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BBenenue

3a1aun 0 BHELIHEN (MOKPBITHE) U BHYTPEHHEN (YIaKOBKa) alllIpOKCUMAIMM MHOXECTBA C I0-
MOIIbI0 Ha0Opa OIHOTUIHBIX AJIEMEHTOB M3BECTHa eme co BpemeH Jlarpamxka u laycca. Jlns
Cllydasl, KOrJa 3JIEMEHTBI SIBIIAIOTCA KpyraMH, MOKa3aHO, YTO IJIOTHEHINIAas YNakoBKa W TOHYaM-
niee NOKPBITHE UMEIOT FeKCAarOHaJbHYI0 CTPYKTYpY [1,2]. OnHako 11 OrpaHUYeHHBIX MHOXKECTB
TaKyl0 CTPYKTYpY BOJIM3H I'paHUI] sl YIIAKOBKU COOJIFOCTH HEBO3MOXKHO. JIJIsl MOKPBITHS K€ 3TO
MOJKET MIPUBECTH K BO3PACTAHUIO NU30BITOUHOCTH, HHAYE TOBOPSI, IUIOIIAIU MOKPBITHS, BBIXOAAIIEH
3a rpaHULbl MHOXKeCTBAa. HecMOTps Ha OJITYI0 MCTOPUIO W3y4Y€HUs, CYLIECTBYET CPaBHUTEIb-
HO HEOOJIbIIOEe KOJUYECTBO JOKA3aHHBIX ONTHMAJBHBIX TMOKPBITHHA W YMakoBOK [3-5], mpuuem
OHM HAWJIEHBI I MPOCTEHIINX MHOXKECTB: Kpyra, KBaJpara, TpEeyrojbHHUKA. 3a4acTyl0, aBTOPBI,
HE MPEabsBIAsA KOHKPETHBIX MOKPBITHUI U YIIaKOBOK, CTPOST TEOPETUYECKUE OLEHKU UX IUIOTHO-
ctu [6,7].

B ciiyuae Gonee CIOXKHBIX MHOXECTB M C POCTOM KOJMYECTBA ANMPOKCUMHUPYIOIIUX 3Je-
MEHTOB, HCCJIEOBATENSIM MPUXOIUTCS NPUMEHATh YUCIEHHBbIE METO/bl. COOTBETCTBEHHO, 37EChH
peub HIeT 0 Haumydmux u3 u3BecTHHIX (best-of-known), momycrumeix (feasible) wnm nokanbHO-
ONTUMAJIBHBIX anmnpoKcuManusix [8,9].

YucaeHHOMY HCCIEOBAHUIO YKA3aHHBIX 3a7a4 U Pa3IMYHBIX UX MOAM(UKAIMNA MOCBSIICHBI,
6e3 mpeyBenuueHus, COTHH paboT. ITockonbKy monpoOHbI 0030p HE SBISETCS IIETbI0 JTaHHON
CTaTb{, OTMETHM JIMILIb HEKOTOPbIE U3 HUX. B 11€J10M, MOKHO BBIIEIUTH METOABI, OCHOBAHHBIE
a00 Ha CBEJIEHMM K 3a/lauaM MaTeMaTHYeCKOTO MPOrpaMMHUpPOBaHUs (JIMHEHMHOTO W HENWHEeH-
HOTO, HEMPEPBHIBHOTO U LIETOYUCIECHHOIO0), MO0 UCHOIb3YIOLUE IBPUCTUKH PA3IUYHON MPUPO-
Jb1 (MTPOCTPAHCTBEHHBIHN MOUCK, OMOMHCIIMPUPOBAHHBIE, OWIBSIPHOE MOAECTUPOBAHUE, BOJTHOBBIE
npuHIUNBL ¥ ap.) [10-12].

B uactHocTH, B paborax [13,14] aBTopbl npeoOpa3yroT 3afavy yNakoBKH B 3a/1a4y JTUHEHHOTO
[eJIOYMCIICHHOTO TPOrpaMMHUPOBaHus 00JbIION pazmepHocTH. B pabote [15] paspaborana mo-
TuUKaUs METOIa BOBMOKHBIX HAIlpaBJICHUH ISl HAXOXKACHUS JIOKaJbHOTO MUHUMYMa U TIPeJ-
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CTaBJIEHBI ONITUMaJIbHbIE MOKPBITUA 10 100 kpyros. B [16] aBTOpEI IpennararT aaropuTM BETBER
U TPaHHUL, KOTOPbII MO3BOJSET HANTH ONTUMAIBHOE MOKPBITUE C MPOU3BOIBLHON TOUHOCTHIO.

13 nanbonee n3BECTHBIX IBPUCTUYECKUX METOJIOB BBIACIUM MOUCK C YepeTyIOIIUMHUCS OKpec-
tHOCTsiMHu (Variable Neighborhoods Search) [17], FSS (Formulation Space Search) [18,19], xan-
HbIi ouck [20]. B pabotax [21,22] aBTOpBI HCHOIB3YIOT CUIIBI OTTATIKUBAHUS IS «Pa3IBUTAHHSD»
KPYTOB M MakCUMM3ALMU UX PATUyCcoB. YKakeM 0co00 paboty [23], B KOTOpO aBTOpPbI aBTOPHI
TaKKe MpesiaraT aJropUTM, MO3BOJISIONINN 3a/1aTh HEEBKINIOBY METPUKY.

OTmeTHM, 4TO 3aJa4i MOCTPOEHUS TMOKPHITUN M YIAKOBOK TECHO CBSI3aHBI C MPHIIOKEHUSIMHU.
OHUM BO3HHMKAIOT NPHU U3yYEHHH CTPYKTYpPbl MUHEPAJIOB [24], mpy pa3MelleHUH JOTUCTUYECKUX
o0bekToB [16,25,26], mpu MPOEKTUPOBAHUU CHCTEM CEHCOpOB [27,28], B MOHUTOpPUHIE 3arps3-
HEHMS BOABI M Bo3ayxa [29], nmpu opranuzaiuu cucteM BuaeoHadmonenus [30-32].

[Tonxon, pa3BuBaeMblii B JaHHOI CTaTbe, OTHOCUTCS K IBPUCTUKAM HAa OCHOBE (PU3UYECKHX
MIPUHIIMIIOB: WCIOJIB3YETCS aHAJIOTUSI MEX1y PaclpoCTpaHEHHEM CBETa B ONTHYECKH HEOJAHOPOI-
HOM cpele U MUHUMU3ALMEl MHTErpaJibHOTO (PyHKIIMOHAA, 3ajatoniero MeTpuky [33]. B kaue-
CTBE MEPBHI YIaJ€HHOCTH JABYX TOUEK BBICTYIIAET HAMMEHBIIEE BPEMS, 38 KOTOPOE MOKHO IONACTh
U3 OZHOM TOYKU B Apyryro. MHade roBops, rpaHUIEd YyIIaKOBBIBAEMOT'O WJIN MOKPBIBAIOLIETO KPY-
ra siBrsieTcst u3o0xpoHa. IlomoOHbIe 3a1a4ui BOSHUKAIOT B NMPHJIOKEHUAX, B YACTHOCTH, B CUCTEMAaX
ruaposiokannu [34, 35] u monBomHOoro HabmoAeHUs [36], korma paamyc 0030pa HaNpSIMYHO 3a-
BHUCHUT OT ONTHUYECKON MPOHHUIIAEMOCTH cpeabl. /st pemienus 3aad NOKPHITUS TaKUMU KpyraMu
U IIapaMu paHee HaMM OBUIH TPEIIOKEHBI AITOPUTMBI, OCHOBAHHBIE KaK HA yXKe YIIOMHHABIIEHCS
ONTHKO-TeoMeTpruecko ananoruu [37-40], Tak U Ha OCHOBE F€OMETPUUYECKUX METOOB [41,42].
[lenpr0 HacTOAIIEH CTATBU ABIAECTCS MOCTPOCHUE IMOKPBITHH B Cllydae, KOTAA XapaKTEPUCTUKHU
Cpelbl U3MEHSIOTCSI BO BPEMEHHU.

§ 1. IlocranoBka 3aga4u

ITycTh 3a7aHO KOMITAKTHOE MHOXeCTBO M Ha miockoctn R2 Ilycts Ha MHOXecTBe D* C
C [0, 9] x D 3anana mummuiesa nonoxurenbras Gyuxuust f (¢, x, y). Bymem cuurars paccTosHIEM
MexXay ToukamMu a € D u b € D B BapHallMOHHON THHAMUYECKOI METpHKe

dl’
to a’b e mln /77 11
Py ( ) reG(ab) Jr f(t,z,y) -

rie G(a, b) — MHOXXECTBO BCEX CHPSIMIISIEMbBIX KPUBBIX, BIOXKCHHBIX B [), COSAUHSIONINX TOYKH a
u b. [Tapametp ¢ pu 3TOM U3MEHSETCA OT {( HENPEPHIBHO NPHU JBMKEHUU 110 KpUBOii ' Ha Benu-
YHHY, PAaBHYIO BPEMEHH PACIpPOCTPAHEHHsI CHTHAA CO CKOpPOCThio f(t,x,y) BIOIb KpuBoii .
[Tycth 3amaHbl MOMEHT BpeMeHH to u ¢GyHkims f(t,z,y). TpeOyercss HAUTH TaKyr TOUYKY
X € D, yToOBI BeNUYHHA
H(M,x) = max ,0’}0 (x, m) (1.2)
meM

ObUla MUHMMAJIBHOM NpU BeeX X € D. MHOXeCTBO TOYEK
t 2. b
O (x,r) ={y e R*: p(y,x) <r}

OyzeM Ha3bIBaTh «KpYrom» B TUHaAMH4YeCcKol MeTpuke. Bemuuuny r > 0 OyaeMm cuuTarh «paauy-
COM» 3TOTO «KpyTay.

B Oonee obmieii mocraHoBKe TpeOyeTcst Haiith Habop X = {x;}! , W3 3aJaHHOrO YHCIa
TOYEK 72 TAKOM, YTOOBI BEJIMYMHA

H(M,X) = min H(M,x;) (1.3)
x;€X

Obuta MUHUMaNbHOU Tipu Becex X C D). Touku u3 maccuBa X ciryKar IIEHTpaMu «KpYroB» B JHHA-
MHUECKOH METPHKE, KOTOPbIe 00pa3yloT MOKPHITHE KOMMAKTa M Mpu UX MHHUMAJIbHO BO3MOKHOM
«pazuyce».
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§2. AaropuT™msbl pelieHus 3a1a4H
2.1. Cayyaii nOKPbITUS U3 OJHOIO JIEeMEHTa

PaccmoTpuMm Bompoc o BbramciaeHud BenuuuHbl (1.1) mis 3amaHHON TOUKH (o,Yo) = Xo
¥ 00 OTBHICKAHMH HOBOW TOYKH X, KOTOpas JOJDKHA CTAaTh IEHTPOM «KPYra» MEHBIIETO paiv-
yca B TMHAMU4eCKOM MeTpuke. OrpaHUYMMCsl CIIy4aeM, KOTia MHOKECTBO M/ — BBIYKJIBIM MHO-
TOyrofpHUK P ¢ HabopoM YHOPSIOYEHHBIX BEPUIMH Py, ¢ = 1,...,p. 3ajaguM YUCIO TOYEK
pa3oueHusi BOITHOBOTO (poHTa Ha oTpe3ku N U miar o BpemeHn At. 3aTeM CTpOSTCS BOJTHOBBIC
dportsr V), orpanmumnsaromme «kpyrm» UY) pagmyca jAt B TMHAMHYECKOH METpHKE.

1. Beruucnsiercst 3HaueHUe TeKyIueil BeanuuHbl vy = f(to, To, Yo). BIMONHSIETCS TOCTPOCHHUE
okpyxkHoctu 00 (X, vg) At 1 mocTpoeHue Ha Heit N Touek fl-(l), ¢t =1,..., N, B BepIIuHax mpa-
BUJIBHOTO /N-yroJIbHHKA, BIIMCAHHOTO B OKPYXXHOCTH (IIPOTHB 4acoBOW cTpesiku). OH cuuTaercs
nepBbIM BOTHOBEIM (porTom V). Veranoska cuetunka j = 1.

2. g Kaxaou TOUYKU fl-(] ), ¢t =1,..., N, cTpouTcsi BEKTOp, HAIIPaBJICHHBIA MO OHCCEKTpUCE
yria, 00pa30BaHHOIO OTPE3KaMHU, COEIMHSIOIINMY €€ ¢ coceAHUMU. Ha BHelHeM HampaBieHUU

OT TeKyILero (poHTa OTKIAIBIBACTCS OTPE30K AIUHBI f (1, xz(j ), ylgj ))At. Ero KoHel npHHAMaeTCs
f(j+1)

Al

3. BBINIONHACTCS aHANIM3, BIOXKEH JIM MHOTOYroNbHUK P B 06macts UY), orpanuuennyo GppoH-
tom ®U), JIns sToro mposepseTcs, BXOAMT M KaKIas BEPIIMHA B MHOTOYTOJIbHYIO 061acTh ),
3arem ISl KaX10H CTOPOHBI MHOTOYTOJIbHUKA ITPOBEPSETCS, €CTh JIU MepeceyeHre ¢ TOl 4acThio
dponta ®U), KoTOpHIIT OrpaHMUMBaeT obnacts UV,

B Ka4€CTBE TOYKHN

4. Ecnu He BhIMoNHsAETCs yenosue P C UV, To mepexon k myHKTY 2.

5. 3amuceIBaeTCs MacCUB BEPIIUH, KOTOPbIE MOKPBITHI BOJTHOBBIM (DPOHTOM TOJIBKO Ha MOCIIE-
HEM IIare. 3amichblBaeTCsl MACCUB CTOPOH, KOTOPbIE ObLIN MOKPBITHI BOJIHOBBIM ()POHTOM TOJIBKO
Ha nocienHem mare. MHkpemeHT cuetuuka j (= 7 + 1.

6. CTpouTcs anmpoKcUMaIMs BOJIHOBOTO (PPOHTA, KOTOPBIM CTPOTO MOKPHIBAET MHOXKECTBO P.
Jist 3TOrO CTPOUTCS JTMHEHHAs! alpOKCUMAIUs BOTHOBOTO (pOHTA

<I>(j)(a) = a®W) + (1- a)q)(jfl)j

HaOOp JIOMaHBIX C BEPIIMHAMHU E(j ), 1=1,...,N.

7. Beizensietes Habop Todek my, € OP, KOTOpble JekaT Ha anmnpokenvanun Gpponta OU (),
KOTOPBIH TEPBBIM CTPOTO MOKPHIBAET MHOTOYTONBHUK F. CTpOSTCA anmpoKCUMAIlUU TPaeKTO-
puii T, KOTOpbIE B IMHAMHYECKOH METPHMKE BEAYT OT Xo K TOYKAM My, MYTEM BBIYMCICHUS
HOMEpOB TO4YeK Ha KOHIaX Toro orpeska ®U)(ar), KOTOpPBIH CONEPKUT KAaKIyI0 U3 TOUEK 1My,
a 3aTeM WX JIMHEHHOW KOMOWHAIIMH, KOTOpas COBMANAET C My, T.€. HAXOMUATCs 4ucha ¢* u [ Ta-

KUE, 4TO My, = Bfi(f ) 4 (1-— ﬁ)fi(fil. B xauectBe T}, NpUHUMAETCS JOMaHas ¢ BEPIIMHAMH X,

£ + (1=t D + (1= g2, L BEY (1= p)EY), BEY) + (1 - B)EY)..

8. JIiist MOCTpOCHHSI HOBO#I alpOKCHMAIINH X CTPOUTCS Habop BekTopoB W = {wy }, paBHBIX
Pa3HOCTH aNMpPOKCHUMAIUii Hadaja TpaekTopumii 1), nexanmx Ha ¢, 3areM KoopAMHATH HOBOTO
[IEHTPa BBIYUCIISIOTCS IO (hopMyIie

X = Xo +yc(W), (2.1)

e ¢(W) — uebbmuéBckuit ieHTp MHOXecTBa W, mapametp v € (0, 1) BoIOHpaeTcst B 3aBHCHMO-
CTH OT HACTPOEK MPOTPAMMHOTO KOMILIEKCA.

9. B xauectBe anmnpokcumanuu Benuuunsl H (M, x¢) 6epercs (j + o — 1) At.

10. BeiBog pe3ynbTaToB M KOHEI[ PAaOOTHI.
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2.2. Cayy4aii HOKPBITHS M3 HECKOJIBKHX 3JIeMEHTOB

Ecnu pazpa®otan nmpueMiieMblii aJrOPUTM pEIICHHs 3a/1a4u Ui OHOW TOYKH, TO Ha ero Oase
MOJKHO TTEPEUTH K CITy4aro MacCuBa U3 HECKONbKHUX To4eK. [TycTs 3aman maccu X = {x;}' ; C D.

Onpenaencuuce 2.1. O600meHHON 30HOK J[upuxiie TOUKH X; U3 MaccuBa X B KOMIIaK-
Te M Ha30BEeM MHOXKECTBO

ZO(M, X) & {m e M: pj?(m, X;) = min p’}"(m, Xj)}. (2.2)

j=1n

Onpenenenue 2.2. MHOXeCTBOM 000OIIEHHBIX LIEHTPOB KommakTa N/ Ha30BeM

deD

C(M) 2 {c € D: H(M,c) = min H(M, d)}. (2.3)

JUts1 Tekyero Macensa X cileIylomas ero urepatus X = {X;}I; C D crpowurcs 1o cieny-
romemy anroputmy. s kaxnoro i = 1, n seruucnsercs Z (M, X). Ecu ZO (M, X) # @, To

X, = c, (2.4)

X; i= m, (2.5)
IJie M — IPOU3BOJIbHAS TOUka U3 M.

Teopema 2.1. Ilycme 3adan maccus yenmpos «kpyeoe» X C D uz n onemenmos. Toeoa
onst maccusa X C D, nocmpoennoco no gpopmynam (2.4), (2.5), cnpaseorusa oyenxa

H(M,X) < H(M, X). (2.6)

JloxaszaTenbcTBo. O6osmaunm [ = {i € 1,n: ZO(M,X) # @}. CormacHo dopmy-
ne (2.3) umeet MecTo
M=|Jz"0M, X). (2.7)
iel
Cornacuo dopmyne (2.2), MOKHO 3amicaTh PaBEHCTBO
H(M, X) = max H(ZV (M, X),x;). (2.8)
1€
U3 onpenenenns (2.2) cnenyer, yro st ¢ € [ nonmydenHas mo gopmysie (2.4) Touka X; yuo-

BJIIETBOPSIET OLIEHKE _
H(ZD(M,X),%;) < H(ZD (M, X),x;). (2.9)
N3 (2.7) u (2.9) BeiTekaet
H(M, X) < max H(ZV(M, X),%;) < max H(Z (M, X), ;).
1€ 1€

W3 nocnennero HepaBeHCTBa U paBeHCTBa (2.8) cienyet oneHka (2.6). U

3ameuanne 1. Jlns kaxuaoil Touku X; ¢ HomepoM i ¢ I oGoGmennas 3ona Jupuxie Z® (M, X)
OyzleT HermycThIM MHOKECTBOM, MOCKOJIBKY B MHOMKECTBE, COIIACHO (2.5), MOXKHO BBIICIUTH CKOJIb YTOIHO
MaJIyl0 OKPECTHOCTh TOYKH X;, KOTOpasi mepecekaercst ¢ M. A 3HAYMT, CHTHAI B 3Ty 4acTh M OPHXOAUT
OT X; OBICTpEE, ueM OT JI000M HECOBIANAIOIIEH ¢ HEM TOUYKU U3 X.
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§ 3. IIpumeps! pemienus 3aaaq

Ha 6a3e anropuTma, npeasioxEHHOTO B § 2, MOJIEPHU3UPOBAH MPOTPAaMMHBIA KOMIUIEKC [45]
IOCTPOEHMSI ONTHUMAJIBHOTO MOKPBHITHS MHOXecTBAa. OH HaXOQUT allpOKCUMAIMI0 MHHHMyMa
¢yukumu (1.2) Ha MHOXKecTBe D.

PaccmoTpum 3agauy o HOCTPOEHUS ONTUMAIBHOIO MOKPBITHS KBaJpara

M = {(z,y): [«| < L[yl < 1} (3.1)
B IMHAMHU4YECKOU cpene ¢ MeTpukoil (1.1), B KOTOpoi CKOPOCTh PaclpOCTPAaHEHMsI CUTHAJIA paBHA
f(t,x,y) = fo+ atz + bty (3.2)

NPU Pa3INYHBIX fj, a, b ¥ pa3HBIX HaYaJbHBIX MOMEHTAX BPEMEHH ty. {151 «KpyroB» B JHHAMUYE-
CKOM METpHUKE CO CKOPOCTBIO pachpoCTpaHeHUsi CUrHaia (3.2) sBIsAIOTCS KpyraMHu B €BKJIHMJIOBOM
merpuke. Ho KoopauHaThel LEHTpa B JMHAMHYECKOH METPUKE M UYEOBIMIEBCKOTO IIEHTPa Kpyra
B OOIIIEM cTydae HEe COBIAAIOT.

[Tpumep 3.1. PaccMorpum 3amady o mokpeituu npu fy = 2.5, a = 0.25, b = 0.125.
MowmeHnTsl Bpemenu t, 6epytcst ot 0 1o 4 ¢ marom 0.4.

1.5 0.74
0.72

0.7
0.5 0.68
0.66
0.64

0.62

Puc. 1. LleHTpHl «KpyroB» ontumasibHOro mo- Puc. 2. Paguycsl «xkpyros)» ONTUMAaJIbHOIO IO-
KpbITUs B IpuMepe 3.1 KpbITHS B ipuMepe 3.1

Touka, COOTBETCTBYIOIAs MOCIEIHEMY MOMEHTY BPEMEHHU, BBIJEICHA (HUOJIETOBBIM I[BETOM.
VYron HakiI0HA MPAMOM, Ha KOTOPOM HAaXOAATCS LEHTPbI, MpuMepHO paBeH —0.5384.

ITpumep 3.2. Paccmorpum 3a1ady o mOKpeiTHH 1ipu fo = 3, a = 1/3, b = 1/9. MomeHTsI
BpeMeHu t, 0epyrtes ot 0 1o 4 ¢ marom 0.4.
Yroin HakJiOHA TPSIMOM, HA KOTOPOM HAXOAATCS LIEHTPhI, puMepHO paBeH —(0.3308.

I[Ipuwmep 3.3. PaccmoTrpum 3amady o nokpsituu npu fo = 3, a = 0.25, b = 0.25. MoMeHTHI
BpeMeHH 1y 6epyTtes ot 0 10 4 ¢ marom 0.4.
Yron HakiIOHa NPSIMOM, Ha KOTOPOM HaXOAATCs LIEHTPBI, IpUMEpHO paBeH —(0.9259.

B nmpumepax 3.1-3.3 BHAHO, YTO C yBEIMYEHHMEM HayaJlbHOTO MOMEHTAa BPEMEHU t(; LIEHTP
«KpyTa» ONTHUMAJIBHOTO MOKPHITHSA B AMHAMHUYECKONH METPUKE BCE JANbIIE OTXOAUT OT YeObIIER-
ckoro neHtpa xkomnakra M. Ilpu 3Tom «paguyc» kpyra Ojco(c, T) YBETHYHBACTCS, YTO CBS3aHO
C YMEHBIIIEHUEM CKOPOCTH PaclpOCTPAHEHHs CUTHAIA IPU YMEHBUICHUH a0CIIMCCHI M OPAMHATHI
cortacHo opmyre (3.2) mpu MOJIOKHUTEIBHBIX @ U b.
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0.58
0.56
0.54
0.52

0.5
0.48;

0.46

Puc. 3. LleHTpBI «KPYrOB» ONTHMAIIBHOIO IO- Py, 4, Pannycel «kpyroB» ONTHUManabHOTO MO-
KPBITHS B TIpuMepe 3.2 KpBITHSA B TipuMepe 3.2

1.5 0.62

0.6
0.58
0.5
0.56
0.54
0.52

0.5

0.48,

0.46

Puc. 5. LleHTpBI «KpyroB» onTuMaibHOro mo- Pue. 6. Paguycsl «xpyros)» ONTUMalbHOIO IO-
KpBITHS B IpuMepe 3.3 KpBITUA B mipumMepe 3.3

[Tpumep 3.4. PaccMorpuM 3aauy o MOKPBITUU Ui MHOXKecTBa (3.1) mpu ckopocTu pac-
IIPOCTPAHEHUs] CUTHAJA B Cpelie

2
t,x,y) = +0.25¢ + 0.25 33
Tz = ooy =12+ 1 3-3)
IIpY Ha4aJIbHOM MOMeHTE BpeMeHH tj = (. Koopaunarsl neHTpa «Kpyra» B JMHAMUYECKOU MET-
puke xo = (—0.1285, —0.0444), ero paauyc R = 1.4514. B npumepe 3.4 dopma «kpyra» B Iu-

HaMHYECKOM MCTPHUKC CYIIECTBEHHO OTINYACTCA OT Kpyra B CBKHHHOBOﬁ MCTPHUKE.

[Tepeiiném k Ooisiee CIOXKHBIM 3aadyaM O HOKPHITMM B JAMHAMUYECKONW MeTpuKe Habopamu
U3 HECKOJIBKUX 3JIEMEHTOB. VX MOCTpoeHHe BBHINOIHSIETCS Ha 0a3ze aJropuTMOB, PEaU3yIOMINX
dbopmyinsl (2.4), (2.5). KoppekTHOCTh UX paboThl OCHOBBIBaeTCs Ha Teopeme 2.1. OHH CTposT
annpokcuManuio maccusa X C D, A KOTOPOro MUHUMAJIBHO 3HaueHue BeauduHsI (1.3).

[Ipumep 3.5. PaccmoTpum 3agady O MOCTPOEHUS ONTHUMAJIBHOIO MOKPBITUS MPSMOYIOJIb-
HUKa
M = {(z,y): [¢] < L5, |y[ < 1} (3.4)
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Puc. 7. [lokpsiTue MHOXecTBa (3.1) B AMHAMUYECKON METPUKE CO CKOPOCTBHIO PACIIPOCTPAHEHHUS
cur"ana (3.3)

IpU CKOPOCTH PAaCHpOCTpaHeHus1 curHaia B cpeze (3.3) HabopoM U3 IBYX «KpYTOB» MpHU Hadallb-
HOM MOMEHTE BpeMeHU ty = 0 u tp = 1.

IMpu ¢y = 0 KoOpaMHATHI HEHTPOB «KpyroB» x; = (—1.130, —0.017) u x5 = (0.253, —0.122),
UX «paauyc» B BapuauuoHHON MeTpuke R = 1.7306. [TokpbiTue moka3zaHo Ha puc. 8.

IIpu ty = 1 KOOpAMHATHI LIEHTPOB «KPyroB» x; = (—1.076, —0.015) u x5 = (0.347, —0.106),
UX «paanyc» B BapuauMoHHON MeTpuke R = 1.3373. [lokpsiTue nokaszaHo Ha puc. 9.

Puc. 8. [ToxpeiTue MmHoxectBa (3.4) B nunamu- Puc. 9. [lokpsiTue MHOXecTBa (3.4) B 1UHAMu-
YECKOM METpUKE CO CKOPOCTBIO paclpoCTpaHe- YECKOH METpHUKE CO CKOPOCThIO pacHpoCTpaHe-
Hus curHaina (3.3) nBymst «kpyramMmm» npu to = 0 Hus cursana (3.3) aAByms «kpyramm» npu to = 1

[Ipumep 3.6. PaccmoTpum 3amady 0 MOCTPOEHUsT ONTHUMAJIBHOIO IMOKPBITHS MPSAMOYIOJIb-
HuKa (3.4) nmpu ckOpocTH pacnpocTpaHeHus curraina B cpezae (3.3) HabopoMm U3 TPEX «KPYTOB»
IIPY HAa4aJIbHOM MOMEHTE BpeMeHH ty = 0 u tp = 1.

Ipu ty = 0 KOOpPAMHATHI LEHTPOB «KPyroB» x; = (—0.874, —0.480), x5 = (0.539, —0.240),
x3 = (—0.761,0.529), ux «paguyc» B BapuaoHHoi metpuke R = 1.4175. TIokpsITHE TTOKa3aHO
Ha puc. 10.
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Ipu ¢ty = 1 xoopauHaThI HEHTPOB «KpyroB» x; = (0.458, —0.101), xo = (—1.373,—-0.012),
x3 = (—0.810, —0.026), ux «paguyc» B BapHannoHHON MeTpuke R = 1.2675. [TokpsiTHe MOKa-
3aHO Ha puc. 11. 3amerum, yto nipu £y = 0 BCe TpU «Kpyray Ojco (xi, R), i = 1,3, umeroT 001Iyto

15

0.5

Puc. 10. [ToxpeiTne Muoxectsa (3.4) B tuHamu-  Puc. 11. [lokpeitre MmHOXkecTBa (3.4) B IMHAMY-
YECKOM METPUKE CO CKOPOCTBIO PACIPOCTPaHE- 4YecKoH METPHKE CO CKOPOCTHIO PacHpocTpaHe-
Hus curHana (3.3) Tpems «kpyramm» pu to = 0 uus curnana (3.3) TpeMs «kpyramm» 1pu to = 1

o6nacts. Ilpu ty = 1 «kpyrm» O (x1, R) u O (x5, R) He nepecekarorcs.

B mpumepax 3.4-3.6 ¢dopma «kpyroB» B ITUHAMHUYECKOM METPHKE CYIIECTBEHHO OTINYACT-
Csl OT Kpyra B €BKJIMJOBOIH MeTpHKe. DTO O0OyCIOBICHO TEM, YTO CpeAa sIBIsETCs cepruuecKu-
CIIOMCTOH, CKOPOCTh PAacIpOCTPaHEHUsS] CUT'Haja B (PMKCHPOBAHHBI MOMEHT BPEMEHHU OIpesens-
eTCsl PacCTOSTHUEM OT TOYKH X = (2, 1). IIpu 3TOM pagnyc «KpyroB» MOKPBITUS C YBEIHMICHHEM
Ha4aJIbHOI'O0 MOMEHTa BPEMEHHM YMEHBIIAETCS, MTOCKOJIBKY C POCTOM ¢ YBEJINYUBAETCS CKOPOCTh
pacnpocTpaHeHus curHana cornacHo ¢opmyne (3.3). «Kpyru» ¢ HeHTpOM B TOYKE X UMEIOT OCh
CHMMETPHH, TIPOXOJISIIYIO Yepe3 TOYKH X M X. B cilyuae X = X «Kpyru» B BAPHAIIMOHHOW METpH-
Ke Oy/lyT U KpyraMu B €BKJIMJOBOM METPHKE, HO UX «paJnychl» He OyayT COBIAAATh C pajuycaMu
B OOBIYHOM MTOHUMaHMU.

§ 4. 3akiarouenne

OCHOBHBIM UTOTOM HCCIIEZIOBAaHUS SBISETCS TO, YTO IMOJyUYEHHBIE paHee pe3yJbTaThl MO Mo-
CTPOEHHIO ONTUMAJIbHBIX NOKPHITHH OTpaHUYEHHBIX MHO)KECTB B HEEBKJIMIOBOM METPHUKE YaCTHY-
HO TIEpEeHEeCeHbl Ha JUHAMHUYECKUi ciydail. PaccMoTpenue momoOHBIX 3aad aKTyalbHO B CBSI3U
C NPUIOKEHUSMHU, TOCKOJIBKY 3a4acTyl0 30HA ACHCTBHUSA pa3iIMYHBIX CEHCOPOB 3aBUCHUT OT IO-
ro/ibl ¥ UHBIX MPUPOAHO-KIMMATHUYECKUX (AaKTOPOB, KOTOpbIE 001afal0T O0JIbIION BapUaTUBHO-
cTbio. [Ipu 3TOM yueT BOZMOKHOCTH U3MEHEHHSI CPE/IbI CO BpEMEHEM NMPUBOIUT K CYIIECTBEHHOMY
YCIIOKHEHUIO TOCTaHOBKH. TeM He MeHee, aBTOpaM yJalloch pa3paboTaTh U peajn30BaTh BBIYHC-
JUTEIBHBIA aITOPUTM JUIS PELICHUs TaHHOH 3a/1aud, 3PEeKTUBHOCTh KOTOPOTO MPOTECTUPOBAHA
Ha MOJIETBHBIX puMepax. OO0CHOBATh CXOIUMOCTh AJITOPUTMA MTOKa HE yAaloch (M He (akT, 4yTo
3TO BOOOIIE BO3MOXKHO), OTHAKO OBUIO IOKA3aHO YTBEPXKIACHHE O €ro CBOMCTBAX.

B kauecTBe NMEpPCHEKTHBHOTIO MPHJIOKEHUS IMOJyUYEHHBIX PE3ylIbTaTOB MOXHO PacCMOTPETH
npo0iaeMy MOJEIUPOBAHUS JABMKCHUS TPYIIHPOBKH IMOJBOAHBIX POOOTOB, IENBI0 KOTOPOIl sB-
JS€TCs CIUIOUIHOM MOHUTOPHMHI J1HA BozjoeMa. IIpu 3Tom panmyc AeMcTBHsS CHUCTEMBI CEHCOPOB
y anmaparoB MOXET OBITh Pa3IMYHBIM M 3aBUCETh OT COCTOSHHS OKPYXKAaOLIeH cpeabl, KOTO-
pasi, B CBOIO 04epe/ib, MOXKET U3MEHSThCS cO BpeMeHeM. [loMiUMOo MpuKiIafHbIX 3a/1a4, BO3MOXXHO
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u CYFY6O MaTeMaTU4YCCKOC PA3BUTHUEC NPOBCACHHBIX I/ICCHG,Z[OBaHI/Iﬁ, B YaCTHOCTH, B HAIIPaBJICHUU
JoKa3arciabCTBa YTBep}KI[eHI/Iﬁ 0 CBOMCTBAaX BBEIYHCIUTEILHBIX AJITOPUTMOB.
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The paper deals with the problem of constructing the thinnest covering for a convex set by a set of similar
elements. As a distance between two points, we use the shortest time it takes to achieve one point from
another, and the boundary of each covering circle is an isochron. Such problems arise in applications,
particularly in sonar and underwater surveillance systems. To solve the problems of covering with such
circles and balls, we previously proposed algorithms based both on variational principles and geometric
methods. The purpose of this article is to construct coverings when the characteristics of the medium
change over time. We propose a computational algorithm based on the theory of wave fronts and prove
the statement about its properties. Illustrative calculations are performed.

Funding. The study of A.A. Lempert was funded by the Ministry of Science and Education of the
Russian Federation in the framework of the basic part, project no. 121041300065-9.

10.

11.

12.

13.

14.

REFERENCES

Toth L. F. Regular figures, London: Pergamon Press, 1964.
Téth L. F. Solid circle-packings and circle-coverings, Studia Scientiarum Mathematicarum Hungar-
ica, 1968, vol. 3, pp. 401-409.

. Heppes A. Covering a planar domain with sets of small diameter, Periodica Mathematica Hungarica,

2006, vol. 53, pp. 157-168. https://doi.org/10.1007/s10998-006-0029-9

Szabo P.G., Specht E. Packing up to 200 equal circles in a square, Models and algorithms for global
optimization, New York: Springer, 2007, pp. 141-156. https://doi.org/10.1007/978-0-387-36721-7_9

Téth G.F. Thinnest covering of a circle by eight, nine, or ten congruent circles, Combinatorial and
Computational Geometry, 2005, vol. 52, pp. 361-376.

. Takhonov I.1. On some problems of covering the plane with circles, Diskretnyi Analiz i Issledovanie

Operatsii, 2014, vol. 21, issue 1, pp. 84-102 (in Russian). http://mi.mathnet.ru/eng/da762

Dorninger D. Thinnest covering of the Euclidean plane with incongruent circles, Analysis and Ge-
ometry in Metric Spaces, 2017, vol. 5, issue 1, pp. 40-46. https://doi.org/10.1515/agms-2017-0002
Specht E. Packomania [Electronic Resources URL: http://www.packomania.com] (visited on
06/10/2022).

. Erich’s Packing Center [Electronic Resources URL: https://erich-friedman.github.io/packing/index.

html] (visited on 06/10/2022).

Conway J. H., Sloane N.J. A. Sphere packings, lattices and groups, New York: Springer, 1988.
https://doi.org/10.1007/978-1-4757-2016-7

Hifi L.M., M’Hallah R. A literature review on circle and sphere packing problems: models and
methodologies, Advances in Operations Research, 2009, vol. 2009, article ID: 150624.
https://doi.org/10.1155/2009/150624

Nurmela K.J. Conjecturally optimal coverings of an equilateral triangle with up to 36 equal circles,
Experimental Mathematics, 2000, vol. 9, issue 2, pp. 241-250.
https://doi.org/10.1080/10586458.2000.10504649

Galiev S.I., Lisafina M.S. Linear models for the approximate solution of the problem of packing
equal circles into a given domain, Furopean Journal of Operation Research, 2013, vol. 230, issue 3,
pp- 505-514. https://doi.org/10.1016/j.ejor.2013.04.050

Litvinchev 1., Ozuna L. Integer programming formulations for approximate packing circles in a
rectangular container, Mathematical Problems in Engineering, 2014, vol. 2014, article ID: 317697.
https://doi.org/10.1155/2014/317697

69



15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

Stoyan Y.G., Patsuk V.M. Covering a compact polygonal set by identical circles, Computational
Optimization and Applications, 2010, vol. 46, issue 1, pp. 75-92.
https://doi.org/10.1007/s10589-008-9191-8

Banhelyi B., Palatinus E., Lévai B.L. Optimal circle covering problems and their applications,
Central European Journal of Operations Research, 2015, vol. 23, issue 4, pp. 815-832.
https://doi.org/10.1007/s10100-014-0362-7

Pardo E.G., Mladenovi¢ N., Pantrigo J.J., Duarte A. Variable formulation search for the cutwidth
minimization problem, Applied Soft Computing, 2013, vol. 13, issue 5, pp. 2242-2252.
https://doi.org/10.1016/j.as0¢.2013.01.016

Lépez C.O., Beasley J.E. A heuristic for the circle packing problem with a variety of containers,
European Journal of Operational Research, 2011, vol. 214, issue 3, pp. 512-525.
https://doi.org/10.1016/j.ejor.2011.04.024

Lopez C.O., Beasley J. E. Packing a fixed number of identical circles in a circular container with
circular prohibited areas, Optimization Letters, 2019, vol. 13, issue 7, pp. 1449-1468.
https://doi.org/10.1007/s11590-018-1351-x

Huang W., Ye T. Greedy vacancy search algorithm for packing equal circles in a square, Operations
Research Letters, 2010, vol. 38, issue 5, pp. 378-382. https://doi.org/10.1016/j.0r1.2010.07.004
Graham R.L., Lubachevsky B.D., Nurmela K.J., Ostergird P.R.J. Dense packings of congruent
circles in a circle, Discrete Mathematics, 1998, vol. 181, issues 1-3, pp. 139-154.
https://doi.org/10.1016/S0012-365X(97)00050-2

Lubachevsky B.D. How to simulate billiards and similar systems, Journal of Computational Physics,
1991, vol. 94, issue 2, pp. 255-283. https://doi.org/10.1016/0021-9991(91)90222-7

Torres—Escobar R., Marmolejo—Saucedo J. A., Litvinchev I. Binary monkey algorithm for approx-
imate packing non-congruent circles in a rectangular container, Wireless Networks, 2020, vol. 26,
issue 7, pp. 4743-4752. https://doi.org/10.1007/S11276-018-1869-Y

Makagonov E. P. Effective coating of space by coordination spheres — the basic principle of structure
and constitution of minerals, Mineralogiya, 2015, no. 4, pp. 3-18 (in Russian).
https://www.elibrary.ru/item.asp?id=25012694

Galiev Sh.I., Karpova M.A. Optimization of multiple covering of a bounded set with circles,
Computational Mathematics and Mathematical Physics, 2010, vol. 50, issue 4, pp. 721-732.
https://doi.org/10.1134/S0965542510040135

Kazakov A.L., Lempert A. A. On mathematical models for optimization problem of logistics infras-
tructure, International Journal of Artificial Intelligence, 2015, vol. 13, no. 1, pp. 200-210.
http://www.ceser.in/ceserp/index.php/ijai/article/view/3537

Erzin A., Lagutkina N., loramishvili N. Barrier covering in 2d using mobile sensors with circular
coverage areas, Learning and intelligent optimization, Cham: Springer, 2020, pp. 342-354.
https://doi.org/10.1007/978-3-030-38629-0 28

Han C., Sun L., Xiao F., Guo J. An energy efficiency node scheduling model for spatial-temporal
coverage optimization in 3d directional sensor networks, /[EEE Access, 2016, vol. 4, pp. 4408-4419.
https://doi.org/10.1109/ACCESS.2016.2592184

Arun D., Pais A.R. Optimal placement of sensor nodes for water quality measurement, 2015 Twelfth
International Conference on Wireless and Optical Communications Networks (WOCN), 1EEE, 2015.
https://doi.org/10.1109/WOCN.2015.8064508

Pechenkin V. V., Korolev M.S. Optimal placement of surveillance devices in a three-dimensional
environment for blind zone minimization, Computer Optics, 2017, vol. 41, no. 2, pp. 245-253
(in Russian). https://doi.org/10.18287/2412-6179-2017-41-2-245-253

Jun S., Chang T.-W., Jeong H., Lee S. Camera placement in smart cities for maximizing weighted
coverage with budget limit, [EEE Sensors Journal, 2017, vol. 17, issue 23, pp. 7694-7703.
https://doi.org/10.1109/jsen.2017.2723481

Wu H., Zhu H., Han X. An improved k-angle coverage algorithm for multimedia wireless sensor
networks based on two-layer tabu search, Peer-to-Peer Networking and Applications, 2021, vol. 15,
issue 1, pp. 28-44. https://doi.org/10.1007/s12083-021-01188-1

Kazakov A.L., Lempert A.A. An approach to optimization in transport logistics, Automation and

70



Remote Control, 2011, vol. 72, issue 7, pp. 1398-1404. https://doi.org/10.1134/S0005117911070071

34. Keller J. B., Papadakis J.S. Wave propagation and underwater acoustics, Berlin: Springer, 1977.
https://doi.org/10.1007/3-540-08527-0

35. Orlando D., Ehlers F. Advances in multistatic sonar, Sonar systems, London: IntechOpen, 2011.
https://doi.org/10.5772/17356

36. Fishchenko V.K., Zimin P.S., Zatserkovnyi A.V., Goncharova A.A., Subote A.E., Golik A.V.
Stationary underwater video observation systems: opportunities for Peter the Great Bay (the Sea of
Japan) coastal zone biodiversity state monitoring, Vestnik of the Far East Branch of the Russian
Academy of Sciences, 2018, issue 1, pp. 149-160 (in Russian).
http://www.vestnikdvo.ru/index.php/vestnikdvo/article/view/30

37. Kazakov A.L., Lempert A.A., Nguyen H.L. Algorithm for the equal circles optimal covering
problem for non-convex polygons with non-Euclidean metric, Proceedings of Irkutsk State Technical
University, 2016, no. 5 (112), pp. 45-55 (in Russian).
https://doi.org/10.21285/1814-3520-2016-5-45-55

38. Lempert A.A., Le Q.M. Multiple covering of a closed set on a plane with non-Euclidean metrics,
IFAC-PapersOnLine, 2018, vol. 51, no. 32, pp. 850-854. https://doi.org/10.1016/j.ifacol.2018.11.439

39. Lempert A. A., Kazakov A.L., Le Q.M. On reserve and double covering problems for the sets with
non-Euclidean metrics, Yugoslav Journal of Operations Research, 2019, vol. 29, issue 1, pp. 69-79.
https://doi.org/10.2298/yjor1 711120101

40. Kazakov A.L., Lempert A.A., Ta T.T. The sphere packing problem into bounded containers in
three-dimension non-Euclidean space, /FAC-PapersOnLine, 2018, vol. 51, issue 32, pp. 782-787.
https://doi.org/10.1016/j.ifacol.2018.11.450

41. Lebedev P.D., Kazakov A.L. Construction of optimal covers by disks of different radii for convex
planar sets, Trudy Instituta Matematiki i Mekhaniki UrO RAN, 2019, vol. 25, no. 2, pp. 137-148
(in Russian). https://doi.org/10.21538/0134-4889-2019-25-2-137-148

42. Lebedev P.D. Iterative methods for approximations constructing of optimal covering for noncon-
vex plane sets, Chelyabinsk Physical and Mathematical Journal, 2019, vol. 4, issue 1, pp. 5-17
(in Russian). https://doi.org/10.24411/2500-0101-2019-14101

43. Preparata F.P., Shamos M. 1. Computational geometry: An introduction, New York: Springer, 1985.
https://doi.org/10.1007/978-1-4612-1098-6

44. Kazakov A.L., Lebedev P.D. Algorithms for constructing optimal n-networks in metric spaces,
Automation and Remote Control, 2017, vol. 78, issue 7, pp. 1290—1301.
https://doi.org/10.1134/S0005117917070104

45. Lebedev P.D. Program for calculating the optimal hemisphere coverage by a set of spherical
segments, Registered Rospatent Certificate No. 2015661543 dated 10.29.2015.

Received 18.07.2022
Accepted 20.08.2022

Pavel Dmitrievich Lebedev, Candidate of Physics and Mathematics, Senior Researcher, N. N. Krasovskii
Institute of Mathematics and Mechanics, Ural Branch of Russian Academy of Sciences, ul. S. Ko-
valevskoi, 16, Yekaterinburg, 620108, Russia.

ORCID: https://orcid.org/0000-0002-1693-3476

E-mail: pleb@yandex.ru

Anna Anan’evna Lempert, Candidate of Physics and Mathematics, Leading Researcher, Matrosov Institute
for System Dynamics and Control Theory, Siberian Branch of Russian Academy of Sciences, ul. Lermon-
tova, 134, Irkutsk, 664033, Russia.

ORCID: https://orcid.org/0000-0001-9562-7903

E-mail: lempert@icc.ru

Aleksandr Leonidovich Kazakov, Doctor of Physics and Mathematics, Professor, Chief Researcher, Ma-
trosov Institute for System Dynamics and Control Theory, Siberian Branch of Russian Academy of
Sciences, ul. Lermontova, 134, Irkutsk, 664033, Russia.

71



ORCID: https://orcid.org/0000-0002-3047-1650
E-mail: kazakov@icc.ru

Citation: P.D. Lebedev, A.A. Lempert, A.L. Kazakov. Algorithms of optimal covering of 2D sets
with dynamical metrics, Izvestiya Instituta Matematiki i Informatiki Udmurtskogo Gosudarstvennogo
Universiteta, 2022, vol. 60, pp. 58-72.

72



