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Introduction

When integrating nonlinear evolutionary equations of mathematical physics, the main and
difficult problem is to obtain exact solutions to nonlinear equations, including nonlinear wave,
soliton, etc. Over the past few decades, many efficient methods have been developed to find such
solutions for many integrable equations, such as the Korteweg—de Vries (KdV) equation and its
various generalizations, various types of nonlinear Schrodinger equations, etc.

One of such integrable nonlinear equations is the following modified Korteweg—de Vries
(mKdV) equation [1]:

Uy £ 6uty + Uggy = 0.

This equation can be applied in many areas, such as the propagation of ultrashort solitons with
a small number of optical cycles in nonlinear media [2, 3], anharmonic lattices [4], Alfven
waves [5], ion-acoustic solitons [6-8], lines transmission through the Schottky barrier [9], thin
oceanic jets [10, 11], internal waves [12, 13], thermal impulses in solids [14], etc. To calculate
the exact solutions of the mKdV equation, many methods have been created, for example, the
bilinear approach of Hirota [15], the Wronskian technique [16-18] can be mentioned. There are
also a lot of results about the mKdV equation [19-25] due to its simple expression and rich phys-
ical application. In recent works by Vanneeva [26], one can find exact solutions of the mKdV
equation with variable coefficients

Uy + Uty — () Uggr + h(t)u = 0.

In this paper, we consider the following system of equations

ug + p(t) (6u Uy + Uggs) + q(t Z e (t) (frigr1 — fr2gnz), ©.1)
. 4 —u(x,t) : .
where L(t) =1 uc(l?c 0 d and p(t), q(t), ax(t) (k = 1,2N), are given continuously
—u(z, —d

differentiable functions.
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The system of equations (0.1) is considered under the initial condition
u(z,0) = up(x), z€R, (0.2)
where the initial function u(x) (—oo < x < 00) has the following properties:

1)

/ (1 + |])|uo(z)] da < oo (0.3)
4 —up(x) : .
2) the operator L(0) =i udx(x) d ) has exactly 2V simple eigenvalues &;(0), &2(0),
—ug —4
- &an(0).
In the problem under consideration, f; = ( fr1, ka)T is the eigenfunction of the opera-

tor L(t) corresponding to the eigenvalue &, and g, = (gkl, ng)T is the solution of the equation
Lgk = fkgk: for which

WA fe, 9} = frrgrz — frogim = wi(t) # 0, k=1,2N,

where wy(t) are the initially given continuous functions of ¢, satisfying the conditions

wn(t) = —wi(t) in &, = =&, Re {/0 w(7) dT} > —Im {&,(0)}, k=1,N, (0.4)

for all non-negative values of ¢. For definiteness, we assume that in the sum in the right-hand
side of (0.1), the terms with Im &, > 0, k = 1, N, come first.

Let us assume that the function u(x,t) has the required smoothness and rather quickly tends
to its limits at x — +o0, 1. €.,

+00 3 ak t
/ ((1 + |z|) |u(z, t)| + ; %) der < oo, k=1,2,3. (0.5)

oo

The main purpose of this work is to obtain representations for the solution u(z,t), fi(x,t),
gr(x,t), k =1,2N, of problem (0.1)~(0.5) in the framework of the inverse scattering method for
the operator L(t).

§ 1. Preliminaries

Consider the following system of Dirac equations

{vm +i&vy = uo(x)vy, (1.1)

gy — 1§V = —ug()v1,
on the entire axis (—oo < x < 00), with the potential uq(x) satisfying the condition (0.3).
It can be seen that using operator L(0) and the vector function v = (11, 1), the system (1.1)

can be rewritten as

Lv = ¢&v. (1.2)
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The system of equations (1.1) has Jost solutions with the following asymptotics

o(x, &) ~ (é) e
Imé =0,

Blr.€) ~ (_01) e

w9~ (1) e
@@@%wcgei@

For real &, pairs of vector functions {ap, ") } and {@/}, QZ } are pairs of linearly independent solutions
to the system of equations (1.1). Therefore, the following relations take place

{¢:M8@+M®M - {wz—moa+w©%
P =—al&)y + b)Y, v =a(&)e + ()P,
where a(€) = W{p, ¥}, b(€) = W{1, p}. The following equalities are true

a©)P + O =1, a(§) =a(=¢), b&) = b(—¢).
The coefficients a(£) and b(€) are continuous for Im & = 0 and satisfy the asymptotic equalities:

a(€) =1+0(7"), b(&) =07, [€] — 0.
The function ¢(z, £) can be represented as follows (see [27, p. 33])

T — —00;

(1.3)

Imé =0, x— oo

(1.4)

W(x, &) = ((1)) e +/ K(z,5)e™* ds, (1.5)
Ki(z,s) :
where K(z,s) = Ko(,5) ) In representation (1.5), the kernel K(x, s) does not depend on ¢
2\ 4y
and the equality
u(z) = —2K,(z,x) (1.6)

holds. The function a(§) (a(€)) continues analytically to the upper (lower) half-plane and has a
finite number of zeros & (&) there, where & (&) is an eigenvalue of the operator L(0), so that
the following equality is true

o(2,6) = Cr(2, &) (P2, &) = Crb(2,&)), k=1,2,...,N.

Definition 1.1. The set of values {ﬁ(g) = %, e, Cr, K=1,2,.. .,N} is called the
scattering data for the operator L(0).

The components of the kernel K(x,y) in representation (1.5) for y > x are solutions to the
Gelfand-Levitan-Marchenko system of integral equations

Ky(z,y) +/ Ki(z,s)F(s+y)ds =0,

—Ki(z,y)+ F(z +y) + /OO Ks(z,s)F(s+y)ds =0,
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where
1 o0
— ng Z&j
) =52 i3

Note that the following vector functions

i (v = Cov) ‘£=5n

h,(x) = - , n=1,N, (1.7)
) (e
are solutions to the equations L(0)h,, = &,h,. Therefore, the following formula is valid:
Bn _
hn(x) = i ) o(x, &) +Ingn, n=1N.

In addition, the functions A, (z) have the following asymptotics,

h, ~—=C, ((1)) et x5 —o0; h,, ~ (é) e T 0. (1.8)

According to (1.8), we get the following equality

W{QOn, hn} = gonlhn2 - §0n2hn1 = _Cn7 n = 1, N.

The following lemmas are true.

Lemma 1.1. If Y(z,§) = <§1g’8) is a solution of equation (1.2), then Y (z,€) =
ACS)

= (_y;fa’__gg)) satisfies the equation Lv = —&v.

. y1($7£)> <21($>77)) ;
Lemma 1.2. If vector functions ¥ = and Z = are solutions o
f f <y2($7£) 22(1‘777) f
equations LY =&Y and LZ = nZ, then their components satisfy the equalities

d )
%(ylzl +1222) = —i(E + 1) (1121 — Y222),

d )
%(ylzz —yo21) = —i(§ — 1) (Y122 + Y221).

The validity of both lemmas is proved by a direct verification.
The following theorem is true.

Theorem 1.1 (see [28, §6.2, p. 353]). The scattering data of the operator L uniquely
determine L.

§ 2. Evolution of scattering data

Let potential u(z,t) in the system of equations LY = Y be a solution to the equation

w4 p(t) (Upn + 6uu,) = G(,1), (2.1)

2N
where G(z,t) = —q(t)uz(z,t) + > ar(t) (fr1gr1 — fr2gr2). The operator

k=1
B —44€3 + 243 4u€? + 2iuE — 2u3 — Uy
A=pt) ( —4ug? + 2iu é + 2uP + Uy, 4i€3 — 2u2¢ (2:2)
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satisfies the following Lax relation

Therefore, equation (2.1) can be rewritten as
L+ [L,A] =R, (2.4)

0

where R = (—G

_g) Differentiating the equality

Ly =&y
with respect to ¢, we obtain
Lip + Loy = €,
which, according to (2.4), can be rewritten in the form

(L = &)(pr — Ap) = —iRep.
Using the method of variation of constants, we can write
pr — Ap = B(2)p + D(x)e. (2.5)
Then, to determine B(z) and D(z), we obtain
MB,p+ MD,p = —Rep, (2.6)

where M = (1] _?) To solve equation (2.6), it is convenient to introduce the following

(5

following equalities are valid:

notation ¢ = (52) , QZ = (wz)' According to (2.3) and the definition of the Wronskian, the
1

VM =-5"Mp=a, "My =5"Mp=0.
Multiplying (2.6) by @7 and ¢/” we obtain

~T 0T
R
-2t o Yl 2.7)
a a

According to (2.2), as x — —o0, we have

on— Ap— ( uew % ) ((1)) e _ (4¢52p(t>) —

therefore, based on (2.5), we obtain
D(x) — 4i€*p(t), B(z) =0, z— —oo.
Hence, from (2.7) we can determine

1 x . 1 T
D(z) = —a/ VI Rpdr + 4i€3p(t), B(z) = 5/ o' Ry dux.
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Thus, equality (2.5) has the following form:
o — Ap = <2 /:O ST Ry dx)w + <—% /_; VT Rodx + 4i§3p(t)) ©. (2.8)
According to (1.4), equality (2.8) can be rewritten in the following form
ayh + by — A<a$+ bw) = G /_OO 'Ry d:c)w + (—% /_OO VTR dx + 4i£3p(t)) (at) + bz/z) .
Passing in the last equality to the limit as x — +o00 and taking into account (2.2), we obtain
- [ roa,
= é /OO ? Ry dr — g /OO T Ry dx + 8i€>p(t)b.
Therefore, at Im £ = 0 we have

d +

gt = 8ie3p(t)r — / (2 + ¢3) da. (2.9)
()01(1‘75)
()02(1‘75)

tions (1.1), then its components satisfy the following equality

Lemma 2.1. If vector-function ¢ = ( ) is a solution to the system of equa-

/Oo G (] + ¢3) dr = —2ia(¢ Z ) 1 §q(t)a(§)b(E). (2.10)

Proof Letthe potential u(x,t) in the system of equations (0.1) be a solution to the equation
uy + p(t) (6U Uy + Upeyr) = G(1, 1),

where G rather quickly tends to zero at ©x — 4o0.
According to Lemma 1.1 and the first of the conditions (0.4), the right-hand side in the
equation (0.1) can be rewritten in the form

Z ar(t) (frrgr — fragrz) = 2 Z ar(t) (fragr — fragrz)-

Im £k>0
According to Lemma 1.2, we have the following equality

ar()(frrgr — fragra) (03 + 03) =
= o (t) gt + ar(t) fragrips — ar(t) fragropt — a(t) frogrops =

— %2(75) [(frrpr — fropa)(graer + grows) + (frapr + Frawa) (Gr11 — Gra2)] +
+ akQ(t) [(frapz = frap) (grapr + grape) = (frape + frao1) (Grapr — gaea)] =
- % L (fugr + frapa) (s + giapa)] +

%(t)gk) y [(p1.fk2 — 02fi1) (P1982 — P2911)] -
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The following asymptotics are valid: for x — —oo,
1 , be~i€®
Y 7Z£x ~Y .
(e o (52
0 e (2.11)
~ €T ~ —ilpx
o (O ir, om L (1)

ae” % 0\ icx
0\ '
e

Integrating the last equation from —oo to +o0, and then using the asymptotics (2.11), (2.12), we
obtain the following equalities:

% /_OO % [(feror + fraw2) (g1 + grae)] da =

- ag(t) 1m i(E+E)R ch_(t)a o—iE+EIR | — a(§)b(&)wr(t) (1)

T 24(E+ &) B Am Cib(g)e’ < ¢, ) 2(€+&)
22((?@)&) / i [(<P1fk2 @2 f11) (P19r2 — P2g11)] d =

o) e (MO e oon) _ oMo

= 3 - &) A (O (G )= e

The following integral is calculated in the same way:

and, for z — 400,

—/ q(t)u, (o] + ¢3) dz = —Q(t)/ (o7 + ¢3) du =
= —q(t) u(ei +¢3) |7 +q(t) / u(p} + ¢3) do = 2q(t) / (wp1] + upaph) do =

= QQ(t)/ [(—h + i€p2) @) + (0} + 1)y da =

= QQ(t)/ [ + €02 + P + i€ prpy] da = 2i§q(t)/ (P15 do =
R
= 2i€q(t) lim (p1p2)| = 2i€q(1)a(€)b(E).
—00 R
Consequently, we obtain the equality (2.10)
|G+ ) da = —2igate Z L gigq(t)a(e)pie). =
According to equalities (2.9) and (2.10), we have the following equation:
dr* 3 +
—r = |8 +2£§j D i)+ (me=0)
Differentiating the equality ¢,, = C,1,, with respect to ¢, we get the following relation
0 0 d¢, dC, 0 0 g,
O e, B T O O T
blee, 08 le—g, dt t Ele=c. Clee,
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which, according to (1.7), can be rewritten in the form

dy, dC, o,

g
ot d ot h

nﬁa

— a(&n) (2.13)
don Oy
T

Similarly to the case of a continuous spectrum, taking into account (2.7), in the case of a
discrete spectrum, we obtain the following equality:

where

Dy [ 1 [* = :
" Ap, = [ —— o dx | h — hY Ry, dx + 4i&3p(t) ) o, 2.14
BT ©n ( c /w%an x) "+<Cn /OO n Bepn dw + 4i&p( ))so, (2.14)

where ?z; = (hm) . According to (2.13), the last equality can be rewritten in the following form:

Py
oC,, M.\ A& _
T 1 T

Passing in this equality to the limit as * — +o0, taking into account (1.8) and (2.2), we obtain
the following equalities:

g, [ Ol Rpy, dx
a — Cha)

d o~
dc;" = (8z'§£’:p(t> + / hy, Riy dx) o

Thus, we have the following identities

dC, : >
oo (2.15)
&, — J oo Gl +0hy) da
dt Crna(&n)
It remains to note that, according to the identity
2 [T
a(gn) = _C_i . Pn1¥Pn2 d!L‘,
the last equality can be rewritten as
d OGP+ ) dx
dg, _ 2o Glom + eno) do 2.16)

dt B 2 fj;o Pn1¥n2 dx
. ©n (7, fn)) (wm (z, fn))
Lemma 2.2. If the vector-functions ¢, (x,&,) = , Up(x, &) =
4 funcions n(o,60) = (70 &) o) = ([ )
and h,(x,&,) = <Z"1 Ei’ gng) are the solutions of the equation Lv = &, v, then their components

satisfy the equalities

/00 G (hpy Uny + By n, ) dx = o, (t) B () wn () + 2i€,q(t), (2.17)
/ TG + @) da = 2 (t)an(t) / ipna . 2.18)

144



Proof. Firstly, to prove the lemma, we write the following equality:

+o0 +oo

G(hny ¥y + hpytn,) do = —q(2) / Ug (2, 8) (Pny Yy + Py tny) dv +

—00 —00

. " (2.19)
+ 2 Z Oék(t) / (fklgkl - fk29k2)<hn11/}n1 + hnzwn2> dﬂ?
k=1 o

At & # &, according to Lemma 1.2, we have

ar(frigrr — fragk2) (Pni¥nt + Pnotn2) = o feigeihain + i fr1griPna¥ne —

d
— o fragr2hn1¥n1 — Qi frograhinotng = ﬁ% (Rt fr1 + oo fr2) (Vn1grr + Ynogin) ] +
+ Li [(hmfm — P2 fr1) (Vn1gr2 — Q/szgm)}-

QZ(fn - gk) dx

Let’s integrate the above equality over x from —oo to +oc:

- /Oo ddx (Rt fr1 + T fro) (Vn1Gi1 + Ynagra)| d +

—2i(6+8) J-
22.(2‘:7(_75)&6) /OO % (P frz = n2 f1) (Yn1 gk2 — Ynagia)] dac =
) #(2&9) I%gn (A fior + P fro) (Y1911 + Yo gio)] }ia +
a(t)

+ W [(ho fra — hn2fr1) (Vn1Gk2 + Unagin)] ‘

2i(&n — k) Fros

_ ) [C pil—enre)r () ie,—e)r _ O, ¢ilen—) )R _ie.—en)r } —0
2i(&n — &) Roo k Cr

Therefore, for &, # £, we have

a(t) /OO (fergrr — fragr2) (hn1¥n1 + hnatbne) do = 0.

If & = &, then

n(t) d
thét> % [(hnlgnl + hn2gn2)<fn1wn1 + fn2wn2)] —

[(wnlan - anfnl)(hnlgnQ + hn2.gn1) + (wnlan + ¢n2fn1)(hnlgn2 - thin)] -

210 Bul) o+ ﬁn(ﬂgn?)g"l] B

afg) o T Ol )g’“) 2 <a<sn>
B, (t)
a(&n)”

nwnlan

Qn (t)<fn1gn1 - fn2gn2> (hfnﬂ/}nl + h’n2¢n2) = —
(1)
2

— ot (
an()wn(t). (2.20)

Let us integrate equality (2.20) with respect to x:

Oén(t) /°° (fnlgnl - fn29n2)(hn1?/)n1 + hn2¢n2) dr = —g&(t; an(t)wn(t) /°° CrnYn1n2 dx =

B&(n; (C)Jtn(t) /OO Pr1pnz dT = —7 an( )Bn()wy (t).  (2.21)
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Let us calculate the following integral using equality (1.1) and asymptotics (1.3), (1.8):

() / e (st + hrngtiny) dz = —q(2) / (st + Pyt i =
= g(8) ulhagtny + Byt + a(t) / Tl o+ by, d+

e / Wk by + by, ) i =

—00

= q(t) / (=4, + i&athny)hny, + (=hiy, + i&nhny )V, ) da +

[e o]

T q(t) / (W (0 i€tbun) (W, i6ahay)) d =

[e.e]

= i&,q(t) / ((hmwnz), + (hnzwm),) dx = i§,q(t) (hny¥n, + hnzwm)ﬁooo =

Cie_’f"x)> = 2i&,q(t).

n

= igug(t) (78 5 — (=it

Using the last equality and equalities (2.21), we obtain identity (2.17). Now, we derive the
equality (2.18). At & # &,, according to Lemma 1.2, we have

v (t) /OO (frrgr — fragro) (P2 + o) da =

[e.e]

> d
- #@l&) /Oo dr [(fr1pn1 + nafro) (Pragr1 + Pnagna)] da +

+ 2“2[:7% /Z % [(fk%ﬁm — Pn2fr1) (Pn1gr2 — s0n29n1)] dx =

= 2@.@37% Blglolo [(fm@m + On2fr2) (Pn1gr + 90n29n2>rjR] +
R
,JIO

+ 2“2)[:7% }%1_{20 [(fk%onl — ©n2f11) (Pn1gk2 — Pn2gr1)

If & = &,, then

an(t)/ (fnlgnl - fn29n2)(<,0i1 + QO?LQ) dr =

oo

= fZEZ /Z % [(frrpn1 + Pn2f2) (Pn1gn1 + Pn2gn2)] dz —
- an;t) /Z [(fn1Pn2 = @1 fn2) (Pn1Gna + Pnagn1)] do —
- oan(t) /Z [(fr2pm1 + P2 fu1) (Pn1Gna — Pnagm)] do =
=20 [ sl farg = frasn) s = —n®an) [ purpradr
So, we got this equality
nlt) [ (Fuigos = Fia92)(Ph1 + o) do = —on(nl®) [ puipade. 222)
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In a similar way, it can be shown that

400
| a0, + a0, (2.23)

e}

Using equalities (2.22) and (2.23), we obtain

/ Gwa+¢;Mx:—mam%m/‘¢m%ﬂm 0

(e} —00

Substituting equality (2.17) into the right side of equality (2.15), we obtain the following
expression:

dC, : . . —
= [SI€3(0) + i (DB (Den(t) — 206aa(V]Ca,  n=T N,
According to equalities (2.16) and (2.18), we can calculate the evolution of the eigenvalue
&, .
% =t (t)wn(t), n=1,N.

Thus, we have proved the following theorem.

Theorem 2.1. If the functions u(x,t), fi(z,t), ge(z,t), kK = 1, N, are a solution to the
problem (0.1)~(0.5), then the scattering data of the operator L(t) with the potential u(x,t) satisfy
the following differential equations

% =ian(t)wn(t), n=1,N,
N
% = l8 i&p(t) + 22’{2 % — 2i¢q(t) [t (Imé = 0),
k=1 k
d;n = [Bi&p(t) + i, (1) B (t)wn(t) — 2i&,q(t)] Cy, n=T,N.

The obtained equalities completely determine the evolution of the scattering data, which makes
it possible to apply the inverse scattering method to solve problem (0.1)—(0.5).

Example 2.1. Consider the following Cauchy problem

27(6u* Uy + Upye) (B=3i(t*+t)*)u,
(T 1)@B 132 +38 T e nEe ey o0 DU = fege),
L(t)fi =& f1, L(t)g1 = &1,

u(r,0) = ———, wi(t) = firg12 — fizg1 = t.

Uy

It is easy to find the scattering data for the operator L(0):
i

{rro =0, a0 =35 aw©=i}

According to Theorem 2.1, the evolution of scattering data is as follows
&) =iy(t), rT(t)=0, Cyi(t)=ie"®,

where
Yt)=5+=+2 p(t) =21In(t + 1).



Applying the inverse problem method, we obtain the following relations
6(215 + 3% + 3)2(t + 1)%e G+ +e
(263 + 342 + 6) (416 + 1265 + 94 + 1263 + 1812 + 9 + 9(t + 1 )4~ (+22+5102)
(3613 + 5412 + 54)(t + 1)%e~ G+ +2)a
(263 4 32 + 6) (416 + 1265 4 94 + 1263 4 1862 + 9 + 9(t + 1)de~ G+22+5602)
g1 (z,t) = testlo Alsit)ds /x o(s, t)e’S*IOS A dz g
0

fu(x,t) =

fra(,t) = €72 —

83 (1) — 2y (t)(t + 1)*e 207 L 4y2()en M 4 (¢ 4 1)le 2O
g12(z, t) = : .
8v2(t)(t + 1)
X t6%+f01 A(s,t) ds/ O'(S,t)e_g_fos A(z,t)dz ds +
0

L 120 + DEE) + (¢ + 1m0

892(8) (¢ + 12 (PO
w(,t) = —A2()(t + 1)
’ (272(t) — 0.5)e2®z + (t +1)2ch(2y(¢)x — 2In(t + 1))
where
6% + 9t%) (¢ +1)% — (263 + 2 + 2) (263 + 312 + 22507420420
Az, t) = 3
’ (213 + 312 + 2)2e(GPH22427 4 (¢ 4 1)2 ’
(2, 1) —e3 (203 + 32 + 6) ((26° + 312 + 3)2 + 9(t + 1)te-(GH+27+2)r)
g\, = .

3(213 4 3t2 + 3)2 + 54(t + 1)te (P +22+2)e
§ 3. Loaded mKdV equation with source

Consider the following equation:

up + P(u(xo, 1)) (60U + Upee) + Q(u(xy, Z By (u(za,1))(fr1grr — fragre), (3.1)

where P(y), Q(z) and By(s), k = 1,2N, are polynomials in y, z and s, respectively. The
equation (3.1) is not a particular case of the equation (0.1), because the coefficients in the equa-
tion (3.1) depend on the value of the solution on a manifold of lower dimension. Such equations
are called loaded equations.

In the work [29], Nakhushev gave the most general definition of loaded equations and gave a
detailed classification of various types of loaded equations. Among the works devoted to loaded
equations, the works [30-38] should be singled out.

If in the problem (0.1)—(0.5) instead of the equation (0.1) we consider the equation (3.1), then
the following theorem holds.

Theorem 3.1. If functions u(zx,t), fe(z,t), gp(z,t), k = 1, N, are a solution to the prob-
lem (3.1), (0.2)~(0.5), in the class of functions (0.5), then the scattering data of the operator L(t)
with potential u(z,t) change according to t as follows

dj; By (u(ze, ))won(),  n=T.N,
LA PR T +2%§:Bk w2 Dll) _gieuia, )]t (mé=0),
dt &2 fk
iC

== = [BIGP(u(xo, 1)) + iBn(u(2, 1)) Bu()wn(t) — 216 Qu(w1, )] C, n=T,N.
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Example 3.1. Consider the following Cauchy problem

Uy + 6U Uy + Uy + a(t)u(l, t)u, = 2p(t)u(0,t)(f11911 — fizg12),
Lfi =&fi, Lgi =&,

U(fEaO) =T wl(t) = fugi2 — fi2n1 = t,

where

(t+1)% ((3t* 4 8t + 61> + 6)%e 1" 4 36€'™)

Pt = —2(3t" + 813 + 612 + 6)2 ’

(10 _ 873(15) + i(t2 + t)z) (472(t)6—10t+2fy(t) + 6101&—27(1&))

~163(1) ’
o2 21

’y(t):Z—F?—f‘E—Fi.

As in Example 2.1, the scattering data of the operator L(0) have the form:

1 .
{rro =0 aO =3 =i}
According to Theorem 3.1, we have

E(t) =iy(t), rT({t)=0, Cyt)=ieD,

a(t) =

where
wu(t) = 8/0 V(1) dT + i/o Tp(T)u(0, 7w (7) dT + 2/0 y(T)a(r)u(l, ) dT. (3.2)

Consequently, F(z,t) = e Y®2+1)  Solving the system of integral equations of Gelfand-
Levitan—-Marchenko, one can obtain

472(75)6#(15)*7(15)(%9)
Kl(fE, y) - 4,}/2(75) + 62M(t)—4’Y(t)$ ’

Using the last equality and formula (1.6), we obtain the following:
—472(t)
(292(t) — 3)e7 OO 4 ch(2y(t)z — p(t))’

If we set x+ = 0 and x = 1 in the last equality, then taking into account (3.2), we have the
following problem

{M/(t) = 893(t) — 16itp(D)y> (Hwi (et ™ 1673 (B)a(t)e2r 1)
1(0) = 0.

e?u(t)+4,y2(t) eQ;L(t)+4,y2(t)e4'y(t) I
Solution of this problem has the form p(t) = 10t. As a result, the solution of the considered
problem is expressed as follows:

u(z, t) =

wlo,t) = —47*(t)
T 20 — e O (2 (e — 10
8’)/2 (t)e—(Q'y(t)-l—O.EJ)x-‘rlOt
1) =
fll(xv ) (2,}/@)+1)(472(t>+€f47(t)m+20t)’
. 4,}/(t>€—4v(t)$—0.5x+20t
fia(z,t) =e"2 —

(29(t) + 1)(492(t) + e~ +rWa+20t)
911(1’, t) = te%+f0w A / 0(87 t)efgffos A(z,t) dz dS7
0
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8~ 3(1;)627(25)3371015 27(t>€f27(t)m+10t 44 2(t>€27(t)3:710t o= 2v(B)z+10t
H= X
12(z, 1) 0

Y

@ * s po 2 20t—dry(t)
X te%Jrfo Alst) ds/ O'(S, t)eivﬁffo A(z,t)dz ds + t(27(t) + 1)(47 (t) +1 e )
0 872(t)e (M) +3)zH10t

where

Az, t) = =2y(t)—1+

10.

11.

12.

13.
14.

15.

Ay (t)

—e3 (2y(t) + 1)(472(t) + e~ Oz+201)
472(15)647(25):1372015 +1’ .

472 (t) + 2e—4v(t)z+20t

o(x,t) =
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A. b. Xacanos, Y. A. Xoummemos, L. K. Cooupos
HNuaTterpuposanne ypasHenuss MKnd ¢ HecTaMOHAPHBIMHU KO3 GUIMEHTAMH U JONOJHHUTEIbLHBIMUA
YIEHAMH B cJIydae IBHAKYIINXCA COOCTBEHHBIX 3HAYEHMI

Kniouegvie crosa: unrerpansHoe ypaBHenue I enbdanna—JleBurana—MapueHko, cuctemMa ypaBHeHUH [Iu-
paka, pemeHus Mocra, nanHble paccesHus.

VJIK: 517.957
DOL: 10.35634/2226-3594-2023-61-08

B nmanno# paboTe paccMmarpuBaetcs 3amada Ko i HecTaliioHapHOTO MOAM(HUIIMPOBAHHOTO YPaBHEHUS
KOpTGBGFa—IlG qbpma C JOIIOJHUTCIIBHBIM YJICHOM U € CaMOCOITIaCOBAHHBIM HCTOYHUKOM B CIIy4ac NBUKY-
mXcs COOCTBEHHBIX 3HadeHHH. [lomyuena HBOIONMS JaHHBIX paccesHus oreparopa Jupaxa, MOTEHIIHAT
KOTOPOTO SIBJISIETCS PEIICHHEM Harpy>KeHHOro MonuguuupoBaHHoro ypasHeHus: Kopresera—ne ®pusa c ca-
MOCOTIIAaCOBaHHBIM MCTOYHHMKOM B Kitacce ObIcTpoyOsBatonnx (pyHkuwmii. [IprBeeHbI KOHKpETHBIE TPHMe-
pbl, WIUTIOCTPUPYIOIINE MPUMEHEHHE MOIyYEHHBIX PE3yIbTaToOB.
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