2) into (1.1), rearranging and grouping, we get the desired inequality. U
Remark 1.4. If we take |¢/| s-convex, i.e., h(u) = u, m = 1 and w(e) = %, we get Theorem 5
of [40].

Theorem 1.2. Let 0 < vy < vy, and ¢ € C(vy,vy), where vi,vy € R such that v, <
< r < vy, and ¢ be a function defined on the interval [vy,vs). If ¢ € L[vy,vs] and |¢/|* is an
(h, m) convex modified function of second type on [v1, V5| for some fixed m,s € (0,1] and g > 1
with 1 + = =1, then the inequality

)A - ﬁ (Jonyo(r) — J;U—éb(vl))‘

(=)

m

< (552 @0 ser [ wesm

'[a-ney] %

holds with A as before and B = (fol wP(1 —¢€) dz—:) "and C = (fol wP(e) ds) 7

Proof. As in the proof of the previous result, we have

1 W) T b
A= g (o) = Il o)'
< / w(l =) — w(=)] ¢ (zvr + (1 —&)r) de (1.3)
= = {/olwu_s)w(gm(l—s>r>|d€+/ol“’(5)'¢'(5“1+(1_E)T)'dg}

Using the Holder inequality on the two integrals of (1.3), we get (

/0 w(l —e¢)|¢ (evy + (1 —e)r)|de

< </01wp(1—5 ds) </ ¢ (evy + (1 —&)r )|qde)1, (1.4)
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/0 w(e) ¢ (evy + (1 —&)r)| de

< ([fwwak)%(Alwmma+<1—@mwmﬁq, (15)

using the (h, m)-convexity of |¢'|? we obtain

(AW&@M+<1—amw%)as0¢umww@>+m O a-ne@r) e

so, using (1.6) in (1.4) and (1.5), and then in (1.3), rearranging, grouping and denoting B =

1
= ( [l wr(l—e) de) "and C = ( i w?(e) dé?) ", we arrive at the desired inequality. O
Remark 1.5. As in the previous Remark, this result yields Theorem 6 of [40]. If, in addition, we
put r = vo, then we obtain Corollary 1 of the above-mentioned work.
Remark 1.6. If we work with convex functions, i.e., h(c) = ¢, s =m =1, r = v9 and w(e) = ¢,
then the above result becomes Theorem 2.3 from [11]. Theorem 1 of [20] is also a particular case of this
result.

Theorem 1.3. Let 0 < vy < vy, and ¢ € C(vy,vy), where vi,vy € R such that v, <
< r < vy and ¢ be a function defined on the interval [vy, 5. If ¢' € L[vy,vs] and |¢'|* is an
(h, m)-convex modified function of second type on [v1, V3] for some fixed m,s € (0,1] and ¢ > 1,
then the inequality

p_gaéaﬂx;mm—ﬂw@m'

< (552) o ([Cwti-o (Weor e +m
+ (552) B ([ we (i@ m

1 1

"and E = (folw(a) da)l_p.

1
q

[ (1w )

O 0 ney) )

holds, with A as before and D = (fo (1—¢ da)

Proof As before

1 w —JY o(v
S (o o(r) — I o( 1))‘

r—uv
< 1
2

/0 [w(l —¢) —w(e)] ¢ (evy + (1 —e)r)de

T — U

= 5 {/01 w(l —e)|¢ (evy + (1 —&)r)| de + /Olw(e) |¢' (evy + (1 —&)r)| ds}

Using now the well-known power mean inequality with modulus properties,we obtain:

/0 w(l—e)|¢ (evy + (1 —e)r)|de + /0 w(e) |9 (ev1 + (1 —e)r)|de

< ([fvo-)

7 </o1 w(l—e)|¢'(evr + (1 —&)r)] da)%

i (Aﬂmak);([fw@n¢@w4<1—evn¢);
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From the (h, m)-convexity of |¢'|%, and a simple but tedious algebraic work, the proof of the
Theorem is completed. ]

Remark 1.7. Assuming |¢'|? s-convex and w(e) = %, we get Theorem 7 of [40].

§ 2. Conclusions

In this paper, various extensions and generalizations of the classical Hermite-Hadamard In-
equality have been established, in the context of recently defined weighted integral operators.
Throughout it, various particular cases of the results obtained have been shown, which proves
their breadth and strength. However, we do not want to conclude without pointing out two more
aspects regarding the breadth of our results. Firstly, referring to the integral operator used, given
that the weight function can include several known cases, we can add that if w'(c) = £'~% (that
is, we consider the k-integral of [15]), and » = vy the Lemma 1.1 reduces to Lemma 2.1 of [37],
obviously many of the results of that work, can also be obtained from ours, considering convex
functions. The second issue is the fact that the weighted operators used in our work can be used
to derive new generalizations of other inequalities, for example, the Minkowski inequality (see,
for example, [3]) where the weight w'(e) = ﬁa“‘l is used. All of the above opens new and
promising lines of work in this fruitful area.

The effectiveness of the method lies, fundamentally, in that we can provide a general working
method that encompasses functions with first derivative, second or higher order derivatives, either
with an integral operator, with two operators, on the same interval, on subintervals, without

forgetting that it encompasses many of the known weights, used in various particular cases.
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BCEH pabOThl MBI MOKa3bIBaE€M, YTO HAIIU PE3yJIbTaThl 0000MIAI0T HECKOJIBKO M3BECTHBIX M3 JUTEPaTyphI
HHTErpajbHbIX HEPABEHCTB.

10.

11.

12.

CIINCOK JIMTEPATYPbI

. Akdemir A.O., Butt S.I., Nadeem M., Ragusa M.A. New general variants of Chebyshev type

inequalities via generalized fractional integral operators // Mathematics. 2021. Vol. 9. Issue 2. 122.
https://doi.org/10.3390/math9020122

Akkurt A., Yildirim M.E., Yildirim H. On some integral inequalities for (k, h)-Riemann—Liouville
fractional integral // New Trends in Mathematical Science. 2016. Vol. 4. Issue 2. P. 138-146.
https://doi.org/10.20852/ntmsci.2016217824

. Aljaaidi T. A., Pachpatte D. New generalization of reverse Minkowski’s inequality for fractional

integral // Advances in the Theory of Nonlinear Analysis and its Applications. 2021. Vol. 5. No. 1.
P. 72-81. https://doi.org/10.31197/atnaa.756605

BaiipakrapoB b. P., Atraes A.X., Kyzaes B.U. Hekoroprsie 006001IeHHbIe HEpaBeHCTBA TUNA AaMa-
pa depe3 ApoOHBIe WHTETpaibl // VI3BecTHs BBICIINX Y4eOHBIX 3aBemeHuil. Martemaruka. 2021, Ne 2.
C. 3-18. https://doi.org/10.26907/0021-3446-2021-2-3-18

. Bayraktar B., Emin Ozdemir M. Generalization of Hadamard-type trapezoid inequalities for fractional

integral operators // Y pumcknii matematrdeckuii xypraan. 2021. T. 13. Bem. 1. C. 119-130.
http://mi.mathnet.ru/ufa548

Bessenyei M., Pales Z. On generalized higher-order convexity and Hermite-Hadamard-type inequali-
ties // Acta Scientiarum Mathematicarum (Szeged). 2004. Vol. 70. Nos. 1-2. P. 13-24.

. Breckner W. W. Stetigkeitsaussagen fiir eine Klasse verallgemeinerter konvexer Funktionen in topolo-

gischen linearen Rdumen // Publications de I’Institut Mathématique. Nouvelle série. 1978. Vol. 23 (37).
Issue 43. P. 13-20 (in German). http://eudml.org/doc/257486

Bruckner A. M., Ostrow E. Some function classes related to the class of convex functions // Pacific
Journal of Mathematics. 1962. Vol. 12. No. 4. P. 1203-1215. https://doi.org/10.2140/pjm.1962.12.1203
Butt S.I., Bayraktar B., Umar M. Several new integral inequalities via k-Riemann—Liouville fractional
integrals operators // [TpoGnemsl ananusza — Issues of Analysis. 2021. T. 10 (28). Bemm. 1. C. 3-22.
https://doi.org/10.15393/j3.art.2021.8770

Diaz R., Pariguan E. On hypergeometric functions and Pochhammer k-symbol // Divulgaciones
Matematicas. 2007. Vol. 15. No. 2. P. 179-192.

Dragomir S. S., Agarwal R. P. Two inequalities for differentiable mappings and applications to special
means of real numbers and to trapezoidal formula // Applied Mathematics Letters. 1998. Vol. 11.
Issue 5. P. 91-95. https://doi.org/10.1016/S0893-9659(98)00086-X

Du T., Awan M. U., Kashuri A., Zhao S.S. Some k-fractional extensions of the trapezium inequalities
through generalized relative semi-(m, h)-preinvexity // Applicable Analysis. 2021. Vol. 100. Issue 3.
P. 642-662. https://doi.org/10.1080/00036811.2019.1616083

13



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

Farid G., Rehman A.U., Ain Q.U. k-fractional integral inequalities of Hadamard type for (h — m)-
convex functions // Computational Methods for Differential Equations. 2020. Vol. 8. Issue 1.
P. 119-140.

Farid G., Rehman A.U., Zahra M. On Hadamard-type inequalities for k-fractional integrals //
Nonlinear Functional Analysis and Applications. 2016. Vol. 21. No. 3. P. 463-478.
http://nfaa.kyungnam.ac.kr/journal-nfaa/index.php/NFA A/article/view/902/832

Hudzik H., Maligranda L. Some remarks on s-convex functions / Aequationes Mathematicae. 1994.
Vol. 48. Issue 1. P. 100-111. https://doi.org/10.1007/BF01837981

[lhan E. Analysis of the spread of Hookworm infection with Caputo—Fabrizio fractional derivative //
Turkish Journal of Science. 2022. Vol. 7. Issue 1. P. 43-52.

Jarad F., Abdeljawad T., Shah K. On the weighted fractional operators of a function with respect to
another function // Fractals. 2020. Vol. 28. No. 8. 2040011.
https://doi.org/10.1142/S0218348X20400113

Jarad F., Ugurlu E., Abdeljawad T., Baleanu D. On a new class of fractional operators // Advances in
Difference Equations. 2017. Vol. 2017. Issue 1. Article 247. https://doi.org/10.1186/s13662-017-1306-z
Khan T. U., Khan M. A. Generalized conformable fractional operators // Journal of Computational and
Applied Mathematics. 2019. Vol. 346. P. 378-389. https://doi.org/10.1016/j.cam.2018.07.018

Kirmact U. S., Klari¢i¢ Bakula M., Ozdemir M. E., Pecari¢ J. Hadamard-type inequalities for s-convex
functions // Applied Mathematics and Computation. 2007. Vol. 193. Issue 1. P. 26-35.
https://doi.org/10.1016/j.amc.2007.03.030

Kizil S., Ardigc M. A. Inequalities for strongly convex functions via Atangana—Baleanu integral
operators // Turkish Journal of Science. 2021. Vol. 6. Issue 2. P. 96-109.

Koca I., Akgetin E., Yaprakdal P. Numerical approximation for the spread of SIQR model with Caputo
fractional order derivative // Turkish Journal of Science. 2020. Vol. 5. Issue 2. P. 124-139.

Mihesan V.G. A generalization of convexity / Seminar on functional equations, approximation and
convexity. Cluj-Napoca, Romania: 1993.

Mubeen S., Habibullah G. M. k-fractional integrals and application // International Journal of Contem-
porary Mathematical Sciences. 2012. Vol. 7. No. 2. P. §9-94.

Napoles Valdés J. E., Bayraktar B., Butt S.I. New integral inequalities of Hermite-Hadamard type in a
generalized context / Punjab University Journal Of Mathematics. 2021. Vol. 53. Issue 11. P. 765-777.
https://doi.org/10.52280/Pujm.2021.531101

Napoles Valdés J. E., Bayraktar B. On the generalized inequalities of the Hermite—Hadamard type //
Filomat. 2021. Vol. 35. Issue 14. P. 4917-4924. https://doi.org/10.2298/FIL2114917N

Napoles Valdés J. E., Rabossi F., Samaniego A.D. Convex functions: Ariadne’s thread or Charlotte’s
Spiderweb? // Advanced Mathematical Models and Applications. 2020. Vol. 5. No. 2. P. 176-191.
Ozdemir M.E., Akdemir A.O., Set E. On (h — m)-convexity and Hadamard-type inequalities //
Transylvanian Journal Of Mathematics And Mechanics. 2016. Vol. 8. No. 1. P. 51-58.

Ozdemir M. E., Dragomir S.S., Yildiz C. The Hadamard inequality for convex function via fractional
integrals // Acta Mathematica Scientia. 2013. Vol. 33B. Issue 5. P. 1293-1299.
https://doi.org/10.1016/S0252-9602(13)60081-8

Park J. Generalization of Ostrowski-type inequalities for differentiable real (s, m)-convex mappings //
Far East Journal of Mathematical Sciences. 2011. Vol. 49. No. 2. P. 157-171.

Pearce C.E. M., Pecari¢ J. Inequalities for differentiable mappings with application to special means
and quadrature formulae // Applied Mathematics Letters. 2000. Vol. 13. Issue 2. P. 51-55.
https://doi.org/10.1016/S0893-9659(99)00164-0

Rainville E. D. Special functions. New York: Macmillan, 1960.

Sahoo S.K., Ahmad H., Tariq M., Kodamasingh B., Aydi H., de la Sen M. Hermite-Hadamard type
inequalities involving k-fractional operator for (h,m)-convex functions // Symmetry. 2021. Vol. 13.
Issue 9. 1686. https://doi.org/10.3390/sym13091686

Sarikaya M. Z., Ertugral F. On the generalized Hermite-Hadamard inequalities // Annals of the Uni-
versity of Craiova. Mathematics and Computer Science series. 2020. Vol. 47. No. 1. P. 193-213.
Sarikaya M. Z., Set E., Yaldiz H., Bagsak N. Hermite-Hadamard’s inequalities for fractional integrals
and related fractional inequalities // Mathematical and Computer Modelling. 2013. Vol. 57. Issues 9-10.

14



P. 2403-2407. https://doi.org/10.1016/j.mcm.2011.12.048

36. Toader G. Some generalizations of the convexity // Proceedings of the Colloquium on Approximation
and Optimization. Cluj-Napoca: University Cluj-Napoca, 1985. P. 329-338.

37. Wu S,, Igbal S., Aamir M., Samraiz M., Younus A. On some Hermite—-Hadamard inequalities involving
k-fractional operators // Journal of Inequalities and Applications. 2021. Vol. 2021. Article number 32.
https://doi.org/10.1186/513660-020-02527-1

38. Xi B.-Y.,, Gao D.-D., Qi F. Integral inequalities of Hermite-Hadamard type for (c, s)-convex and
(v, s, m)-convex functions // Italian Journal Of Pure And Applied Mathematics. 2020. No. 44.
P. 499-510.

39. Xi B.-Y,, Qi F. Inequalities of Hermite—Hadamard type for extended s-convex functions and applica-
tions to means // Journal of Nonlinear and Convex Analysis. 2015. Vol. 16. No. 5. P. 873-890.

40. Yildiz C., Ozdemir M.E., Onalan H.K. Fractional integral inequalities via s-convex functions //
Turkish Journal of Analysis and Number Theory. 2017. Vol. 5. No. 1. P. 18-22.

Iloctynuna B penakuuio 06.04.2022
IIpunsTa B neuars 29.09.2022

Baiipaxrapos baxtusap PuszaeBuy, K. T. H., IOIIEHT, TIeHarorndeckuii hakynsTeT, YHUBepcuTeT Yaynar, 16059,
Typuus, bypca, kamiyc ['opykir.

ORCID: https://orcid.org/0000-0001-7594-8291

E-mail: bbayraktar@uludag.edu.tr

Hamonec Banpaec Xyan Dnyapno, PhD, mpodeccop, CeBepo-BocTouHblid HalMOHAIBHBIN YHUBEPCHTET,
3400, Aprentuna, nposuniusi Koppuenrec, r. Koppuenrec, mp. CBobonsr, 5450;

HanmonanpHeii TexHonornueckuii yausepcuteT, 3500, Aprentuna, nposuHius Yako, . Pecucrencus,
yi. @paniry3ckas, 414.

ORCID: https://orcid.org/0000-0003-2470-1090

E-mail: jnapoles@exa.unne.edu.ar

HurupoBanue: b. baiipakrap, X. . Hanonec Bansaec. HoBrie 060011eHHBIE HHTETPAJIbHBIC HEPABEHCTBA
uepe3 (h, m)-Beimykible MoaudupoBanHble GpyHkuuu // M3Bectust MHCTHTYTAa MaTeMaTHKK U MHpOpMa-
TUKH YIMYPTCKOTo rocyaapcTBeHHoro yHuBepcutera. 2022, T. 60. C. 3-15.

15



